Chapter seven

Application of integrals

7-1- Definite integrals:
If f(X) is continuous in the interval a< x<b and it is
integrable in the interval then the area under the curve:-

if(x)dx= F(x) =F(b)-F(a)

a

where F(Xx) is any function such that F'(x)= f(x) in
the interval.

Some of the more useful properties of the definite integral are:-

1) .b'c f(x)dx = ci f(x)dx , where c isconstant.
2) [(f69F g(x) Jdx = [ F(x)dxF| g(x)dx
3) .b' f(x)dx = —i f(x) dx

b c b
4) Let a<c<b then jf(x)dx=j’ f(x)dx+j f(x) dx
5) [ f(x)dx=0
: b
6) If f(x)>0 for a<x<b then [ f(x)dx>0

7) If f(x)<g(x) for a< x<b then if(x)dxsig(x)dx



EX-1 — Evaluate the following definite integrals:

6 dX 37:2
1)j 2) _[cosxdx
> X+ 2 %
¥ dx v dx
3) [ —= 4 |
_31+x 7 1= X2
4 . V4
5) _[e"fdx G)I(n—x)-cosxdx
_2 0

6

1) Iiz In(x+2)]6 =In(6+2)-In(2+2)=In8-1In4=3In2-2In2=1In2
X+ 2 2

2

3z,

2) Icosxdx=sin X‘ZA =sin(§7r)—sin(£)=—1—1=—2
% 2 2 2

J3
dx = —1)¥3 — -1 -1 T T _2
3)_J;§1+X2—tan ‘_ﬁ_tan J3 —tan (_ﬁ)‘E‘(‘g)—gﬂ
\/54 e
4).[ & =Sin_1X4=Sin‘1ﬁ—sin‘10=£—0=£
o V1-x? 0 2 3

=-2(e?-e)=2(e—e?)

4 X X4
5) J.e_fdx=—2e_?
-2

6) Let u=7r—Xx = du=-dx & dv=cosxdx = v=sinx
j(yz—x)-cosxdx=(n—x)sinx];’+jsinxdx=(n—x)sinx—cosx];’
0 0

=(z—r)sinz—cosz—((z—0)sin0-cos0)=0—(-1)—(0-1)=2



7-2- Area between two curves:

Suppose that y, = f,(x) and Yy, = f,(X) define two functions
of x that are continuous for a < X <b then the area bounded above
by the Yy, curve, below by Yy, curve and on the sides by the vertical
lines x=a and X =D is:-

A=f[f1(x>— f,(x)]dx

EX-2- Find the area bounded by the x-axis and the curve:

y=2X- X’ y
2A
SLI'_ s
=0 e 1
Y Ol xm2)=0 o x=02 .
y=2X—-X" ... 2)
1 2

The points of the intersection of the curve and the x-axis are (0,0)
and (2,0) then the area bounded by x-axis and the curve is:-

312

X

2 3 4
I(Zx—xz)dx=x2—— =4-——(0-0)=—
0 3 3 3

0

EX-3- Find the area bounded by the y-axis and the curve:

x=y2—y3
y
Sol.- 4
1
X=0 .. (1)} 2(1 ) 0 0.1
= yl-y)=U0=Yy=0,
x=y' -y’ .02
= intersection points (0,0),(0,1) >
Thearea =
1 3 4t
1 1 1
A: 2 _ 8 d =y__y_ - 0 0 —
!(yy)ys4034()2




EX-4- Find the area bounded by the curve y= x* and the line:

y=X
SLI-' Ay
y=x*
2 y=x
y=x"e Wl 1)20 = x=20.1
y=X ... (2
1
=> intersection points (0,0),(1,1) x > X
The area= !
1 2 3t
A=ﬂx—xﬁmul;-i-=3—3—0=3
) 2 3, 2 3 6

EX-5- Find the area bounded by the curves Y= x*=2x% and
y=2x" N

y=x*-2x

= x=0,2-2
= intersection pointsare (0,0),(2,8),(-2,8)

The area =
A= i(sz —(x*—2x? ))dx +j.(2x2 —(x*=2x° ))dx
e 0
2 572
= 22|).(4x2 — x4)dx = 2[%x3 —Xgl = 2[%-8—%—0}
_128

