Engineering and Numerical Analysis

Al-Mustagbal University College

4.4 Euler's Equation
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General form:

a, x"y*+a, xt1yv1 4 +a, xy+a, y=R(x)
For example:
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P ); + a, x? o )2] +a, x d—y + azy = R(x) ... e e (1) 3" order
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a, x3

let t=Inx (i.e. x=e¢)

dy dy dt dy dy 1 _
dx _ dt dx Y axar y  (ChainRules)

dy dy
Ydx  dt

d’y dy —1+1 d?y dt
dx? _dt x? ' x dt? dx
,d%y _(d’y dy

dx?

. dtz dt
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d3y_l<d3y d’y _dy

7 — _3 2_
dx3 x3\dt3 dt2+ dt

d3 d? d
=(22-3524+22
de3 dt? dt

X
dx3

d d? d3
Substitute x%,;ﬂ d_szl’xs d_;;

d’y _d’y _dy d’y dy dy
— + 2= =R
(dt3 Szt dt) T & (dt2 at) Tl T ey = RO

3 2

avy d y dy
QG o3 + (a, — 3a0) =+ (2a, —a, + az) + asy = R(t)

in equation (1):
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Example (1): Find the general solution of the differential equation:

d’y dy
2 27 'l _
X x2+3x dx+y—2x

Solve:
Solve by Euler's Equation

let t=Inx (i.e: x =¢e?)

dy dy
dx dt

_(d?y dy
Y axz T \dez T dt

. dy ,d%y . . .
Substitute x——, x“—=, x in above differential equation:
dx dx?
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—b +Vb? — 4ac
2a

—2+V22—4x1x1
B 2x1 B

Yo =c e™ + ¢, te™
ye=cre t+ctet

Let Y=Aet, Y =A¢t
Aet +2Aet +Aet =2¢t
1
44 et = 2et AIE

1
cy=cettte™ +5 et
but: t =Inx

1
y=c e ™ t+c,Inx e~ In¥ +E elnx

_ 1 Inx 1
~ The general solution: y = ¢, Z +c, — + 5 X

Example (2): Find the general solution of the differential equation:
x3§+4x2j1— 5xy—15y =0
Solve:
Solve by Euler's Equation
let t=Inx (i.e: x =e?)
xdy _dy
dx dt
,d%y (dzy B d_y)
dx? dt? dt

X

3 +2—

x dt3  ° dt? dt

dx3

,d°y (dgy d*y dy)

substitute x 2 x &Y &Y 1 ab ti
upstitute xdx,xdxz,xdx3 1na Oveequa 10N.
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FTEREIEr

<d3y d?y

m3 +m?2—-—7m-15=0

leem=1 - 14+1-7-15=-20%0 =~ not ok
letm=2 - 8+4+4—-14-15=-17+0 . not ok
letm=3 - 274+9-21-15=0 =~ ok

m-3)(m?+4m+5)=0
m?>+4m+5

m—-3=0 - m;=3 =
m3 +m?—7m—15

m*+4m+5=0 -

B —b +Vb? — 4ac

my3 = A4m?* — 7 m
4m* —12m
5m-—15
5m—15

0

m3 — 3m?

y = ¢, e™ + ePt(c, cos gt + ¢5 sin gt)
y=cye3 +e % (cycost + cysint)

but: t =Inx

y = ¢y 3% 4 e=2Inx (¢, cos(Inx) + 5 sin(In x))

1
~ The general solution: y =¢; x3 + el (¢, cos(Inx) + c3 sin(Inx))

H.W: Find the general solution of the differential equation:

D2x*y+5xy+y=3x+2
1 1 1
Ans:y=c¢; —+c—+=-x+2

x x 2
2)x3y+x2y—xy=3x°

1
Ans:y=c1x+c2;+x2
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