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Heat transfer from Extended
Surfaces

The heat transfer by convection is increased by =
increasing the area that exposed to convection. This
led to increase the area of heat transfer in some
application that need high heat fransfer rate. The
increasing of the area of heat transfer is done by
extending the surfaces that exposed to convection.
This extended surfaces is called fines as shown in
Figure










Equation of Fin

® | et us consider an element from a fin at x
location with length Ax and sectional area A,
and its perimeter of p as shown in Figure. The
equation of energy balance for steady state
condifion of this element can be expressed as:
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d?T
ﬁdx = hpdx(T — Ty)

» By dividing this equation by kAdx, we get

d*T  hp a
=l ~Tw) =0

-Byy/uminge =T — T, then %zgand
LY _ AT ApghP 2

The solution of this equation is




»0)=_Ce ™+ (,e™ (A)

» Where C1 and C2 are integration constants of
arbifrarily whose values are to be determined by
the applying of the boundary condition:s.

®» These boundary conditions are at the base and at
the fip of the fin.

®» The /oOnly two conditions are to be needed fo
ermine C1 and C2 which are uniquely.

» B/C.1 is that temperature at the base of fin is known
titsvalueisatx =0T =T,

hen=T7T,—-T,— 6 =20,



» By substituting in eq.(A) x=0and 6 = 6,
90 —_ Cl + CZ (])

» The second boundary depending on the free end
of the fin. There are three cases for this end.

®» Case |.the finis very long that at x=wo T = T,
®» [t means that atx=w 8 =T, —T, =0

»Then / 0 =Cie ™ +(C,e™™ =0 (2)

» Fropn this equation C; # 0, then C, = 0

» By substituting this in eq.(1) we get

1 =6,



8,e™*  (T.D.E) for long fin

h
LT _ ka” (3)
0, To—Teo
1- long fin

®» Heat fransfer from fin is equal to heat flow from its
base by conduction

hP
d
= —kAd—)x 0 — kA—)x 0 — kAd (0 € x)x=0

~kA (—90 \/%) e~° = VhPkAS,
)y

in = VAPKA(T, — T,,)



sO heat transfer from fin Is equal to heat
fransfer by convection
®» from all the fin.

'inn = roo hP(T — Ty,)dx = foo hPOdx

-Qfm r hpf 0, e ™ dx = —hP 0o —mx]o
/ _ hPé, (e~ — e0) = _\/WHO(O — 1y

\/iTp
kA
.fin —_ VthAHO

equal fo that transfer from the base so it is
K.
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ort Insulated end fin

In this case the fin is of known length and its end is
insulated.

The boundary conditions are
B.C.lisasineq.(1)T =T, at x=0

B.C.2isat x=L £ =0 forinsu L
dx

T=T, _
0(x) Tx)-Tew _ cos insulated

9 0] TO - Too o C x=0 =L

The J.D.E is

et transfer from the fin is
Qfin = VhPkAB,tanh(mL)



3- Short non insulated end fin

Fin with heat tfransfer by convection from its end. b b
b T

B.C.lisasineq.1 atx=0T =T, oré =6,
de
BC2 CIT X:L _ka)X=L: hHL

/
o) 701, _“oblnZ =]+ " sinblm(z—x)
&, - I, -1, - cnsh{ml)'l'ﬁﬁiﬂh{ml']

_ sinh(mlL )+ h cosh(mlL)
Qﬁn = ﬁpk‘:ir E-:l K

cosh(mL )+ h sinh(mlL )
kmn




» Fin efficiency

[;{r:ma.’ Heat I'ransfer from F ir;r]

Mem = Heat Transfer from Fin When
The Entire Fin Area at Base Temp.

_ O
The efficiency of long finis Trm = fid e &,
- Qﬁn _\N Tﬁ;&{[ {_{r 1

a0 L |l mL
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» And also we can find the flowing charts to find the
iciency of fin.

» heat transfer from the fin
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Long Fin specifications

Specifications |Mathematic Relation

Boundary B.C.1 x=0 T =T, or 0=0,=
conditions (T, — T)

B.C.2 Xx=w T =T, or 6 =0=
(T, — Tw,) =0

T.D.E _ T—Too hP
0 =06oe™™ or ToTw  © <_ k_Ax>
Heat fransfer Qfin = VhPkAO, = VRPKA(T, — Ts,)
Fin efficienc
L 1 kAt
Trin =L = |nPL

Fin Pk
effectiveness ¢, RESRAIN:



Insulated end fin

Specifications | Mathematic Relation

Boundary B.C.1 x=0 T=T, or 6=6,=
conditions (T, — To)
dT
dx
C

ao
dx_

B.C.2 x=L ~ =0 or 0

0  T-Tew _ coshim(L—x)]
0o To—Two cosh(mL)

Heat transfer 0 fin = VhPkAB, tanh(mL)

inn = VhPkA(T, — T,,)tanh(mlL)

Fin efficiency tanh(mlL)

