Chapter nine

Complex numbers

If the imaginary unit i (where i’ = -1) is combine with two real
numbers «a,B by the processes of addition and multiplication,

we obtain a complex number a+if8 . If a =0, the number is
said to be purely imaginary, if B =0 it is of course real. Zero is
the only number which is at once real and imaginary.

Two complex numbers are equal if and only if they have the
same real part and the same imaginary part.

ie. a+ip=a,+if, < a,=a, and p, =p,

Assuming that the ordinary rules of arithmetic apply to
complex numbers, we find indeed:-

1 (e +iB))F(a,+1B,)=(a, Fa, ) +i(B,F ;)

2. (a,+ip Na, +1B,)=(a,a, — BB, )+ (. B, + @, ;)
where i°=-1

a, +ip; o %2~ iB, _ o + .5, +i ap +a.pf,

a,+ip, a,-ip, a, + a, +1f;

The real number a, —if, that is used as multiplier to clear the
I out of the denominator is called the complex conjugate of

a,+1B,. It is customary to use z to denote the complex
conjugate of z,thus z=a+if and z=a—-if .

We note that i" has only four possible values 1,i, -1, -i.
They correspond to values of n which divided by 4 leave the
reminders 0,1,2,3.

EX-1 - Find the values of :

1) (1+2i) 2) _35+4i 3) ( 2“_)




1) (1+2)°=1+6i+12i°+8i°=1+6i—-12-8i=-11-2i
5 _-3-4i -15-20i _ 3 .4

—3+41 -—-3-4j 9+16 5 5

3 (2+1,3+2 ©(647i-2) (4+7iY
3-2i 3+2i) \ 9+4 ) \ 13

_16+56i-49 33 56

2)

=— + |
169 169 169
EX-2- If z=x+1y where x and y are real, find the real and imaginary
parts of:-
1) 2* 2 L e 4 L
z z+1 z

Sol.-

1) 2% = (x+iy)* = x* + 4x3(iy )+ 6X2(iy ) + 4x(iy)* + (iy )*
=(x*—6x°y? +y*)+i(4x°y—4xy?)
1 1 x-ly  x-ly X .Y

2) == - - -
)z X+iy x—iy x°+y> x*+y? Ix2+y2

z—1=(x—1)+iy*(x+l)—iy=x2—1—2iy+y2
z+1 (x+1)+iy (x+1)—iy (x+1)+y?
o xP+yi-1 N 2y
(X+1)+y>  (X+1)+y?

3)

1 1 1 X2 — y? — 2xyi
72 (x+iy)Y xXP—yi42xyi x*—y®—2xyi
oxPoyre2xyi o xP—yt N 2 Xy
_(xz—y2)2+4x2y2_(x2+y2)2 (x2+y2)2

_1Fi3

3
EX-3- Show that [ 5 ] =1 for all combination of signs.

Sol.-



L.H.S.:[‘lzi@] =%[(—1)3+3(—1)2($i«/§)+3(—1)($i\/§)2+($i«/§)3]
T |
=§[—1+/¢4§+9i)5ﬁ§]=1= RH.S.

EX-4- Solve the following equation for the real numbers x and y.
(3+4i) =2(x—iy)=x+1iy
Sol.-

9+ 24i+16i° =2X —2iy + X + iy

—7+241=3x-1y = —-7=3x = x=—7§

ﬂ——> 2d=-y = y=-24

Argrand Diagrams:- There are two geometric representation of the
complex number z=X+1y :-

a) as the point P(x,y) in the xy-plane , and
b) as the vector op from the originto P.

In each representation, the x-axis is called the real axis and the y-
axis is the imaginary axis, as following figure.
In terms of the polar coordinates of x and y, we have:-

y
X=rcos@ , y=rsing , tan0=% P(x.y)
r
and z=r(cos@+isiné) y
(polar representation) 0 6 X

The length r of a vector Fp from the origin to P(x,y) is:
| +iy| =/ x* + y?

The polar angle @ is called the argument of z and is written
@ =argz



The identity e'® =cos@+isind is used for calculating products,

quotients, powers, and roots of complex numbers. Then z=re"
exponential representation.

a) Product: To multiply two complex numbers (figure below):

, , z,|=r, , argz, =6,
z,=re™ and z,=re"* sothat
z,|]=1, , argz, =6,
Then z,2,=re"" -re'% =r, r,e'®*%) y
YAWA) Zo
h 2, 2,|=1 1, =]z, || 2,
ence
arg(z,z,)=60,+6,=argz, +argz, ) r 2
ry I ry
" o «
z, e 1 _ie,-e)
b) Quotients: — =" =€ '
) Q z, re% o, 0

=E=H and arg[
|z,

z

Z,

Z1
hence o

J=6’1—6?2=argzl—argz2

2

EX-5-Let z,=1+i and z,= J3—i find:
1) the exponential representation for z; and z,.

z : :
2) the values of z,z, and z_l in exponential and polar
2

representations.
Sol.-

1) z,=1+i = x, =1, y,=1 = r=x2+y2=41+1=42

tang=2 = 0, =tan' P =tan'1=2 nz,=+2e"

X X, 4
z,=3-i = %, =43 ,y,=-1 = = x2+y?=3+1=2

Y2 _gpr 71

X, V3

= 6, =tan =—% sz,=2e °



2) z,2,=~2e%-2e 6 =222 exponential representation

r=2«/§,0” =

12
2,2, = 24/2| cos 2= + i sin—— polar representation
12 12

"y 5
4 _ N2 e-” -1 e 2 exponential representation
2 2e® V2

1 5
r=— , 0=—n =
J2 12

c) Powers: If n is a positive integer, then:

2" =(re')" =r"" hence |z"

