FOURIER TRANSFORM

To represent non-periodic signals in the frequency domain, we
introduce the Fourier transform. Let x(t) be a non-periodic signal.
Then the Fourier transform of x(t), symbolized by F, is defined by
X(w) = Flx@©] = [0, x(t)e tde (5.1)

The inverse Fourier transform of X(w), symbolized by F~1, is defined

by
1 @ .
x(t) = F X (w)] = %j X(w)e/?dw (5.2)

Example 3.1: Find the Fourier transform of the rectangular pulse

signal x(t)defined by

_ (1 lt] < 1/2
Sol, x(t) = rect(t) = {0 L e > 1/2
2 X0
-1/2 12 T
X(w) = [© x(t)e Iotdt = f_lﬁze_j‘“tdt
= L gmjwt|V2 —ZL[gmjwsz _ gla)2]

jo -1/2 jw

=~ [eJ®/2 — g=iw/2]
Jo

[ejw/z_e_jw/z]

2
w 2j
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sin(w/2)

:isin(w/Z): oy = sa(@/2)
= A = :.“—.\\\/J.—. P

3.1 Properties of the Fourier Transform

We use the notation x(t) <>X(w) to denote the Fourier transform pair.

3.1.1 Linearity (Superposition)

alxl(t) iaQXZ(t) <> alxl(a))iazxg(a)) (53)
where a; and a, are any constants.

3.1.2 Time Shifting

x(t +t,) oX(w)et/oto (5.4)
For example we have in examplel F[rect(t)] = sa(w/2), then
Flrect(t —2)] = e ?/?sa(w/2) (proof)

3.1.3 Frequency shifting

x(t)et/ Pt X (w F w,) (5.5)
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For example we have in examplel F[rect(t)] = sa(w/2), then
FleHtrect(t)] = sa(wT_z) (proof)

3.1.4 Scaling

x(at)<—>|71L|X (%) (5.6)

For example we have in examplel F[rect(t)] = sa(w/2), then

1

Flrect(2t)] = 2

sa(wT/Z) (proof)

3.1.5 Time differentiation

d
ax(t)(—)ij(a)) (5.7)

3.1.6 Time integration

j x(t) <—>jin(a)) (5.8)
H.W: Verify Egs. (3.3) to (3.8).

Example 3.2: Find the Fourier transform of the rectangular pulse

signal x(t)defined by

B -1y _ (1 0<t<?
x(t) = rect( 2 ) - {O elsewhere
Sol. 40
0 2 1

There are two solutions:
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First solution: Using the properties

1) Applying scaling property

we have in examplel Flrect(t)] = sa(w/2), then

w

T[rectet)] I1/lea(l/z) 2 sa(w)

2) Applying time- shifting property

we have F [rect (% t)] =2 sa(w), then
F [rect (%)] =2e7 7% sa(w)

Second solution: Using the general equation

X(w) = ffooo x(t)e I@tdt

= foz l.e /@tdt

_ 2 _jw [ej“’—e‘jw]
2j

:E —Jj gj =
~e sin(w) = 2e )

—jw sin(w)

=2e77? sa(w)
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3.2 Fourier Transforms of Some Useful Signals

5(t) +—> 1
dt—t,) +—> e /%
1« 27 d(w)
e/Vt <« 21 5(w — w,)
H.W// Find the F.T of the following signals:
(1) X(t) =A rect(—>),

t+2

(2) x(t)=Arect(—),
(3)x(t)=coswyt

(4)x(t) =sgn(t)
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