15



Notice:- We can use the double integration to calculate the area
between two curves which bounded above by the curve y= f,(x)

below by y = f,(X) on the left by the line X =a and on the right by

X =D, then:-
b fa(x)
A=I Idy dx
a fi(x)
To evaluate above integrals we follow:-

(a) integrating Idy with respect to y and evaluating the resulting

integral the limits y= f,(x) and y= f,(x), then:
(b)integrating the result of (a) with respect to x between the
limits x=a and x=D.
If the area is bounded on the left by the curve x=9,(Yy), on the
right by x=0,(Y), below by the line y=c, and above by the line
y=d, then it is better to integrate first with respect to x and then

with respect to y. That is:-
d 92(y)

A=I Idxdy

c g:(y)

EX-6- Find the area of the triangular region in the first quadrant
bounded by the y-axis and the curve y =sinXx,y =cosX.

Sol.- N
=SIiNX ..... 1
y (1) = SIN X = COS X .°.x:Z
Yy =C0SX .....(2) 4
The area =
%COSX % . %
A=I jdydx=j \Sinxdx=j(cosx—sinx)dx
0 sinx 0 0
T
= SiN X + COS X =i+i—(0+l)=\/§—l=0.414
o V2 42




11
sin x
EX-7- Calculate: .[.[Td x dy

0 vy y A x=1
y=X
Sol.- We cannot solve the integration . N
sin x N y=1
_[ I— dxdy , hence we reverse the N
_ _ RN
order of integration as follow:- N /
R > X
\af
= and y=1
=Yy y=0
X = 1 -
sinx sinx smx
A=[ [>=dydx=[="y|; j X — 0)dx
0 X 0 X 0

sin x dx =—cosx\; =—(cosl—cos0)=1-cosl

EX-8- Write an equivalent double integral with order of
integration reversed for each integrals check your answer
by evaluation both double integrals, and sketch the region.

3X+2 0 1-x 2 1-Xx
1)j jdydx 2) [ [dydx+ [ [dydx

-2 x244% -1 -2x 0 _Xx

2

Sol.- Yy 4

y:5 6 J

y=3x+2 ....(1)
y=X+4x ..(2)

(x+2)(x-1)=0
either x=-2=>y=—4
or X=1=>y=5

x=1

_u2
y=X" +4— y=-a

y=3X+2



1 3x+2 3x+2

(a) | jdydx jy

-2 x%4+4x

1
dx=.[(2—x—x2)dx

x% +4x -2

1
2 3
X X

2 3

11
=2- - (-4-2+4+=)==>
>3 ( )

-2

(b) The reversed integral is: -

y=3x+2 = x=y%2

y=X2+4x = (X+2P =y+4 = x=—2F,y+4
Since —2<x<1 = X=-2+.y+4

5 —2+.y+4 5 -2+, y+4 5 __2
I dedy:jx :J‘L—2+q/y+4—y—jdy
4 y-2 MR b -4 3
‘g* 3
2 3, (y-2)
=-2y+—(y+4)? ———+—
3 6 B

2 9 36, 9
=-10+2(27)-2—(8+0-22)==2
52715 62

=The same result asin (a).

1-x

0 1-x 2 1-x 2 1-x
2) (a)j Idydx+j _[dydx j y dx+j y | dx
-2x 0 -
0 2 2 X XZO X22
=£(1+x)dx+.£(l—5)dx=x+7_1+x—70

S0—(-1+1)+2-1-0=23
2 2

(b) 1st region

}:>x=—1:> y=2 x from -1t 0



2nd region

y=1-x..(2)
X => X=2=y=-1
=—E ..... (2)
2 1-y 0 1-y 2 1-y 0 1-y
j dxdy+.[ .[dxdy=.[ X dy+j X dy
0o _y -1 -2y 0 -2 -1 -2y
2
2 0 2 2 2 0
=[(-Lyy+ [(a+y)y=y-2| +y+L
. 2 . 4, 2|,
=2—1—0+O—(—1+i)=§
2° 2

=The same result asin (a).

