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ag = J]—IJ: V sin wt d(wt) :% [—cosari]] = %

Next we determine a,:

| O
a, =—| Vsinetcosnwtd(wt)
Tlo
V [—n sin wt sin nwt — cos nwt coswt ™ V ( 4
=— = CcOs N
T —nt 41 o (1l —n?)

With n even, a, = 2V /m(1 —n%); and with n odd, a, =0. However, this expression is indeterminate for
n =1, and therefore we must integrate separately for a;.

] T L/ T

a; = —J V sin wt cos wt d(wt) = —J Lsin 2wt d(ewt) = 0
o o~

Now we evaluate b,

x

=0

1[" i . V [ nsin wt cos nwt — sin nwt cos wt
b, =—| Vsinwtsinnwtd(wt) =— —
o T —n-+1 o

Here again the expression is indeterminate for » = 1, and b, is evaluated separately.

i . Vot sin2of]" V
b] :;.[0 V sin” wt d(&)f}:;[?— 1 ]0:?

Then the required Fourier series is

: V i i 2 5 2 & 2 £
f(f}_;( +Es1nwi—§cos w;—ﬁcos w:—scos wi—m)

The spectrum,Fig. 3, shows the strong fundamental term in the series

and the rapidly decreasing amplitudes of the higher harmonics.
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Sheet No 1

kmx

T dy =10 ifk=1,2,3,....

kmx

L L
Prove j sin dx = j COS
-1 -L

2. (a) Find the Fourier coefficients corresponding to the function

j'(.rj:[{; ‘{f:::? Period = 10

(b) Write the corresponding Fourier series.

(c) How should f(x) be defined at x =-5; x = 0; and x=5 in order that the Fourier

series will Converge to f(x) for -5 < x < 5?

f(X)l
= Period —
- - B --— -
3
1 ‘!— ) T x
-15 -10 -5 5 10 15

Fig. 136

(@) Period =2L =10 and L =5. Choose the interval ¢ to ¢+ 2L as -5 to §, so that ¢ = 5.

1 i nmx 1 nmx
%= Z[ f(x)cos —L—d.\ = g]_sf(.\)ms = dx

1 nmx S nmx 3 nax
= Ifs(O) cos et dx + 10(3)cos =T d.\I = -S-L cos 5 dx

5

3(5 . nmax .
_E(EsmT)o_O ifn#0
O X
lfn=0.a,=ao=%roos—%d\‘=%rd\'=3.
o o
§fern . nax 1r . nax
b.:z ! f(_\)sde\ =-5-l_sf(_\)sm—-§—d\

. nax 2 MRX o 31 . nax _
I _S(O)sm Td\ - I:(S)snn —5-—d.\} = 5]0 sin 5 dx
2 _ 3(1 —cosnm)
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() The corresponding Fourier seres is

oo a o0 A
y R . REX 3 3l —cosnw) . nmx
—+ cos + basin —) = =+ —_—
2 ;(“" 7+ besin =) =3 Z nr 5
_3 ﬁ( .omx 1 3wx 1 Swx
=5+ | sin 4+ gsin ——4 gsin ——+- .

(c) Since f(x) satisfies the Dirichlet conditions, we can say that the series converges to f(x) at all

continuity and to Sx+0)+/(x —0)

at points of discontinuity. Atx = —35, 0, and 5, which

2
of discontinuity, the series converges to (3 +0)/2 = 3/2 as seen from the graph. If we redefi
follows,

3/2 x =—35

0 —S5a=x=10

Fix)y=4 3/2 x=10 Period = 10

3 D=x-=35

3/2 x=275
then the series will converge to fix) for -5 = x = 5

Expand f(x) = ¥°.0 < x < 27 in a Fourier series if (a) the period is 27, (b) the period is not
specified.

(a) The graph of f(x) with period 2rt is showmin Fig. 2

Sxd
’ s s /
£ ’ # s, ;/
// // // A /, ,f
// // /// L . // - -
T = T = 1 = T X
—der —d= —2x 1 b A &ar
Fig. 2
Period =2L = 2w and L =x. Choosing ¢ = 0, we have
+2L ) I
a, = % I fix)cos % dx = ]; I X cosnx dx
1 2. {dnnx — COS HX —sinnx\ |7 4
= —qlx" —{(2x 2 =—. 0
-"'!'I[‘ }( R ) ( 1.-:'( " )+ ( n’ )]u " n¥
1™ . B’
Ifn:ﬂ.&.:—r.\’d.\'z —.
T o 3
+2L ) Zr
b, = %[ Fix)sin er—ld\' = %[I‘ x7 sinmx dx

T dw

=) o) ()|, ==

2 =]

s 4w 4 o odw
Then fix)=x" = 3 +E(Fcosru—?smru).

