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3.8. Curvature, Torsion & binormal vector 

Curvature for curves in space 

 

      In space there is no natural way to find an angle like ∅ with 

which to measuring the change in T along a differential curve 

.but we still have S ,the directed distance along the curve and can 

define the curvature to be                                                                 

K=|
𝒅𝑻

𝒅𝑺
| 

OR 

K=
|𝒗𝑿𝒂|

|𝑽𝟑|
 

Example: Find the curvature of the curve, where a&b> 𝒐  

r= (𝐚𝐜𝐨𝐬 𝒕 𝒊 + 𝐚𝐬𝐢𝐧 𝒕 𝒋 + 𝒃𝒕𝒌) 

Solution// 
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K=
|𝒗𝑿𝒂|

|𝑽𝟑|
 

V=
𝒅𝒓

𝒅𝒕
= −𝒂 𝒔𝒊𝒏 𝒕 𝒊 + 𝒂𝒄𝒐𝒔 𝒕 𝒋 + 𝒃𝒌 

𝒂 =
𝒅𝒗

𝒅𝒕
=  (−𝒂𝒄𝒐𝒔 𝒕 𝒊 − 𝒂𝒔𝒊𝒏 𝒕 𝒋 + 𝟎𝒌) 

|𝑽| = √(−𝒂 𝒔𝒊𝒏 𝒕)𝟐 + (𝒂𝒄𝒐𝒔 𝒕)𝟐) + 𝒃 𝟐

= √(𝒂𝟐𝒔𝒊𝒏𝟐𝒕) + (𝒂𝟐𝒄𝒐𝒔𝟐𝒕) + 𝒃 𝟐

= √𝒂𝟐(𝒔𝒊𝒏𝟐𝒕 + 𝒄𝒐𝒔𝟐𝒕) + 𝒃 𝟐 

|𝑽| = √𝒂𝟐+𝒃𝟐 

v Xa=|
𝒊 𝒋 𝒌

−𝒂𝒔𝒊𝒏 𝒕 𝒂𝒄𝒐𝒔 𝒕 𝒃
−𝒂𝒄𝒐𝒔 𝒕 −𝒂𝒔𝒊𝒏 𝒕 𝟎

| 

        =+ab sin t i-ab cos t j+𝒌𝒂𝟐 

|𝒗𝑿𝒂| = √(𝒂𝒃 𝒔𝒊𝒏 𝒕)𝟐+(−𝒂𝒃 𝒄𝒐𝒔 𝒕)𝟐+(𝒂𝟐)𝟐

= √𝒂𝟐𝒃𝟐𝒔𝒊𝒏𝟐𝒕 + 𝒂𝟐𝒃𝟐𝒄𝒐𝒔𝟐𝒕 + 𝒂𝟒 = √𝒂𝟐𝒃𝟐+𝒂𝟒 

|𝑽| = √𝒂𝟐+𝒃𝟐 

|𝑽|𝟑 = (𝒂𝟐 + 𝒃𝟐)
𝟑
𝟐 

K=
√𝒂𝟐𝒃𝟐+𝒂𝟒

(𝒂𝟐+𝒃𝟐)
𝟑
𝟐

 

Exercise: Find the curvature of the curve,  

r= (𝒄 𝐜𝐨𝐬 𝒕 𝒊 + 𝐜 𝐬𝐢𝐧 𝒕 𝒋) 
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Torsion & binormal vector 

 

B=T x N  

          Binormal vector is perpendicular to both normal (N)& 

tangent(T) vector                                                                          

The torsion  𝝉 = |
𝒅𝑩

𝒅𝑺
| 

It is measure of how mach the curve twists  

 if  v X a≠ 𝟎 

|

�̇� �̇� �̇�
�̈� �̈� �̈�

�⃛� �⃛� �⃛�
|

 |𝒗 𝑿 𝒂|𝟐
 = τ 

Example: Find the torsion of the r= (𝐜𝐨𝐬 𝒕 𝒊 + 𝐬𝐢𝐧 𝒕 𝒋 + 𝒕𝒌) 

Solution/ 
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|

�̇� �̇� �̇�
�̈� �̈� �̈�

�⃛� �⃛� �⃛�
|

 |𝒗 𝑿 𝒂|𝟐
 = τ 

V=
𝒅𝒓

𝒅𝒕
= −𝒔𝒊𝒏 𝒕 𝒊 + 𝒄𝒐𝒔 𝒕 𝒋 + 𝒌 

a=-cos t i-sintj+0k 

�̇� = 𝒔𝒊𝒏 𝒕 𝒊 − 𝒄𝒐𝒔 𝒕 𝒋 + 𝟎𝒌 

=𝝉 =

|
− 𝒔𝒊𝒏 𝒕 𝒄𝒐𝒔 𝒕 𝟏
− 𝒄𝒐𝒔 𝒕 − 𝒔𝒊𝒏 𝒕 𝟎

𝒔𝒊𝒏 𝒕 − 𝒄𝒐𝒔 𝒕 𝟎
|

|
𝒊 𝒋 𝒌

−𝒔𝒊𝒏𝒕 𝒄𝒐𝒔 𝒕 𝟏
− 𝒄𝒐𝒔 𝒕 − 𝒔𝒊𝒏 𝒕 𝟎

|

𝟐 =
𝒄𝒐𝒔𝟐𝒕+𝒔𝒊𝒏𝟐𝒕

|𝒔𝒊𝒏𝒕 𝒊−𝐜𝐨𝐬 𝒕 𝒋+𝒌|𝟐
=

𝟏

𝟐
 

Exercise: Find the torsion for the curve r= (𝟑𝐬𝐢𝐧 𝒕 𝒊 +

𝟑𝐜𝐨𝐬 𝒕 𝒋 + 𝟒𝒕𝒌) 

 


