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Fourier Integral and Fourier Transform
Frequency Spectrum

The Fourier series may be combined into a single cosine series. Let p be the
fundamental period. If the function 7(x) is not periodic at all on [-L, L], then

the fundamental period of the extension of 7(x) to the entire real line p=2L

b,

n

Let the phase angle & be such that tan5, = — =

a, €y
. b ‘ - b
sothat sin§, = —— and cosd, = +a_n A ] "

Cn Cn [#)

where the amplitude is ¢, = ,fanz +bn2 :
Also. in the trigonometric identity ~ cosAcosB — sinAdsinB = cos(4+B).

replace 4 by nox and B by J,. Then

a, cos(nex) + b,sin(nex) = (c,cos 8, Jcos(nex) — (¢, sind, )sin(nwx)

b
= ¢, cos(nwx+3,), where |@ = 27 _ % . e, = ..’a}f+bﬂ2 and [tand, = — 2
P a,

Therefore the phase angle or harmonic form of the Fourier series is

flx) = %" + Zcﬂcos(nmx+§")
n=1

Example: Plot'the frequency spectrum for the standard square wave,

_[-1 (-1<x<0)
7(x) = {+1 (0<x<+1)

The Fourier series for the standard square wave is

flx) = EZ H—_l]sﬁlﬂﬂx = iZ("kl—l sin{zk—l)frx]
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Example: Plot the frequency spectrum for the periodic extension of
f(x) = |x . —lex<l
Y
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(which converges very rapidly, as this third partial sum demonstrates)
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The harmonic amplitudes are

> (-9

@ = 2(1-(-1)")
() (n7)”

The frequencies therefore diminish rapidly:
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(n=0)
(n even, n = 2)

(n odd)

Fourier Integrals

FEIT

Let @, = — =

The Fourier series for f(x) on(—L.L) 1s
1 L
= — t)dr +
f(x) =33 _[_Lf( )

2[% [J-_LL () cos( nj:t) dr;] cos( ”ixj
Lol

A

L
jmj. F(r)dr +
2a J_1

= f(x)z

S22/ [ swcos(on)drsos(o

n=1\ T

. %[ .[LL £ (¢)sin(@,) dt]sﬁl(m,,l'r)
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The Fourier series may be extended from (—L. L) to the entire real line.

1 Ao

T
@,y = — = Ao = — =
L

L T
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Now take the limit as L — =0 = Ao—0:

The summation becomes an integral over all frequencies in the limit:

f (I) >0+ |
.[ om[i“ :f (r)co"’(“”)d{]ﬂm(mr)dm

1

; ;( ji £(r)sin(er) dr:]sin(mx] dw]

Therefore the Fourter integral of f(x) 1s

flx) = I:{Aﬂ,cos(mx) + B,sin(wx))do

where the Fourier integral coefficients are

4, = lj f(f)cos(at)dr ad B, = lj £(r)sin(or) dr

b

provided L:;| f (x]| dx converges.

Example: Find,the Fourierintegral of

£(x) = {1 (-1<x=+1)

0 (Utheiwise]
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From the functional form and from the graph of f(x), it is obvious that f(x) is piecewise

o
smooth and that I ‘f(x]| dx converges to the value
—x

¥
Pr— |t —
-1 0 1 x

i|:si11((9r):|l _ 2sin @
-1

1[(* 1!
4, == t)cos(awt)dt = — | cos(et)df =
“ ﬂ.[—mf() () ?r.[—1 () T @ T
The function f(x) iseven = B, = 0 forall o

Therefore the Fourier integral of f(x) is

(x) = rzsm“’cos(m) do

0 @

It also follows that

- 1 (—l<x<1)
J. ‘-Sln(gcos((ox) do = % (x==1)
0 T 2
0 (otherwise)

Fourier series and Fourier integrals can be used to evaluate summations and definite
integrals that would otherwise be difficult or impossible to evaluate. For example.
setting x =0 in Example 7.06.1. we find that

= -
s f
J- —dt =
o r

Complex Fourier Integrals

SE

f(x) = I:(Am cos(@x) + B, sin(wx))de

- o (ks —Jjax x| —jeox
- Ay, EJL + B eJ—e deo

JO0 2 27
- [ w[[MJ el 4 (M]e—ja}x ] deo
= . ( C,m ej'{a_r + wa* .E_"_j X ) d(l) . 11-'1]81‘&‘ Cﬁ] — @
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But Cm* — lJ. f[r] ‘CUS(&JI) ':jsm{mr] .
T o - >
= ijm 706) cos(—at) —.fSin(—m*) &=C.
ﬂ -0 2
(= o] ) D .
and .[4} (C_ﬂ e_fm)dm = I_W(Cﬁ’ €+;mr)dm

1s extracted from the coefficients.

By convention. the factor of 5
i

Therefore the complex Fourier integral of f(f) 1s

f(r) = ij_:cﬂ &/ dr

where the complex Fourier integral coefficients are

c, = jm f(r)e ™ dr

(which is also the Fourier transform of f. (@) = 7 [f(D](®) ).

@ 1s the frequency of the signal f(7).
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