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Chain rule 

1-If Fx&Fy are contain &w=F(x,y),y&x are function 

of (t) only. 

𝝏𝒘

𝝏𝒕
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒕
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒕
 

2-If W is a function of (x,y&y) in the same time  

x=F(r,s),y=F(r,s)&z=F(r,s)then 

 

Example1: Find the derivative of w=3xy if x=cos t 

&y=sin t 

Solution// 

𝝏𝒘

𝝏𝒕
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒕
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒕
 



Mathematics II                                  

 

157 
 

𝒅𝒘

𝒅𝒚
= 𝟑𝒙.         

𝝏𝒘

𝝏𝒙
= 𝟑𝒚 

𝝏𝒙

𝝏𝒕
= −𝒔𝒊𝒏 𝒕.      

𝝏𝒚

𝝏𝒕
= 𝒄𝒐𝒔 𝒕 

𝛛𝒘

𝛛𝐭
= 𝟑𝒚 ∗ (−𝒔𝒊𝒏 𝒕) + 𝟑𝒙 ∗ 𝒄𝒐𝒔 𝒕 

𝛛𝒘

𝛛𝐭
= −𝟑 ∗ 𝒔𝒊𝒏𝟐𝒕 + 𝟑𝒄𝒐𝒔𝟐𝒕 

Example2: Find the derivative of w=xy+z  if x=cos t 

,y=sin t &z=2𝒕𝟐 

Solution// 

𝝏𝒘

𝝏𝒕
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒕
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒕
+

𝝏𝒘

𝝏𝒛
.
𝝏𝒛

𝝏𝒕
 

=y.(-sin t)+x*cos t+1*4t 

= - 𝒔𝒊𝒏𝟐𝒕 +𝒄𝒐𝒔𝟐𝒕 +4t 

 

Exercise: Find 
𝝏𝒘

𝝏𝒕
𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒘 = 𝒙𝟐 + 𝒚𝟐. 𝒙 =

𝒄𝒐𝒔 𝒕. 𝒚 = 𝒔𝒊𝒏𝒕  

Example 3: Find 
𝝏𝒘

𝝏𝒕
  .w=2y𝒆𝒙-ln z , x=ln(𝒕𝟐 + 𝟏) 

,y=𝐭𝐚𝐧−𝟏 𝒕  &z=𝐞𝐭 
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Solution// 

𝝏𝒘

𝝏𝒕
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒕
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒕
+

𝝏𝒘

𝝏𝒛
.
𝝏𝒛

𝝏𝒕
 

𝝏𝒘

𝝏𝒕
= 𝟐𝒚 𝒆𝒙.

𝟐𝒕

𝒕𝟐 + 𝟏
+ 𝟐𝒆𝒙.

𝟏

𝒕𝟐 + 𝟏
+

−𝟏

𝒛
. 𝒆𝒕 

𝝏𝒘

𝝏𝒕
= 𝟐 𝒕𝒂𝒏−𝟏 𝒕  𝒆𝒍𝒏(𝒕𝟐+𝟏).

𝟐𝒕

𝒕𝟐 + 𝟏
+ 𝟐𝒆𝒍𝒏(𝒕𝟐+𝟏).

𝟏

𝒕𝟐 + 𝟏

−
𝟏

𝒆𝒕
. 𝒆𝒕 

 

Example 4: Find 𝝏𝒘

𝝏𝒓
 &

𝝏𝒘

𝝏𝒔
 . 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒓&𝒔 𝒊𝒇 w=x+4y+𝒛𝟐 , 

x=
𝒓

𝒔
 ,y=𝟐𝒓𝟐 + 𝒍𝒏 𝟐𝒔 &z=𝟐𝐫 

Solution// 

𝝏𝒘

𝝏𝒓
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒓
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒓
+

𝝏𝒘

𝝏𝒛
.
𝝏𝒛

𝝏𝒓
 

𝝏𝒘

𝝏𝒓
=

𝟏

𝒔
+ 𝟏𝟔𝒓 + 𝟖𝒓 =

𝟏

𝒔
+ 𝟐𝟒 𝒓 

𝝏𝒘

𝝏𝒔
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒔
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒔
+

𝝏𝒘

𝝏𝒛
.
𝝏𝒛

𝝏𝒔
 

𝝏𝒘

𝝏𝒔
=

−𝟏

𝒔𝟐
+

𝟒

𝒔
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Example 5: Find 
𝝏𝒘

𝝏𝒓
 &

𝝏𝒘

𝝏𝒔
 . 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒓&𝒔 𝒊𝒇 w=𝒙𝟐 

+𝒚𝟐 , x=𝐫 + 𝐬 , y=𝒓 − 𝒔  

Solution// 

𝝏𝒘

𝝏𝒓
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒓
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒓
 

 

𝝏𝒘

𝝏𝒓
= 𝟐𝒙. 𝟏 + 𝟐𝒚 = 𝟒𝒓 

 

𝝏𝒘

𝝏𝒔
=

𝝏𝒘

𝝏𝒙
.
𝝏𝒙

𝝏𝒔
+

𝝏𝒘

𝝏𝒚
.
𝝏𝒚

𝝏𝒔
 

𝝏𝒘

𝝏𝒔
= 𝟐𝒙. 𝟏 + 𝟐𝒚. (−𝟏) = 𝟐(𝒓 + 𝒔) − 𝟐(𝒓 − 𝒔) = 𝟒𝒔 

 


