S*t=u

Diff. with respect to u
S dt/du = du/du
Sdt/du=1

where,

t=0 thenu=0

t=e0 then u=~

then,

t=u/s




The gamma function is:

r(n) = fooo e X x" ldx

oo
I‘(n—|—1}=f z"e Tdr =n!
0

Which is similar to?

1 -
e fooo e ™ u"du The blue partis equal tor(n+ 1)=n!
Then,
ny _ n!
L(t") = sn+1
L{sinat} = L { $} Sine Exponential Formulation

(C{e™} —L£{e™]})  Linear Combination of Laplace Transforms

1 1
( — — ) Laplace Transform of Exponential
1 (3+ia.—3+z'a.) simpiiyin
2 2 4 a? PIIng

2ia ) o
—_— simplifying

= 0 5 simplifying




1

Lie} = - Laplace Transform of Exponential
8 —ia
s +ia _ .
= — multiply top and bottom by s + ia
32 +a?
Is0:
£{e™} = L{cosat+ isinat} Eulers Formula
= L{cosat} + il {sinat} Linear Combination of Laplace Transforms
o
L{cosat} = MRe (L {™})
_ Re &+ ia
s? +a?
_5
52 + a?
E!I‘]t + e Lad . . .
L{cosat} = L —a Cosine Exponential Formulation
1 iat iat - —
=3 (ﬁ {E } + L {e }] Linear Combination of Laplace Transforms
1/ 1 1 _
= — — + - Laplace Transform of Exponential
2\s—ia s+ia
l/s+ia+ts—ia ol
= — simplifyin
2 s? +a? Piying
e S
= - simplifyin
52 +a? pifying

First Shifting Property:
if Lf(t) =F(s),whens > a then

In words, the substitution s—a for s inthe transform corresponds to the
multiplication of the original function by e®.

F(s) = [ e = f(t)dt

F(s—a)= [ e ot f(t)dt
F(s—a)= [, ettt f(t)dt
F(s—a)= [ e e f(t)dt

Fls —a) = L{e" f(1)}




Proof of Second Shifting Property

g[t):{g(t—a) t>a

t<a

£ign)} = [ eolt)d
£{gt)} = [e—ﬂm) dt+/me‘”f(t— a) dt
Lig®) = [ e ot -y

Let
z=%t—n0n

t=z+a
dt = dz

when t=a,2=0

when ¢ =00, 2= 00

£} = [ " et £(2) dz
£ {g(t)} = / " ememsag(z) dz
£ {g(t)} = / " esremsaf(z) dz

o0

Ll = [ e fads

L{gt)} = e=L{f(2)}
L{gt)} = e *L{f(t —a)}

Then Laplace of g(t) = e™ F(s)



Rolar Pi Laptace Trassforms _ [
e - (7 4t = FO

S:qu . g: ¢ e du = So w"&

-s%

Laplace Transformations of Derivatives and integrals

Suppose that f(t) is continuous for all t= 0, and has derivative " (t)
which is continues on every finite interval in the range t= 0. Then, the
L.T. of the derivative f‘ (t) exists:

IfF(s) = L[f(D)]
Then [L[f'(t)] = sF(s) — f(0)
Proof: L[f'(D)]=], f'(t). e~ dt

Integrating by parts ([ udv = uv — [ vdu)
dv=f"(t) dt & u=e-=st
v={(t) & du=-s.est dt

L] = [e7t [f®l +s [, e f(t)dt
- L[f'(D] = sF(s) — f(0)
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oo
= @) o /5% A+
e 1. o

o

= w%)(.f e'gﬂ o€

o

Féy = | e7cern

Tloy = {88
LIf""(®] = s*F(s) — s* F(0) — sf'(0) — f"(0)

Theorem 1: Linearity of the Laplace transformation

For any function f(t) and g(t) whose laplace transform exist and any constant a
&b, we have:

| Llaf(t) ¥ bg(t)] = aL[f(t)] ¥ bL[g(D)]

Proof: Llaf(t) Fbg(O)]=],” et [af (t) F bg(t)]dt
= afom e”St f(t)dt + bfom e~st g(t)dt

=aL[f(t)] + bLlg(t)]

Theorem 2: a first shifting theorem
Let £L[f(t)]=F(s), then L[e® f(t)] = F(s — a)

Proof: F(s) = [, e'.f(t)dt

So, Lle™ f(t)]= [, f(t) e* et dt=[" f(t) e”*~* dt =F(s-a)

i.e. the multiplication of f(t) by (e“‘) shifts the variable (s) in the L.T. to (s-
a).

Theorem 3: a second shifting theorem



If L[f(t)] = F(s) and g(t) = {f(t —a)...t>a

0....t < a
i.e|L[g(D)] = e F(s)

Proof: L[g(t)] = fow f(t —a) e stdt changing the variable in the
integralto (t-a)=t, dt=d<t

G(s)= [, f(¥) es@Ddt =e o [" T f(r)dt =e * F(s)

Theorem 4: Change of scale

If F(s)=L[f(1)]

» L[f(at)]== F()

Proof: Llf(an)] = [, flat) e~stde

Let at=u = a.dt = du

Llf(an)] = [’ fw) e*e 2.du=>[” f(u) e . du

=1
= F(s/a).

Laplace transform of integral

If F(s)= L[f(D)]
then, L[["f(t) dt] = [[f(t)dt]. e dt
letu= f(t) dt dv = e Stdt

du=f(t) dt v = — %E—st

L{fy £ dt] = (U F0de] [=3e 5 — [~ te="f (D)t



1 o ot 1
=——e > [ f(t) dt]g +<.F(s)
Sincee ' = 0 ast = o

& t= 0, the integral in this term vanishes

t
L[f f(t) dr] :@
0 )