7-3- Triple integrals (Volume):

y from 0 to 2

@D\

y=1-x
(x=1-y)

y=-2X
(x=-y/2)

Consider a region N in xyz-space bounded below by a surface

z=f,(x,y), above by the surface

z=f,(X,y) and laterally by a

cylinder ¢ with elements parallel to the z-axis. Let A denote the
region of the xy-plane enclosed by cylinder ¢ (thatis, A is the region
covered by the orthogonal projection of the solid into xy-plane). Then
the volume V of the region V can be found by evaluating the triply

iterated integral:-

fo(x,y)

V =” .[dzdydx

A fi(xy)

Let z-limits of integration indicate
that for every (x,y) in the region A,Z
may extend from the lower surface

z=f,(x,y) to the surface
z=f,(X,y). The y- and x-limits of
integration have not been given X
explicitly in equation above, but are
indicated as extending over the
region A.

z=f,(x,y)

> z=f,(x,y)

RO



We can find the equation of the boundary of the region A by
eliminating z between the two equations z= f,(Xx,y) and
z= f,(X,y), thus obtaining an equation f,(X,y)= f,(X,y) which
contains no z, and interpret it as an equation in the xy-plane.

EX-9 The volume in the first octant bounded by the cylinder
Xx=4-y* andtheplanes z=Yy, x=0, z=0.

Sol.-
X=4-y° = y=FJ4-X in first octant
4 Ja-x y 4 Ja—x |y 4 Ja—x 4y2m
V= dzdy dx = dy dx = dvdx = | 22— d
[T fowof T ooe] Troopy o
0
4

4 2
=1j(4—x—0)dx=1 ax -2 :1{16—E—0}:4
23 2 2], 2 2

EX-10 The volume enclosed by the cylinders z=5-x*,z=4x* and
the planes y=0, x+y=1.

V = j T 5‘[Xdz dydx = _[ T

1-x

~5[(1-x)y

5—x? 1 1-x

dydx:j [(5-5x*)dy dx
-1 0

dx=5j’(1—x2 )(1 - x)dx

1 x2  x3 x4 1
=5I(1—x—x2+x3)dx=5 X————+ —
21 2 3 4 |

1 1 1 20

=5(1+1)——(1-1)——(1+1)+—(1-1)|=—

[(Jr) 2( ) 3(+)+4( )} 3



EX-11 The volume enclosed by the cylinders y*+4z°=16 and the
planes x=0, x+y=4.

Sol.-
yi+47°=16 = y=TF2J4-7°
2 242 4-y
V = jdxdydz
=2 —2y4-72 0
2 242 2 o (2422 2
- .[ (4-vy)dydz = j4y—y— dz=16](4—22%dz
22 iz =2 2 | ol -2

at =2 = ="
2

A
— S0
2 at z=2 = 0=%

let z=2sind = dz=2cos@dfd , 6 =sin"

2 2

[N

2 2 2
V = 16.[(4—4sin20)%20056d0=64Icoszed0=64j%d0

2 2 2
2
_71'

~32 0+ Lsin20 | =32/ (E+ %)+ 1(0-0)| =322
2 . 27272

EX-12 The volume bounded by the ellipse paraboloids z= x*+9y?
and z=18-x*-9y*.

Sol.-

z=18-x"-9y* .(1

y: () = 9-x’-9y*=0 = y=$£\/9—x2
z=X"+9y° ... (2) 3
3 %W 18-x2-9y? 3 %W

V=.[ .[ jdzdydx=j .[[18—x2—9y2—(x2+9y2)]dydx
- % o_xz X'+9y? -3 —%W



V=2J-(9—x2)y—3y3} dx
-3

Lo
3

3 g2 2 2 % _y?2 %
=2J-[(9—x2)[\/93x +\/93X ]—3[(9 2);) +(9 2);) }]dx

=%j(9—x2)%dx

at x=3 = =2
2

X
, O=sin"'= =So

at x=—3 = 0=—£
2

let x =3sin@ = dx = 3cosd d@

©|oo
'—.N|§

dé

0 [N NN

% :
(9-95sin?@)’2 3c0s6 d6 = 72jcos40d0 72j 1+C0329
- -2

V3

2
(L+2c0520 -+ c0s*20 ) d6 = 18 [ (1+ 2c0520 + C°S4‘9

18

)dé

|
M

2

ey [ N

9

NN

4

(3-+4c0520 + 0540 ) d6 = 9[30+ 2sin 20+%sin40}2

- 9[3(%+%)+ 2(sinz —sin(—z ))+%(Sin2ﬂ'— sin(=27 ))} —27x

7-4- The length of a plane curve:-
The length of the curve y= f(x) d
from point A(a,c) to B(b,d) is:-

