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Lecture (3)

Fourier Transform: periodic, aperiodic signals

3.1. The Fourier Transform is a mathematical technique that transforms a function of time, f(t), to a
function of frequency, f(®). It is closely related to the Fourier Series. The Fourier transform can be used
to find the base frequencies that a wave is made of. The output of a Fourier transform is sometimes called
a frequency spectrum or distribution because it displays a distribution of possible frequencies of the input.
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3.2. Difference between Fourier Series and Fourier Transform

Fourier series is an expansion of periodic signal as a linear combination of sines and cosines while
Fourier transform is the process or function used to convert signals from time domain in to frequency
domain. Fourier series is defined for periodic signals and the Fourier transform can be applied to
aperiodic (occurring without periodicity) signals. As mentioned above, the study of Fourier series actually

provides motivation for the Fourier transform.

3.3. Periodic and Aperiodic Signals

3.3.1. Periodic Signal

Definition: A signal is considered to be periodic signal when it is repeated over cycle of time or regular interval of
time. This means periodic signal repeats its pattern over a period. The function f(t) can be periodic if it satisfies

following equation.
f(t)="f (t+T)
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b. Frequency-domain decomposition of the composite signal

The frequency is rate of change with respect to time. The frequency and period are inverse of each other.
Hence following can be implied.

f=1/T (linear frequency) and T=1/f

w=2nf (angular frequency) and w=2n/T

The units such as seconds(s), milliseconds(ms), microseconds(lis), and nanoseconds (ns) are used for time
period while units such as Hz, KHz, MHz, and GHz are used for frequency.

3.3.1.1. Waveform of Periodic signal
There are four types (waveform) of periodic signal such as:
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Sine, square, triangle, and sawtooth waveforms &3
For sine waveform T=2n-0= 27 Sec. , W= 27/27=1 rad./sec.
For triangular waveform T= 3-(-1)= 4 sec. , W= 2m/4=1/2 rad./sec.
For square waveform T= 2-0= 2 sec. , W=2m/2=1 rad./sec.
For sawtooth waveform T= 3-0= 3 sec. , w=2n/3 rad./sec.
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3.3.2. Aperiodic Signal (Non-periodic Signal)

Definition: A signal is considered to be non-periodic or aperiodic signal when it does not repeat its
pattern over a period (i.e. interval of time).
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Example 1. Determine whether the signal f(t)= coswt is periodic or non- periodic?

Sol. f(t)= coswt

We replacet — t+T

f(t+T)= cosw (t+T)= cos(ottoT) , ®=21/T —> oT=2xn
= cos(wt+2m)

= cosmt. Cos2m - sinwt. Sin2w

= cosmt the result is equal to f(t) > the function is periodic

3.4. Fourier Transform Cases

1) The function is not even and not odd.

F(w) = \/% .o[ fe @t dt
2) The function is even (Fourier cosine transform).
F(w) = ij f(t).cos(wt) dt
\/E 0
3) The function is odd (Fourier sine transform).
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F(w) = \/%Off(t).sin(wt)dt

Example 2. Find Fourier transform for f(t) = e =% fort=0
Sol.

F(w) = ff(t) e~@t qt

7|

1 co —i
= Efo e at.e lwt.dt

— Efooo e—(a+iw)t. dt
1 l e—(a+iw)t

Vom

—(a+iw)| 0

e
\/ﬁ[—(a + iw) B —(a+ iw)] - 2 [a + iw]

Example 3. Find the Fourier Cosine transform of

t 0<t<1
Fi)=42—-t 1<t<?2

0 t>2
Sol.

F(w) = \/%_nj f(t).cos(wt).dt

2 )

F(w) = \/_[f t.cos(wt) .dt + f(Z —t).cos(wt) .dt + f 0.cos(wt).dt

2

Sln(,l)t coswt Sinwt coswt |2
\/_ (1. ]O K(Z—t).( ) ))—(1. ¢ )ll

- Z [((1.sin1) +(1.cos %)) - ((0 + “’50))] [((0) (1 COSZ“’)) - ((1- sin1) — (1. cos %))]

\/_(co ——wi—cos—+cos—)—\/_( cos—+ZCos———)

=—i (cos 2w — 2 cosw + 1)
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3.5. Special functions

Special functions are particular mathematical functions that have more or less established names
and notations due to their importance in mathematical analysis, functional analysis, geometry, physics, or

other applications.
3.5.1. Types of Special Function

e Gamma Function

e Unit Impulse function (The Dirac Delta Function)
e The Unit Step Function (Heaviside Function)

3.5.1.1. Gamma Function

The Gamma function is defined by:

I'(n) = fooo x"le ¥ . dx

Methods for solving the gamma function
if the coefficient is positive number —— TI'(n) = (n — 1)!

If the coefficient is a positive fraction—> T'(n) = (n — DI'(n — 1)

If the coefficient is a negative fraction —> I'(n) =

Examples:

I(5)=4l=4x3x2x1=24

> F(%) =Vn

Example. [°Vx.e™ .dx

Sol.1)—x3= —t > x3=t->x=1t1/3

2) dx=t72/3.dt

|
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n

Figure 1: Gamma Function




3) New limits: x =0->t =0

X =00 >t =00

o —t(1 ,_ 1 oo _ — 1,1
4= [t/ t(gt 2/3dt)= s VP etdt= ST = n/3

Example. [°x*.e™*" dx
Sol.1) let —x* = —t » x* =t > x =tY*
2) dx= 7 t73/4.dt
atx=0 -t=0
atx = >t =00
HIi=[Tret(3 t_%dt) =21 t7 et dt

1 5 1 1
=-T'== —T =
4 4 16 4




