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4.2 Non-Homogeneous Second Order Linear Differential Equation

The general form:

Y+ Py +Q(x)y = R(x)

if R(x)+#0 =~ Non-Homogenous Equations

Theorem: if (Y) is solution to the Non-homogenous equation, then y. = ¢; y; +

c, vy, Is general solution for Homogenous Equations, then the complete solution for
Non-Homogenous Equationsis: y=cyy1+c2y,+Y

where:

(cy ¥ + ¢, y,) is complementary function.

(Y) is particular integration.
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y=¢c1y1+tcy;+Y

Particular Integration (Y):
1. Method of Undetermined Coefficients

2. Method of Variation of Parameters
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For Example:
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y =sinx y = e?*
Yy = COSX y = 2e2%
y = —sinx y = 4e2%

Yy =—C0SX | y =ge2*

4.2.1 Method of Undetermined Coefficients:
R(x) dlaalatl) dabaall (e ) o yhall 8 A1l () €5 Laie Jah a0 43 Hhall oda ol Ll U S
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Example (1): Find the complete solution of the differential equation:

1) y+4y+3y=5e**
2) y+4y+3y=>5sin2x
3) y+4y+3y=5e3*

Solve:
1) y+4y+3y=5e**

y+49y+3y=0
m*+4m+3=0
(m+1)(m+3)=0

[m+1)=0

fonts o] = ™=

Y. = ¢, e™* 4+ ¢, e™M2¥

Yo =c e *+c,e 3%

z
-

LetY =Ae?®, Y =2Ae%, Y =4A¢e%
44 e®* + 84 e?* +3Ae** =5
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154e** =5¢** -

~Y == 2x
36

~ The complete solution: y = ¢;

2) y+49+3y=>5sin2x
y+49y+3y=0
The same above example

ye=cre X+ c,e 3%

-

LetY = A sin2x, Y =2Acos2x , Y = —4A sin 2x

—4A sin2x + 84 cos2x + 34 sin2x = 5 sin2x

—A sin2x + 84 cos2x = 5 sin 2x + 0 cos 2x

-A=5 - A=—5]

8BA=0 - A=0
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LetY = A sin2x + B cos 2x

Y = 2A cos 2x — 2B sin 2x

—4A sin2x — 4 B cos 2x

(—4Asin2x — 4B cos 2x) + 4 (2A cos 2x — 2B sin 2x) + 3(A sin 2x + B cos 2x) = 5sin 2x
(A —8B)sin2x + (—B + 8A4) cos 2x = 5sin 2x

—A—8B =5 8

- = B =——

—B+84=0 13
1

Y = _E sm2x—1—3 CoS 2Xx

1
- The complete solution: y =c; e ™ + ¢, e 3% — 3 sin 2x — 13 Cos 2x

3) y+4y+3y=5e%

y+4y+3y=0
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The same above example

Ye=cre X +c,e 3%

LetY = A xe™3*
Sealnua (x™M)@ (V) s dilaiall Aabead) Jsha a4 Gap¥) Capkll 8 41l culS 1)
DS en e mmia 22
—3A xe 3* + Ae 3%,

—3A(—3xe™3* +e73*) —34e73* = 94xe ¥ — 64 e73*
9Axe 3* —6Ae 3 +4(-3Axe ¥ +Ae3*)+3Axe ¥ =573

—24e3* =573 o A=—§

.Y_ 5
S Y = zxe

—-3x

3x —-3x

. The complete solution: y=c,e™* +c,e”

—Exe

Example (2): Find the complete solution of the differential equation:
y+9y=2x*+4x+7

Solve:

y+9y =0

m?+9=0 -
wmy,=13i =P xqi

=y, = eP*(Acosgx + Bsingx) = e**(A cos 3x + B sin 3x)
&y, =Acos3x + Bsin3x
LetY = Cx*+ Dx +E,

s

Y=2Cx+D,

z
-

Y =2C
2C+9(Cx*+Dx+E)=2x*+4x+7
9Cx*>+9Dx + (2C +9E) = 2x%2 +4x + 7
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D=4 > D=

(2C+9E)=7 > E-=

Lyt 5
STt T9r T e

2 4 59
=~ The complete solution: y = Acos3x + Bsin3x + §x2 + §x + a1

H.W: Find the complete solution of the differential equation:

Dy+5y+6y=3e2*+e3*

Ans: v = —2x -3x —2x i 3x
Yy =c e +cye +3xe +30€

2)(D?>+ 4D + 4)y = xe™™
Ans:y=c e ¥ +c,xe * +xe ¥ —2e*
3)y— y—2y=4x’

Ans:y=c e** +cye ™ —2x?> 4+ 2x — 3

4)y=9x*>+2x—1

A o e x Ao b
n : -_ — — — —
Sy=c toxtoxt+ox—o
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