Chapter three
Derivatives

Let y=1f(x) beafunction of x . If the limit :
Yt ()= fim TXEA)= ) o AY
dx Ax—>0 AX Ax—0 AX

exists and is finite , we call this limit the derivative of f at x and say
that f is differentiable at x .

EX-1 - Find the derivative of the function: f(x)= L
2X+3
Sol.:
1 1
f,(x):L!XmLf(x+Ax)—f(x):“m\/Z(x+Ax)+3 J2x+3

AX Ax—0 AX

22X+ 3 2(x+ AX)+3 V2x+3+/2(x+Ax)+3
=lim :

B0 AX A[2( X+ AX )+ 3V2X+3 V2x+ 3 +/2( X+ Ax) + 3
_lim (2x+3)—(2(x+4Ax)+3)

B0 AX \[2( X+ AX )+ 32X+ 3(V2X + 3 +4/2( X+ Ax )+ 3)

-2 1

C(2x+3)(V2x+3+42x+3)  J(2x+3)°

Rules of derivatives : Let c and n are constants, u , v and w are
differentiable functions of x :

1. Cfl—xc=0

2 (?—Xu”=nu”‘1g—)‘g:>(?_x(%)=_u%d_g

3. éj—xcu=cg—)‘g

b - g g

d _ydv ., du
d—x(u.v)—u.dx+vdx

o



d _ v dw dv du
and d—x(u.v.w)— u.vd—x+ u.wd—x+v.wd—x
du dv

2

Voo — U
d(u)_ dx dx
&(Vj_ where v=0

Y

.. d . :
EX-2- Find % for the following functions :

a) y=(x*+1)° b) y=[(5-x)(4-2x)[

c) y=(2x>=3x*+6x)> d) y=£—i3+i4
, , X 2x X
X+ X)X —x+1 x° -1
e) y=( )(3 ) f)y=—7——
X X+ X-=2

a) d—y=5(x2+1)“.2x=10x(x2+1)4
dx
) j—i=2[(5—x)(4—2x)][—2(5—x)—(4—2x)]

=8(5-x)(2—-x)(2x-7)

c) SII—){=—5(2x3 —3x°4+6Xx)°(6Xx*-6Xx+6)

=-30(2x>-=3x*+6Xx)°(x*—=x+1)
d) y=12x‘1—4x‘3+3x“‘:>S—i’(=—12x4+12x“‘—12x‘5
dy 12 12 12
dX XZ X4 X5
e) y=(x+1)(x2—x+1):>

X3

=

dy _ (2= x+ 1)+ (x+1)(2x-1)]-3x3(x+1)(xX* ~x+1) __ 3

dx x5

dy _ 2x(x*+x-2)—-(x*-1)(2x+1)  x*-2x+1
dx (X*+x=2) (X2 4x=2)?

f)

X

4



The Chain Rule:

1. Suppose that h = g, f is the composite of the differentiable

functions y=g(t) and x=f(t) ,then h isa differentiable
functions of x whose derivative at each value of x is:

dy _dy , dx
dx dt ~dt
2. If y is adifferentiable function of t and t is differentiable

function of x , then y is a differentiable function of x :

_ _ dy _dy, dt
y=g(t) and t—f(x):dx—dt ix

EX-3 — Use the chain rule to express dy / dx in terms of xand y:

t2

a) y=t2+1 and t=+2x+1
b) y= and x=At+1
t°+1 ,
t-1 1
= d =—=-1 t t=2
c) vy (t+1) and X =3 a
d) y=1—1 and t= ! at x=2
t 1-x
Sol.-
t? dy 2t(t*+1)-2tt° 2t
a) Y= o> = 2 2 =2 2
t°+1 dt (t°+1) (t*+1)
1 1
S dt 1 - 1
t=(2x+1)? =>—==.(2x+1) 2 2=—=
( ) dx 2( ) V2x+1
dy dydt 2t 1 2/2x+1 1 1

dx dt'dx (241 Vax+l ((2x+1)+1) y2x+1 2(x+1)