Fin o
effectiveness il thtanh(mL)

i




- Convection from end tip

Specifications Mathematic Relation
ol sle[e] gt s oI, B.C.1 Xx=O0 T=T, or 0=0,= (T, —T)
= 9 _ _Lep _ @ _ &
B.C.2 x=L i k(TL T,) oOr i RHL

1.D.E

0  T-Teo _ cosh(m(L—x))+%sinh(m(L—x))

0o To—Two cosh(mlL) +%sinh(mL)

Heat transfer h
sinh(mL) + T cosh(mlL)

inn =V thAHO h
cosh(mlL) + T sinh(mlL)

. sinh(mL)+Lcosh(mL)
inn — VthA(TO — Too) km

h .
cosh(mlL) +asmh(mL)

Fin efficienc
Y I 1 sinh(mlL) + %Cosh(mL)

Nfin =

mL cosh(mL) + %Sinh(mL)
Fin effectiveness &; 3 \/Tksinh(mL)+%cosh(mL)
&fin = Aoh cosh(mL)+%sinh(mL)




» Example: A fin of material with thermal
conductivity (100W/m.? C). The length of
the fin is 0.5m. The fin of square cross
section of side length 0.1m. The base
temperature of the fin is 100°C. The
surrounding temperature and convection
heat iransfer coefficient are 20°C and
W/ m?°cC. Find the temperature
Distribution equation and draw that with
length of fin. Find the heat transfer and fin
efficiency and effectiveness. By 1)
assuming the fin of infinite length, 2)
insulted end fin, 3) non-insulted fin.



» Solution: Fin of length L=0.5m, It is of square cross
section of side length b=0.1m the P=4b=0.4m
and A=b% = 0.1 x 0.1 = 0.01m?.

» The base temperature T, = 100°C.
» The surrounding temperature T,, = 20°C
» The heat transfer coefficient h = 10W /m?.° C

®» Thermal conductivity of fin material
=100W/m.° C

Properties: The properties are constant.

» Assumption: straight constant cross-sectional
area fin with steady state heat conduction.

» Analysis: for the fin, we can determined firstly m.

hP _ | 10x04 1
» m = —
kA 100X%0. 01




= |- Long Fin

The TD.E == = exp (— h—Px) = ¢ ¥ = g2

— kA

T—-20 _ T-20 oy

» - insulated fin 100 100 100

T-Toe _ coshim(L—x)] o.os 9239 9430 93.29
To—Teo cosh(mlL) 0.1 8550 89.34 88.23
» 20 _ cosh[2(0.5—x)] 0.15 7926 8507 83.85

100-20 cosh(2x0.5) 0.2 73.62 81.46 80.10

onvective end tip fin 0.25  68.52 78.46 76.96

0.3 63.90 76.05 74.39

0.35 59.72 7420 7236

0.4 55.9 72.88 70.46

cosh(m(L—x))+kLsinsh(1 0.45 52.52 72.10 69.87

= - 0.5 4943 71.84 69.37
To—Teo cosh(mL)+—sinh(n

T—=20 cosh(2(0.5—x))+%sinsh(2(O.S—x))

T_TOO

100-20 cosh(0.5x2) +-o=sinh(0.5%2)



®» The heat fransfer from the fin
1) long Fin Qi = VRPkAO, = VRPKA(T, — Ts)
® (¢, = V10 x 0.4 X 100 x 0.01(100 — 20) = 160W

» ?7) insulated end tip fin
® (rin = VRPKA(T, — Ty,)tanh(ml)

» inn =10 X 0.4 X 100 x 0.01(100 — 20) tanh(2 X 0.5)
=/121.855W

»/3) convective end fin

. h
sinh(mL) +mcosh(mL)

® Qrin = VRPEA(T, — Ty
Qf s ( ° ) cosh(mL)+%sinh(mL)
sinh(1)+0.05cosh(1)

cosh 14+0.05sinh(1) = 1251w

- Qfm = 160



» [N efficiency

. 1 kA 1
®» |)long fin n¢p =ﬂ=\/%f

1 100%0.01 1
— R = 100%
Hfin = \/ 10x0.4 0.5 ’

® 2) insulated tip fin Nfin = —

mlL
__ tanh(2x0.5)

fin = 2200 = 76.16%

] h
1 sinh(mlL) +m005h(ml‘)

km

10
foo“"COSh(l'O) = 78.18%

2><1000$mh(1'0)

2X0.5 cosh(1.0)+

o Nfin =




» [N effectiveness

X e Pk 0.4X100
= |)long Fin &¢iy = AR -\ o 20

= 2) Insulated fip fin &y, = 0(;41Xx11000 tanh(2 X 0.5)

™ crin =15.23
» 3) convective end fip fin
| Pk sinh(mL)+%cosh(mL)
“fin = \/Aoihcosh(mL)+%sinh(mL)
sinh(1.0)+0.05cosh(1.0)
cosh(1.0)+0.05sinh(1.0)

= 15.30

» Sfin = 20



Transient Heat conduction

® |n this case the temperature be function
on time as it is function of dimensions.