=r" and argz"=néo

DeMoivres Theorem : (cosé@ +isin@)" =cosn@ +isinnd

EX-6- Find: (x/g—i)lo

Sol.-
x=v3 B

V3-i — r=+43+1=2 and ¢9=tan‘1l=tan‘1—1=_E
y=-1 X J3

. T .. T T . . 7T
3—1=2| cos(——)+isin(——) |=2| cos——isin—
Ja=i=2{cos(- F )+ isin(-1) | ~2{cos? -isin’
(Va-if’ = 210(00510%— i sinlogj =512+ 512,/3i
d) Roots: If z=re" isa complex number different from zero and
n is a positive integer, then there are precisely n different

complex numbers W, ,W,,W,,....... W, _, , that are nth roots of z
given by:

- i(2+kgzj
Yre® =frem ") K=01,2. n-1



EX-7- Find the four forth roots of (-16)

Sol.-
7=-16 = r=4,/(-16)°+0=16 & 0=tan‘1l=tan‘1l=x

'”2—” i(=+=
16 =416e ¢ ¢ =242 k-0123

at k=0 = 1stroot =WO=Zeiz =2(cos—+|stj V2 +4/2i
T

X
I
=
(e}

.3z
at k=1= 2ndroot=w,=2e * =2 cosST+|3| Ssz_ 2 ++/2i
\
e (5 . .5 :
at k=2 = 3rdroot=w,=2e 4 =2 coszn+|smzﬂj=—\/§—ﬁ|
\
TN G :
at k=3 = 4throot =w,=2e* =2 COSZ7Z'+ISIHZTL')=\/§—\/§I
\
EX-8- Find the four solutions of the equation:-  z*-2z"+4=0

Sol.-

7' —27°+4=0 = 2° = 2FVa-4x1x4 —1F/3i=>z=FJ1FiV3

2*1
— T 2_
{for ax’+bx+c=0 = x= b¥+b 4ac}
2a
for \/1+i\/§ = r=+41+3=2 and 0=tan‘1%=tan-1T3=%
1st root =w, =262 3 =+/2e'® = 2| cosZ +isinZ =£+£i
6 6 2 2
7
2nd root = w 2e2(3 2”)=\/§e 6”=\/§(C08%ﬂ'+i8in%ﬂ')
__J6 V2.
2 2

for y1—iv/3 = r=4/1+3=2 and 0=tan‘1%=tan‘1£=—1



3rd root = x/_e_ -3 =/2e o =\/§(cos(—%)+isin(—%)j

B V2.
2 2!

L o) i27 5 .. 5
4throot =w, =+/2e2 3 =./2e® =\/§(COS€7Z’+ISIHE7ZJ
— ﬁ-l‘Ql

2 2

EX-9- Graph the points z = X + iy that satisfy the given conditions:-

1) |7|=2 2) l|<2 3) 7|>2 4) z+1=z-1

The points on the circle with center
at origin, and radius 2.

Sol y
N D
1)|zl=2 = yxX*+y*=2 = x*+y*=4 2 X,
N
-2
y

The interior points of the circle with center
at origin, and radius 2.

2
2) <2 = yx*+y* <2 = x*+y*<4 _Zﬁx
O
-2

A
3)lz>2 = Yx*+y?*>2 = x*+y*>4 /2

The exterior points of the circle with center -2

at origin, and radius 2. wjz
-2
y

4)|lz+1=z-1 = |x+iy+1=|x+iy—1

= \/(x+1)2+y2=\/(x—1)2+y2 =
X2+ 2X+14+ Yy =x"=2X+1+y*> = x=0 0 X
The points on the y - axis.

v




Problems -9

1) Find the values of:-

a) (2+3i)(4-2i) (ans.: 14 +8i)
b) (2—1)(-2+3i) (ans.: —1+8i)
c) (-1-2i)(2+1) (ans.: —5i)

6
+14i
2) Show that L#] =1 for all combination of signs.

3) Solve the following equation for the real numbers x and vy :-

(3=2i)(x+1y)=2(x=-2iy)+2i-1 (ans.: x=-1;y=0)
4) show that [z|=1z] .

5) Let Re(z) and Im(z) denote respectively the real and imaginary
parts of z, show that:-

a) z+z=2Re
b) z—z=2iIm(z)
|2

¢) [z, +2,| =z, +]z,| +2Re(z, 25)

6) Graph the points z = x + iy that satisfy the given conditions:-

a)z-1=2 (ans. : on the circle with center (1,0), radius 2)
b) [z+1]=1 (ans. : on the circle with center (—1,0), radius 1)
c) [z+i|=|z—-1 (ans. : onthe line y = —x)

7) Express the following complex number in exponential form
with r>0 and —-7z<0<xm :-



a) (1++/-3) (ans.: 4¢3 )

b) el (ans.: e'2)

1-i

1+|\/§ iZ
c ans.: e?
NG ( )
d) (2+3i)(1-2i) (ans. : /65" (012))
8) Find the three cube roots of 1. (ans. : —%1 i@)

. . 1 _.1

9) Find the two square roots of i . (ans. : +—2+ |—2)

10) Find the three cube roots of (-8i) .
ans.: —2i ; F3-1)

11) Find the six sixth roots of (64) .
ans.: ¥2 ; 1Fi/3 ; —1Fi/3)

12) Find the six solutions of the equation:  z°+2z°+2=0

(ans. : i/?(cos Eﬂ¢ i sin gﬂ'j
9 9
i/?(—cos%?isin%) ; i/?(cos%niisin%ﬂ))

13) Find all solutions of the equation: ~ x*+4z*>+16 =0
(ans. : 1FiV3 ; —1$i\/§)

14) Solve the equation: x*+1=0

AT B T
(ans. : 2+\/§’ 2+\/§)
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