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Complex Fourier series

The complex exponential of Fourier series is obtained by substitution the exponential 
equivalent of the Cosine and Sine into the original form of Series 

1/i=-i   ; i2=-1

(ݔ)݂ = ௔బଶ +෎ ቆܽ௡ ௘೔೙ഏ೟ಽ ା௘ష೔೙ഏ೟ಽଶ + ܾ௡ ௘೔೙ഏ೟ಽ ି ௘ష೔೙ഏ೟ಽଶ௜ ቇஶ
௡ୀଵ

If we define ܥ଴ = ௔బଶ ; ௡ܥ = ௔೙ష೔್೙ଶ ; ௡ିܥ = ௔೙శ೔್೙ଶ
The last series can be written݂(ݔ) = ∑∞ି ଴ܥࡸ࢞࣊࢔࢏ࢋ࢔࡯ = ௔బଶ = ଵଶ௅ ∫ ௡ܥݔ݀(ݔ)݂ = (ݔ)න݂ܮ12 ࡸ࢞࣊࢔࢏−ࢋ
௡ିܥ       = ଵଶ௅ ∫ (ݔ)݂ ࡸ࢞࣊࢔࢏ࢋ

Example: Find the complex form of Fourier series whose definition in one 
period 

f(t)= ݁ି௧             -1 < t < 1

Sol:

2L=2 L=1

F(x) =
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௡ܥ = (ݔ)න݂ܮ12 ࡸ࢞࣊࢔࢏−ࢋ

௡ܥ = 12න݁ି௧ ࡸ࢚࣊࢔࢏−ࢋ
= 
ଵଶ ቀ௘ష(భశ೔೙ഏ)೟ି (ଵା௜௡గ)ቁ

௘.௘೔೙ഏି௘షభ.௘ష೔೙ഏିଶ(ଵା௜௡గ)݁௜గ = cos ߨ + i sin ߨ = −1݁௜௡గ=(−1)௡ܥ௡ = (−1)݊ܵ݅݊ℎ1(1+݅݊ߨ) × ௡ܥߨ݊݅−1ߨ݊݅−1 = 1 − ߨ݊݅ (−1)݊ܵ݅݊ℎ1(1 + (2ߨ2݊
The expansion of f(t) form can be written as:  ݂(ݐ) = ∑ ଵି௜௡గ (ିଵ)೙ௌ௜௡௛ଵ ௘೔೙ഏ೟(ଵା௡మగమ)ஶ௡ୀିஶ

The expansion can be converted into real trigonometric form ܥ௡ = ܽ௡ି௜௕೙2 ; ௡ିܥ = ܽ௡ା௜௕೙2ܽ௡ = ௡ܥ + ௡ܾ௡ିܥ = ݅ ( ௡ܥ − ௡)ܽ௡ିܥ = (ିଵ)೙ଶ ௌ௜௡௛ଵ(ଵା௡మగమ)ܾ௡ = ݅ ቂ ଵି௜௡గ (ିଵ)೙ௌ௜௡௛ଵ(ଵା௡మగమ) − ଵା௜௡గ (ିଵ)೙ௌ௜௡௛ଵ(ଵା௡మగమ) ቃ = ଶ௡గ (ିଵ)೙ௌ௜௡௛ଵଵା௡మగమܥ଴ = ௔బଶ ; ܽ଴ = ଴ܥ2 = ܵ݅݊ℎ1
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(ݐ)݂ = ܵ݅݊ℎ1 − 2ܵ݅݊ℎ1 ൬cos 1ݐߨ + ଶߨ − cos 1ݐߨ2 + ଶߨ4 + ⋯൰− ℎ1݊݅ܵߨ2 ൬ sin 1ݐߨ + ଶߨ − 2 sin 1ݐߨ2 + ଶߨ4 ൰ + ⋯
H.W.

Q1) Find the complex form of Fourier series of the following functions: 

1. f(t)= ݁௧             -1 < t < 1

2. f(t)= ൥ 01 0 < ݐ < 11 < ݐ < 2൩

Applications of Fourier Series in Circuit Analysis

Effective Values and Power 

The effective or rms value of the function

In general, we may write

With corresponding effective values of
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The average power P follows from integration of the instantaneous power, which is 
given by the product of v and i:

Since v and i both have period T. The average may therefore be calculated over 
one period of the voltage wave:

Then the average power is

Where is the angle on the equivalent impedance of the network at 
the angular frequency n!

Example: A series RL circuit in which R =5 and L = 20 mH has an applied 
voltage as in Fig.1: 

Find the current and the average power. Compute the equivalent impedance 

of the circuit at each frequency found in the voltage function. Then obtain the 

respective currents.
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Fig.1
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Example: Find the average power supplied to a network if the applied voltage 
and resulting current are

Sol:

The total average power is the sum of the harmonic powers:

Example: Find the trigonometric Fourier series for the half-wave-rectified sine 
wave shown in Fig. 2 and sketch the line spectrum

Fhh

Fig.2

Sol:

The wave shows no symmetry, and we therefore expect the series to contain both sine 
and cosine terms. Since the average value is not obtainable by inspection, we evaluate 
a0 for use in the term a0=2.