=l

- - - - 2
This is valid for 0 < x < 27. At x =0 and x = 2w the series converges to 2n~.

(b} If the period is not specified, the Fourier series cannot be determined uniquely in general.
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Expand f(x) = sinx,0 <
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¢ < 7, in a Fourier cosine series.

? il vc{}um
Jix)==—= § HX
(x) Pl Z CO8 HX

r Tz

2 4 (cm Ly

3

cos 4y

cos by

“r!_]

tagt

o — 1

)

5. For the following graph find the Fourier series

fixh
Ans { I . : —

. 1
4(sinx  sin3x + sinSx - H : ' ] =
7|1 3 5 172 T ° " ind

L — . -1 ———
Fig.
Ans fix)
v -
E_i cosm_'_cos;"h CUSSK_'_"_
2 12 3? 52
y ¥ =
P — o ar 2
Fig.
Ans
sinx  sin2x 4+ sin 3.
1 2

3

*_,..]

Ans flz)
1 1. ~ 2fcoslx cos4x  cosbx
E+§Mnx E 1«3 * 3.5 * 5«7 o /_\\ 1 /
—2r - o ™ - *
Ans fl=)
i sin2x 2sindx  3sin6x -\ \
<3 ' 3.5 5.7 \Jt w T o
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6. Find the trigonometric Fourier series for the square wave shown in Fig. below and
plot the line spectrum.

Vv
0 r 2o im wt
L V3 S
Ans:
. 4 . 4V 4 .
f(1) = sin @i + sin 3ewf + — sin St + - - -
T 3 Sm

7. Find the exponential Fourier series for the triangular wave shown in Figs. 1
and 2 and sketch the line spectrum.

!
I
a v
Vv
: : o N »
' 0 T 2 3w

Fig.1 Fig.2

Sol: For Fig.1

In the interval —w < @t < 0, f(§) = V +(V/7)wt;, and for 0 < wt <7, f(1) =V — (V/a)wt. The wave
is even and therefore the A, coefficients will be pure real. By inspection the average value is /2.

A, = _‘L Ir [V + (¥ mhot]e ™™ diwt) + I [V — [!»';’Ir}.:r};]f'_"-"‘”d[a)f}}
ZIT — 1]

T

= l»_1 [r wite ™ dwt) + ] (—ewt)e ™™ d(wt) + j
- 1]

27t

e et )]

—

V — et 0 — et 4 V _
=23 [%[—jnm:—l}] —[%[—fnm:—l}] =55 (1 —e™)
27 | L=y e L=’ of A

For even n, e = 41 and A, = ; for odd n, A, =2 !»’,!n*:nl_ Thus the series is

2V 2V ¥

W e 2V

- — e —feui ’ £
f@=--+ e s 5+ g€+
(—3m)° (—m)’ 2 (@ (3
The harmonic amplitudes
v 0 (n=2,4,6,..)
e =2 £ ) 2
“ =73 ﬁ"__l"‘"l_l-‘-ﬂfn"n' (n=1,3,5..)
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For Fig.2

In the interval 0 < wt < 7, f{1) = Vsinwr; and from 7 to 2, /(1) = 0. Then

1 . -
A, = = V sin wte™™ d{wi)

2w Jo
V[ edm . ToVEe™ +1)
=_——|——(—nsinwt —cosal) | = ————
2 (1 —n) o 2a(l —n7)

For even n, A, = V/a(l —n®); for odd n, A, =0. Howewer, for n = 1, the expression for A, becomes
indeterminate. L'Hopital's rule may be applied; in other words, the numerator and denominator are
separately differentiated with respect to n, after which n is allowed to approach 1, with the result that
Ay = —i(V/4).

The average value is

25 n

Ay = Lj V sin el diei) = L [ - ccsmlr]‘T — L
o i g 1]

Then the exponential Fourier series is

V " ¥ " | V Vv Voo, |
¥ o — et — A . — el . it Dt et
= —— - — —_— = - - — -
S 5z ¢ w¢ Tge tr iy i 5z ©
The harmonic amplitudes,
v Wimn* = 1) (m=2.4.6,...)
oy = A“ = — Ly = j|‘\"| = !rlfz (n= 1}

b

0 n=357..)
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