_ dy _ 2t
b =(t2+1)'= 2L = 2t(t? +1)y%2=-——“
> odx 1 - 2
X=(4t+1)? => —=—(4t+1) 2.4 =
( ) dt 2( ) Jat+1
d_y_d_y;dx_ 2t 2 tv/4t+1

dx dt dt | (t2+1) Jatel  (£2+1)
x? -1 .2 1 xy*(x*-1)

4 T y? 4
x? -1
where Xx=+4t+1l=t= 1
where y=— 2412t
t°+1 y
) _(t—ljz d_y_z(t—ljt+1—(t—1)_4(t—1)
T lt+1 dt  (t+1) (t+1)>  (t+1)°
:[d_y} =4(2—13)=i
dt |, (2+1)° 27
1 dx 2 dx 2 1
t? d t° dt |, 2° 4
{d_q _{d_y;d_x _i;(_ij__ﬁ
dx |,_, Ldt dt]_, 27 4 27
_ 11 _
d) t—l_X 1_7= 1 at x=2
ol 1y 1
y=1-7=" tzj[dtL_l‘(_l)Z‘l

t=(1—x)‘1:>g—;[<=—(1—x)‘2(—1)=ﬁ

ﬂ} -1 4
:[dx e (1-2)

dy | _|dy [i} 1=
|:dxi|x=2_|:dti|x=2. X X=2_l 1_1

Higher derivatives : If a function y = f( x ) possesses a derivative at every
point of some interval , we may form the function f *(x) and talk




about its derivate , if it has one . The procedure is formally identical
with that used before , that is :

2 ’ ’

d y=i(d_yj=if'(x)= lim f'(x+4x)- f'(x)
dx 2 dx \ dx dx Ax—>0 AX

if the limit exists .

This derivative is called the second derivative of y with respectto x.
It is written in a number of ways , for example,
d?f(x)

x?

In the same manner we may define third and higher derivatives ,
using similar notations . The nth derivative may be written :

d"y
(n) f(n) .
y 1 (X)’ an

y'",f"(X), or

EX-4- Find all derivatives of the following function :
y=3x3-4x% + 7x + 10

Sol.-
dy gy d°Y _1gx_
OIX_9x 8x+7 Ve =18x-8
3 4 5
d¥=18 , d?l/:o:dg:
dx dx dx

Sol.-
2
3 3 3
2X¥=—%—%x_2 :>S|1Ixz/=_x6“_8\/3;(_3



Implicit Differentiation: If the formula for f is an algebraic combination
of powers of x and y . To calculate the derivatives of these implicitly
defined functions , we simply differentiate both sides of the defining
equation with respect to x .

EX-6- Find g—y for the following functions:
X
a)xz.y2=x2+y2 b)(x+y)3+(x—y)3=x4+y4
)Y _2at PG d) xy + 2x -5y = 2 at P(3,2)
X_
Sol.
2 ﬂ 2 _ ﬂ ﬂ_X—XYZ
a)Xx (2ydx)+y (2x)—2x+2de:>dX— ”
X"y—-y
b)3(x+y)2(1+ﬂ)+3(x—y)2(1—ﬂ)=4x 4y32|ly
_dy _ 4x3 -3(x+y)? —3(x- y) _2x3 —3x? —3y?
dx 3(x+y) —3(x-y)*- dx 6xy—2y°
dy
(x - 2y)(1-—) (x=y)(1-2-*)
(x 2y)? dx X dx (3.1) 3
dy dy y+2_ |dy _2+2
d) x— 2-5—=0=>—="—— =2
)X +y+ dx :>dx 5—x:>[dx (3.2) " 5-3

Exponential functions : If u is any differentiable function of x , then :