b
d
|_=j1/1+(%)2 dx

If x can be expressed as a function
of y then the length is:-

AR



Let the equation of motion be x=g(t) and y=h(t)
continuously differentiable for t between t,(at A)and t,(at B),
then the length of the curve is:-

|_—tj?\/(0'—x)2 (W gt
SVt dt

EX-13 - Find the length of the curve:
1) y=%(x2+2)g from x=0 to x=3

2) 9x2 = 4y° from (0,0) to (2+/3,3)
3)y=x% from x=-1 to x=8
Sol.

1) y=1(x2+2)% = d—y=x(x2+2)%
3 dx
3

3 3 3
L=J.\/1+x2(x2+2)dx=_|‘(x2+1)dx=x?+x —94+3-0=12
0 0

0

2) X =4y’ = x=$%y% Since x from 0 to 2+/3
then x=gy% = d—x=y%
3 dy
; 2 B2 14
L=|41+ydy=—(1+Vy)| =—[8-1|=—
!\/ ydy=2(1+y)| =2[8-1]=
2 dy 5 1 4y
3 y=x® > —=—Xx23
)y i3 4
Since g—y=oo at x=0 2 )
X
_ 3 dx _3 : \\ >
then x=+w::——=+5y2 2 0 2 4 6 8

4

1
(4+9yﬁ
T3

%

dy
L[ 9 1| (4+9y)
L=|.1+—ydy+|,1+—ydy=—
! 4 ! 4 18 %

=%[( 13713 — 44 )+ (404/40 — 444 )= 1051

0 0

'Y



EX-14 — Find the distance traveled between t=0 and t=% a

particle P(x,y) whose position at time t is given by:-
Xx=acost+a-tsint and y=asint—a-tcost where a IS a

positive constant.

Sol.

X=acost+a-tsint = 3—1(=a-tcost

y=asint—a-tcost = j—¥=a-tsint
dy
L= _[ ( ) dt—_[\/a -t°cos’t+a’-t’sin’t dt
H 2
=ajtdt=3t2 B Y R
0 2 . 2| 4 8

EX-15 - Find the length of the curve:-
x=t—sint and y=1-cost ; 0<t<2x

Sol.

X=t-sint = z—i[(:l—cost

y=1-cost = z—y_sint
dy
L= _[ ( ) dt—_[\/(l cost )’ +sint dt

—J\/l 2c0st + cos?t + sin tdt—_Nl 2cost + 1 dt

_2_[1/1 COStdt_zj'sm dt = —4cos;

= —4[COS7r —cos0]= —4[— 1-1]=8

2r

0

VY



/-5- The surface area:
Suppose that the curve y= f(x) is rotated about the x-axis. It

will generate a surface in space. Then the surface area of the

shape is:-
; dy 2d
S=|2 1+ (==
Jomyy 1+ ()" o

If the curve rotated about the y-axis, then the surface area is:-

d
dx
S=[27x /1+(d—y)2 dy

If the curve sweeps out the surface is given in parametric form
with x and y as functions of a third variable t that varies
from t, to t, then we may compute the surface area from the
formula:-

S=tjb27r \/(—)2+(dy)2 dt

where p is the distance from the axis of revolution to the
element of arc length and is expressed as a function of t.

EX-16 — The circle x*+ y*=r? is revolved about the x-axis. Find
the area of the sphere generated.

Sol.-

N dy X

y=Ari-xt = e

S= IZﬂy1/1+( )dx—jan/r — X 1/1+ - dx = 2ﬂrjdx

=27 r(r—(-r))=4xr’

-r

=2nrx

V¢



EX-17 — Find the area of the surface generated by rotating the
portion of the curve y=%(x2+2)g between x=0 and x=3

about the y-axis.
Sol.-

y=t(x+2) > x=(3y)-2)f > X L
3 dy ~ (3y)-(3y) -2)

1, , 3 at x=0 2.2 at x=3 114/11
=—(X"+2) === y=—— and === y=
3 3 3
11\3/H 1
S= 2m/(3y)5—2-\/1+ . _ dy
L (3y) -2)(3y)

N

_ ”W(gw ~2(3y) +1 “”« v -1y

w’%'—.

