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Fourier Series

We have seen earlier that many functions can be expressed in the form
of infinite series. Problems involving various forms of oscillations are
common in fields of modern technology and Fourier series, with which
we shall now be concerned, enable us to represent a periodic function
as an infinite trigonometrical series in sine and cosine terms. One
important advantage of a Fourier series is that it can represent a
function containing discontinuities, whereas Maclaurin’s and Taylor’s
series require the function to be continuous throughout.

Periodic functions

A function f(x) is said to be periodic if its function values repeat at
regular intervals of the independent variable. The regular interval
between repetitions is the period of the oscillations.
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Graphs of y= Asin nx

(a) y=sinx
The obvious example of a periodic function is y = sin x, which goes
through its complete range of values while x increases from 0° to
360°. The period is therefore 360° or 27 radians and the amplitude,
the maximum displacement from the position of rest, is 1.
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(b) y =Ssin2x
The amplitude is 5. Y
The period is 180° and 5 g - -
there are thus 2 complete  f(x) P !
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(c) y=Asinnx
Thinking along the same lines, the function y = Asinnx has
amplitude ............ ;period ............ ;
and will have ............ complete cycles in 360°.

amplitude = A; period = 310 = %; n cycles in 360°

Graphs of y = A cosnx have the same characteristics.

By way of revising earlier work, then, complete the following short
exercise.

Exercise

In each of the following, state (a) the amplitude and (b) the period.

1 y=3sin5x 5 y=>5cos4x

2 y=2cos3x 6 y=2sinx

3 y=sin—§— 7 y=3cos6x

4 y=4sin2x 8 y=651n-2§
Harmonics

A function f(x) is sometimes expressed as a series of a number of
different sine components. The component with the largest period is
the first harmonic, or fundamental of f(x).

y=A;sinx is the first harmonic or fundamental

y=Aysin2x  is the second harmonic

y=Azsin3x is the third harmonic, etc.

and in general
y=Asinnxisthe ............ harmonic, with
amplitude ....... .....and period ............

nth harmonic; amplitude A,; period = Z%F
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Non-sinusoidal periodic functions

Although we introduced the concept of a periodic function via a sine

curve, a function can be periodic without being obviously sinusoidal
in appearance.

Example
In the following cases, the x-axis carries a scale of f in milliseconds.
@ vy

4 -

F(t) X
0 6 8 14 16 ¢ (ms)

period = 8 ms
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Orthogonal functions

If two different functions f(x) and g(x) are defined on the interval
a<x<band

Y/]
L F0g(x) dx =0

then we say that the two functions are orthogonal to each other on
the interval a < x < b. In the previous frames we have seen that the
trigonometric functions sinnx and cosnx where n=0, 1, 2,... form
an infinite collection of periodic functions that are mutually
orthogonal on the interval —m < x <, indeed on any interval of
width 2x. That is

rcosmxcosnxdx=0 form#n
-
(s
I sinmxsinnxdx =0 form#n
-7

and

™
J cosmxsinnxdx =0
-

Fourier series and Fourier Coefficient

Let f(x) be defined in the‘interval (-L,L) and outside of this interval by
f(x+2L) =f(x).i.e., wf(x) is 2L-periodic. It is through this avenue that a new
function on an infinite set of real numbers is created from the image on(-L,L).
The Fourier series or. Fourier expansion corresponding to f(x) is given by
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where the Fourier coefficients a,, a, and b, are
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Example: Determine the Fourier coefficient ao,

Integrate both sides of the Fourier series (1), i.e.,

L L
J—"j(.\')d.\-=j ,,T‘I‘+,[ Ia,,cos T+b,, sin —I dx

L L
Now J,l > dx = ayL, J

. L 7
sin oo dx =0, J cos i dx = 0, therefore, ay = l] f(x)dx
| L = L L

L

Example

o0
If the series 4 + Z(a,, cos "L + b, sin % converges uniformly to f(x) in (—L, L), show that
n=1

form=11,2-3,7"=

1= nmwx 1 (- . nXx ap
(a) a, = ZJ_Lf(.\)cos T dx, (b) b, = ZJ_Lf(x)sm I dx, (¢) A=—

(@) Multiplying

S(x)=A4+ i(a,, cos == 4+ b, sin m;\)

n=1

by cos % and integrating from — L to L, using Problem 13.3, we have

L L :
J‘_L f(x)cos m:x de = J cos mZ" dx
L .
la,, cosﬂcns sl dx + b, l cos % gin ma'.\'l
; 7 L
= a,,,L ifm#0
il mmux .
Thus an =7 f(x)cos 12 dx fm=1,23....
=L

Lec1: Fourier Series Prof . Dr. Haider.J.Aljanaby

>

@




Third Year; Engineering Analyiys Al-Mustagbal University

Example: let us consider the function

f(w)={ e

1 < z<m

Solution:

m 0 m
o %/ fz)da = % (—1)da + % [ﬂ (1)da

— T — T

= —x|2,+x|F=0

ar 0 aT
Ay = L / f(x) cos(nx)dx = L / — cos(nx)dz + 1 / cos(nz)dx
wJ_x mJ = T Jo

1 L 0 B 7
e — 3 7oL > y § A
— i ([ = sin(nx)]” _ + [n sin(7n l)]0>

E( —[sin(0) — sin(—m)] + [sin(7r) — sin(0)] )
0.

T™J_x

i _ i N
b, = — f(z) sin(nz)dx = = — sin(nz)dr+— sin(nxz)dx
J—-7 0

7r .

1 1 1 =
= — ([— cos(nx)]’ , + [-— (‘08(71.1‘)]6)
w \\'n n

= ([cos(0) — cos(—nm)] + [cos(0) — cos(nm)])
2 2

= —(1 —cos(nw)) = —(1 - (—1)").
nmw

nmw
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Thus the Fourier series of fis given as

[ 9]

f(@) ~ 30— (1~ (~1)") sin(nz).

n=1

Example: Let us consider the function.f defined as follows

0, —2<x<0

f@)=939_, o0cz<o

By using the formula of ag, a, and b, , we find that

-4
— l- / (2 x)dax,
ajp = —f (2 —a)c‘(r—;

by = — f[?—r)‘-un T dr, fomm 1.2 .. .

ri'rk—l?

and

Evaluating these integrals gives

1 2 k 2

ap = 3° ayp = Fz—?'r—z-[l —(=1) ] and by = T
where use has been made of the fact that cos(km) = (—1)% and
sin(kw) = 0. Thus the Fourier series becomes

=) —- €08 — +k 5

™

S

1 Qi l)k] krx 1 . knx
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Dirichlet Conditions

Suppose that

(1) [f(x) is defined except possibly at a finite number of points in (—L, L)
(2) f(x) is periodic outside (—L, L) with period 2L

(3) f(x) and f'(x) are piecewise continuous in (=71, L).
Then the series (/) with Fourier coeflicients converges to

(@) [f(x)if xis a point of continuity

(h) £+ 0) -:j(_\' =5 if x is a point of discontinuity

Example:

If the following functions are defined over the interval —7 < x < # and

f(x+ 27) = f(x), state whether or not each function can be repre-
sented by a Fourier series.

1
— 3 —_
1 f(x)=x 4 f)=—
2 f(x)=4x-5 5 f(x)=tanx
3 f(x)=% 6 f(x)=y wherex?>+)>2=09
Solution:
1 Yes 4 Yes
2 Yes 5 No: infinite discontinuity
3 No: infinite discontinuity at x =m/2
atx=0 6 No: two valued
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