7) dia =a'.Ina. 3;' and (;j—xe =g g)lj



d
EX-7 -Find &y for the following functions :

dx
a) y=2% b) y=2*.3*
c) y=(2") d) y=x2%
¢) y=e(x+e5x) f) y:e\/1+5x2

Sol.-

3x dy 3x

a) y=2"=_"==2"*3In2
dx

X QX X dy X

b) y=2*3"= y=6"=->=6".In6
dx

C) y=(2><)2:>y=22x:j_){=22xln2.2=22x+1|n2
d)y=x2"= j_i= x.2%In2.2x + 2% = 2 (2x%In2 + 1)

e) y=e(x+esx):ﬂze(x+esx)(l+5e5><)

dx
2 dy 2 1 - s BX
f)y=e®)V = 2 =M™V Z(145x%) 2.10x =" —
dx 2 V1+5x?
Logarithm functions : If u is any differentiable function of x , then :
d 1 du d 1 du
8) —log,u= — and ——Ilnu==.—
) dax 298" = Ina dx dx u dx
. dy . .
EX-8 — Find d— for the following functions :
X
a) y=|ogloe>< b) y=|095(x+1)2

¢) y=1log,(3x2+1)° d) y=[Inx*+2)

_(2x°—4)3.(2x*+3)?
T (7x®+4x=3)

e) y+In(xy)=1 fy



dy Ine 1

a) y=logge* = y=xlog,e= -=log, e =5 oo =17
) o _ 2
b) y=log,(x+1)* = 2|095(X+1):>dx (x+1)In5
y 3 6)( _ 18X

Cc 3log, (3x*+1)=-L =
) ¥ =3log, )= ox 3x?+1°In2  (3x*+1)In2

d 48x|In( x* + 2)[°
d)%:S[ZIn(x2+2)]2%.2x= [X(2+2 )

dy 1 1dy dy y
e Inx+Iny=1= — =0=>—=-
) v+ Inx+Iny :dx+x+y dx :dx x(y+1)

f) Iny=gln(2x3—4)+%ln(2x +3)-2In(7x*+4x-3)

ldy_2 6 x* L5 4x 21x* +4

ydx  3°2x° 2T +3 TTx+4x—3

dy 2x? 5X 21x* +4
=>-—==2 3 + 2 - 3

dx 2X° -4 2xX°+3 TX°+4x-3

Trigonometric functions : If u is any differentiable function of x , then :

9) dd sinu = cosu. g)‘i

10) —Xcosu = —sinu. g)‘g
11) gy tanu = sec 2. g_u
d _ du
12) %x cotu = —csc?u. dxd
a _ au
13) ax Secu secu.tanu. dx

14) éj—xcscu = —cscu.cotu. g)‘i

ady

q for the following functions :
X

EX-9- Find



a) y=tan(3x?*) b) y = (cscx + cotx)?

C) y=25in%—xCos% d) y=tan®(cosx)
e) x+tan(xy)=0 f) y=sec’x —tan’ x

Sol.-
a) g—i= sec?(3x%).6x=6x.sec’(3x?)
b) d_y= 2(csc x + cot X )(—csc X.cot X —€sc® X ) =—2¢sC X.(CSC X + cot X )?

) y —2cos X L1 [x( sin—- )2+cosx} X sinX

22 212772
d ) == 2.tan(cos><).sec2 (cosx).(—sinx)=-2.sinx.tan(cosx ).sec*(cosx)
2 2
e) 1+sec’(xy). (x—+y) 0= dy_ 1+ y.sec(xy) __Cos (xy)+y

dx X.sec’( xy) X

f) & Y _ 4sec® x.secx.tanx — 4tan’ x.sec? x = 4tanx.sec? x

EX-10- Prove that :

da du da du
a) dXtanu sec’ u. X b) ix secu = secu.tanu. X
Proof :
du - du
. Cosu.cosu.—,— —sinu.(=sinu)-~
a) LHS.= tanu=d sinu_ dx d
dx dx cosu cos’u
_cosu+sinu du__ 1 du_ 2y dU_pHs
cofu dx co2u dx dx
d d 1 1 . du
b LH.S.=—secu= = —sinu)——=
) dx _ dx cosu coszu( ) d
1 sinu du_ oo tanudU-RHS.
cosu cosu dx dx

The inverse trigonometric functions : If u is any differentiable function




