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Hyperbolic functions
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The hyperbolic functions are a special combination of the functions e* and e™*.

) X_g—X
1- sinhx = .
X+e X
2- coshx = >
sinh x eX—e™*
3- tanhx = =
coshx eX+e=X
Xte™™ 1
4- cothx = =
eX—e=X tanh x
1 2
5- cschx = =
sinh x eX—e™X
1 2
6- sechx = =

coshx eX+e=X

1) cosh?x —sinh?x =1
2) tanh?x + coth?x =1
3) coth?x —csch?x =1
4) sinh(—x) = —sinhx
5) coth(—x) = cothx

6) tanh(—x) = —tanhx

7) sinhx 4 coshx = +et*

8) sinh(x £+ y) = sinh y cosh x *+ sinh x coshy
9) cosh(x + y) = coshx coshy + sinh x sinhy

10) sinh 2x = 2 sinh xcosh x
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11)sinh?x = cosh(2x)-1
2
12) coshzx _ cosh(2x)+1

2
Derivative of hyperbolic functions:

— i v _
1) y = sinhx —>dx—coshx

2) y =coshx — —= sinh x

3) y =tanhx - Z—z = sech?x

4) y = cothx - Z—z = —csch?x

5) y =sechx - Z—z = —sech x tanh x

6) y = cschx — Z—z = —cschx cothx
Example: Find Z—i’ of the following functions.

1) y = sinh (x? + 3sinx + Inx)

dy _ 1
T cosh(x? + 3sinx +Inx).(2x + 3cosx + ;)

2) y = tanh™2(etanh™ 2x 4 gin ¢2¥)

_ -1 . -1
— = —2 tanh™3(e®™""" 2% 4 gin e 2¥) . sech?(e®" ~ 2*

+ sine?).etan" 2x, ( ) + cose?*. (e?*.2)

1+ 4x2
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Inverse of hyperbolic function:

Derivative of inverse of hyperbolic function:

1) y =sinh™'x - x = sinhy
2) y =cosh™lx -» x = coshy
3) y=tanh™lx - x = tanhy
4) y = coth ™t x - x = cothy
5) y =sech™tx - x = sechy

6) y =csch™tx - x =cschy

1) y=sinh‘1x—>3—2:=\/1J1r7
2) y =cosh™1x —>Z—i = x;—l
3) y =tanh™1x —>Z—z= 1—1x2
4) y = coth™1x —>Z—z= 1_1x2
5) y=sech‘1x—>z—z=x ;ixz
6) y=csch‘1x—>z—i=x\/%
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Example: Find Z—i’ to the following function: y = sinh™*(x? + sin? x)

Sol:

dy _ 2x+2sinxcosx
dx  \/1+ (x2+sinZ x) 2
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Integration

Indefinite Integrals: ddaa pudl Jalsil)

Definition: The set of all antiderivatives of f is the indefinite integral of f with

respect to x, denoted by:

ff(x) dx =F(x) +c

The symbol [ is an integral sign. The function is f the integrand of the integral,

and x is the variable of integration and c is the constant of integral.

Some integration formulas:

1) fj—:tdx =ulx)+c
2) [au(x)dx =a [ u(x) ,ais constant.

3) [Tu (@) +uy(x) + -+ ldx = [uy(x)dx + [ u,(x)dx + ...

n+1

+c ,n+-1

n au _u
4) fu dx dx_n+1

Example: Evaluate the integral [(4x? + 2x — 1) dx
Sol:

[(4x*+2x—1Ddx =4 [x*dx+2[xdx— [dx

3 2
=4%+%—x+c=§x3+x2—5x+c
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Sol:

273
() +c=§(4x—x2)3+c

[(4x — x*)* dx =

Definite Integral: daaall Jalsil)

The integral f: f(x) dx is called the definite integral of f(x) over the interval

[a, b].
o . The tunction is the integrand.
Upper limit of integration /
T S
--"--._ ¢ % + _— *
b / x is the variable of integration.
. ! A
Integral sign f ( I ,
N . When you find the value
Lower limit of integration "ﬁx_ W, Y

- _of the integral, you have

Integral of f from a to b — evaluated the integral

Properties of definite integrals:
If £(x) is a continuous function on [a, b] then:

1) [ f(x)dx =~ [ f(x)dx
2) [ dxdx=0

3) f; kf(x)dx=k fff(x) dx ,k = conatant.
8) [IAG) + £, + () + - ldx = [ frdx+ [} fdox + [ fdox + -+
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The fundamental theorem of integral calculus:

If £(x) is continuous function on [a, b] and F(x) is any solution of f(x) over [a,
b], then:

b
j f(x)dx = FGO)[2 = F(b) — F(a)

Example: Evaluate f_23(6 —x—x%)dx

Sol:

2
2 %3

26— x — x2 — ey =X
Jo,(6—x—x*)dx = 6x ——=

= (259 (c10-140) =22

Example: If f(x) is a continuous, show that: folf(x) dx = folf(l —t)dt
Sol:
letx=1—t->dx=-—dt

atx=0->t=1,x=1-t=0

[ fdx =[] f(1—t).—dt = [ f(1—t)dt
Method of Integration:

a) Integration formula:

un+1

n+1

1) [u™du = +c ,n# -1
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2) [S=Inu+c

3) [e'du= e*+c

4) fa“du=%+c

5) [sinudu = —cosu +c¢
6) [cosudu =sinu+c

7) [sec’udu =tanu+c
8) [csc*udu = —cotu+c
9) [sinhudu = coshu +¢
10) [ coshu du = sinhu + ¢
11) [ sech? u du = tanhu + ¢
12) [ csch* udu = —cothu + ¢

13) [ secutanudu = secu + ¢

14) [ cscucotudu = —cscu + ¢
Examples:
1) foznsinxdx = —cosx|§™ = —(cos2m —cos0) =—(1—-1) =0

2) [sec2xtan2xdx = %sec(Zx) +c

5x°

3) [5% 15x%dx = —+4¢

In5

4) 4 [ csch?(4x)dx = —coth4x + ¢
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If u = g(x) is a differentiable function whose range is an interval I and f is

continuous on |, then

I = j Flg@)] §(x)dx

» The steps to evaluate the integral is:
1- Substitute u = g(x)and du = g(x) to obtain the integral [ f(u) du

2- Integrate with respect to u.

3- Replace u by g(x) in the result.

Example: Using Substitution to find [ cos (76 + 5) d6

Sol:

letu=70+5—du="7do .-.d9=§du

[ cos(760 +5)do = fcosu*% du =% [ cosudu

1 1
= 7sinu +c= 7sin(79 +5)+¢c

Example: Using Substitution to find [ x* sin(x?) dx

Sol:
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let u = x3 - du = 3x%dx

[ x2sin (x3)dx = [ sin(u) * %du = § [ sin(u) du

1 -1
= —§cos(u) +c = ?cos(x3) +c

[2zdz
Vzz+1

Example: Using Substitution to find

Sol:

letu=2z>+1->du=2zdz

[2zdz
VzZ+1

+
(@}
Il

1
ff\/—%=fu_§du=

Sukair hussein

Aahall 3 34! St Ao ol

3 .2/3 3 /.2 2
SuPte=2 (" +1):+c