T =T(x,y,27T)
» | UMPED SYSTEM CONCEPT

(a) metal with constant Temp. distribution (b) Roast beef with variation in temp. with location



®» Consider a cold solid of arbitrary shape, with mass
m, inifially at a uniform temperature To, suddenly
Immersed into a higher-temperature environment.
As heat flows the hot environment into the cold
body, the temperature of the solid increases. It Is
assumed that the lumped system approximation is
applicable, namely, that the distribufion of
temperature within the solid at any instant can be
regarded as almost uniform (i.e., the temperature
radients within the solid are neglected).




Increaseof the Internal )

[ Heat Transfer to the Solid |
1 Energy of the Solid Over ; = < Through the outer surface
theTime Interval dt

W

| |OvertheTime Interval dt

/ A
/i
SOLID BODY T
71 = Mmass
V = volume
2 = density
7T =

; = initial temperature

I T =T

O= NASNF=—T1(D]



(Increaseof the Internal
Energy of the Solid Over ; = (mass )CdT = pVCdT

krhe Time Interval dt

A

Where p, C, and V are density, specific heat, and
volume of the solid body respectively. The
temperature of the solid body T is a function of fime,
T=T(z).
Let Q(z) be the total heat rate following into the
body/through its boundary surfaces at any instant .

( Heat Transfer to the Solid |
Through the Outer Surface y = O(7)d
|\ Over theTime Interval dt

i, -

"



pVCdT = QO(r)dr

dT(zr) _ O(z)
dr ol A&

For Convection Heat Transfer
O(r)=Ah[T, -T(z)]

LCRAT




®» For convenience in the analysis, we measure
the temperature in excess of the ambient
temperature T.; that is, we choose T, as the
reference temperature. Then assume that:

N)=T(z)— T

Convection

b .

‘ Conduction ‘ J 3

SOLID

’ BODY ‘
R “a -
0=T-T & dT(r)de(*r)
dr dr
. o Ah
And also a quantity m 1s introduced as m=—2

oVC

W\



» \Where m has the dimension of (time) 1.

49(z) +m6 =0 for >0
dr
f(r)=6 for =0
And by the separating of variables, we get
dé(r)

——==—mdr

o)
The integration of this equation will give
InO(z)=—m t+C
Where C 1s the integrating cﬂnsta;nt-
Ing, =—(m)0+C—> C=Inég,

né(r)=—mz+1né,

-

In&(r)—In@ =—mr — 111[?):—??1?:

() _
ral




QO =COmax = mc,, (T,‘ o)

| 24 h
c m=—"
A pCL,

We can now find the relation of the characteristic
length (L.) value for some geometries such as




» . = Al
4
— R’
- A solid sphere L£=3 2 kD
drR= 3 6
3
2- A solid cube L -— -t
6L 6
2
3- Asolid cylinder of length L~ L = el -= LR
2RL+27R* 2L+ R)
2
4- A solid long cylinder L= ﬂ = E - Q
2IRL 2 4

5- A solid large plate with thickness L and one side surface area A*

%*
I _A¥L L

CT24* 2




Criteria For Lumped system Analysis

_ Convectionat TheSurfaceof theBody — h AT hL,
ConductionWithin The Body kIL ATk
ConductionRe sis tan ceWithin the Body Lk AL

BI = =
ConvectionResis tanceat The Surfaceof the Body ~ 1/h  k

Bi

A small Biot number means that a small heat
uction resistfance and thus a small
temperature gradient within  the body. In



The parameter (mt) can be modified by the following
h h kL hL k 1

==
pCL  pCL kL k pCLZ
hL ar -Bz Fo

mrt

C

Where Fo 1s the Fourier Number




» Using Ilumped sysiem method,
determine the time required for a solid steel
ball of radius (3cm), thermal conductivity
(55W/m.°C), density (7830kg/m?), and specific
heat (460J/kg.°C) to cool from (1000°C) to
(250°C). If the ball is exposed to stream of air
at (100°C)having a coefficient of heat transfer
(100W/m?.° C).

-Séuﬁon: In this problem the fime of cooling
steel ball from (1000°C) to (250°C) by using the
lumped capacity method when the ball is
facing to convection heat transfer with
coefficient of heat transfer of (100W/m?.°C)
and environment temperature of (100°C). The
radius of the ball R=0.03m.




» Assumption: The Dball material thermal
properties and the coefficient of heat transfer
are constant. The radiation effect is negligible.
There is no temperature gradient through the
ball.

» Properties: The properties of the ball material
are constant and they are k=55W/m.oC,
p=7830kg/m3, C=460J/kg.° C.

» Analysis: The characteristic length of the ball
with R=3cm is:
R _ 0.03

. =2=22-001m
3 3

h 100 N
» = — = 0.00278s~1
pCL. _ 7830x460x0.01

» Now tfo find the tfime spending for cooling is



T(7)-T, - 250—100
(D-To _ ,-mz = —0.002771
Ti—Tog 1000-100

T = — - In (@) = 646.8sec = 10.78min

0.00277 900

®» The checking for lumped system criteria we can
find Biot number

hL:, _ 100x0.01

» B = o = 0.018 > 0.1
K 55