(3y)3 242 (3y)3
_znj [(3y) 3y oy - 2{;(33) ;(3§y)aL
[ 1V 2V2 |
Gy gy BgY 22 o9
= (3 ) (35 = T

3

EX-18 — The arc of the curve y=%+i from x=1 to x=3 is

rotated about the line y=-1. Find the surface area generated.

Sol.-

Yo



_x 1 o e 1 _4xi-1
Y =73 " ax ax 4x%> 4X?

4

3 4 4 2
4x"+12x+3 [(4Xx" +1)
=2 dx
”! 12x | 16x°

3
=214J‘(16x5 +48X* + 16X+ 12x7% + 3x7 % )dx
1

3 3 4_ 2
S=27Z'J‘(X_+i+1) 1+udx
. 34X 16 x

- 3
A VTS N 32
24| 3 X  2X° ],
|8 1 3,1
= | Z(729-1)+16(27 -1)+8(9-1)-12(5-1)- (= -1
24_3( )+ 16( )+8( ) (3 ) 2(9 )}
1823
=—7
18

EX-19 - Find the area of the surface generated by rotating the curve
x=t> , y=t , 0<t<1 aboutthe Xx-axis.

Sol.-

x=t>* => —=2t and y=t = —2=1

ty 1
S = jzan(z—’t‘)z +(3—3t’)2 dt = 2ﬂjtx/4t2 +1dt
t, 0

=%[(4t23/-;1)2] 75 1]

0

1



Problems -7

1) Find the area of the region bounded by the given curves and lines
for the following problems:-

1. The coordinate axes and the line x+y=a
2. The x-axis and the curve y=¢e* and the lines x=0 , x=1
3. Thecurve y?+x=0 and the line y=x+2
4. Thecurves x=y? and x=2y—y?
5. The parabola x = y—y? and the line x+y=0
(ans.: 1.a—2 ;2e—1; 33 ;4.1 ; Si)
2 2 3 3

2) Write an equivalent double integral with order of integration
reversed for each integrals check your answer by evaluation both
double integrals, and sketch the region.

2

1. J%e_[dydx (ans.: e‘[ idxdy e’ =3)
0 1 1 Iny

Z.j Jl.dxdy (ans. : i ]dydx : —)
0 Jy 0 0
V2 4-2y? \/?

3. I I y dx dy (ans.: I _[ y dy dx ; —)
0 -2 0

3) Find the volume of the tetrahedron bounded by the plane

X YA .
g+%+E =1 and the coordinate planes.

(ans.: é\abc[)

4) Find the volume bounded by the plane z=0 Ilaterally by the
elliptic cylinder x*+4y?=4 and above by the plane z= x+2.

(ans.: 4rx)

\R%



5) Find the lengths of the following curves:-

1. y=x% from (0,0) to (4,8) (ans.: %(10\/5—1))
3
2. y=X—+i from x=1 to x=3 (ans.: E)
3  4x 6
4
3. x=y—+i2 from y=1 to y=2 (ans.: ﬁ)
4 8y 32

4. (y+1)°=4x> from x=0 to x=1 (ans.:%(lom—l))

6) Find the distance traveled by the particle P(x,y) between t=0 and

2

. - i .. t 1 3
t=4 if the position at time t isgivenby: x=— ; y=—-(2t+1)

2 3
(ans.: 12)
7) The position of a particle P(x,y) at time t is given by:
2 2
X =%(2t+3)2 ; y=%+t . Find the distance it travel between t=0
21
and t=3. (ans.: 7)

8) Find the area of the surface generated by rotating about the x-axis
the arcof thecurve y=x® between x=0 and x=1.

. T _
(ans.: > (10«/5 1))

9) Find the area of the surface generated by rotating about the y-axis
the arc of thecurve y= x> between (0,00 and (2,4) .

(ans.: %(1%/?—1))

10) Find the area of the surface generated by rotating about the y-

2 2
axis the curve y=x7+% ; 0<x<1. (anS.:gﬂ'(Z\/E—l))

2

11) The curve described by the particle P(xy) x=t+1, y=%+t

from t=0 to t=4 is rotated about the y-axis. Find the surface area
that is generated.

(ans. : %n( 134/13 - 1))

YA
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