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Lecture 8 :
Relations
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Example :
      Let  A (1,2,3) and B {x ,y ,z} , and let R={(1,y),(1,z),(3,y)}. Then R is a relation from A to B  since R is a subset of A×B. With  respect to this relation ,
1Ry , 1Rz ,3Ry                        but        1Rx , 2Rx ,2Ry ,2Rz ,3Rx ,3Rz
That is                   R={ (1, y), (1, z), (3,y )}
The domain of R is { 1 ,3} and the range is { y,z}
Another examples :
                               S= { (2,y), (2,z), (3,y) ,(3,z)}
                              T={(1,z)}
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Pictures of Relations on Finite Sets
  Suppose A and B are finite sets. One ways of picturing a relation R from A to B
 is to write down the elements of A and the elements of     B in two disjoint     disks, and then draw an arrow  from a ∈ A to b ∈ B whenever a is related to b. This picture will be called the arrow diagram of the relation.
[image: ]For example, see for      R (1, y),(1, z),(3, y)}.


Types of Relations:
      Here we discusses a number of important types of relations defined on a set A.
    Reflexive Relations
A relation R on a set A is reflexive if aRa for every a є A, that is, if (a, a) є R for every a є A. Thus R is not reflexive if there exists a є A such that (a, a) є R
Example 
Consider the following five relations on the set 
A = {1, 2, 3, 4}:
            R1 = {(1, 1), (1, 2), (2, 3), (1, 3), (4, 4)}
R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)}
R3 = {(1, 3), (2, 1)}
R4 = Ø, the empty relation
R5 = A×A, the universal relation
Since A contains the four elements 1, 2, 3, and 4, a relation R on A is reflexive if it contains the four pairs (1, 1), (2, 2), (3, 3), and (4, 4). Thus only R2 and the universal relation 
R5 = A×A are reflexive. Note that R1, R3, and R4 are not reflexive since, for example, (2, 2) does not belong to any of them.

    Symmetric Relations
A relation R on a set A is symmetric if whenever aR b then bRa, that is, if whenever (a, b)  є R then (b, a) є R.
A relation R is not symmetric if there exists a, b є A such that (a, b) є R but (b, a)  R.
Example 
Consider the following five relations on the set
 A = {1, 2, 3, 4}:
            R1 = {(1, 1), (1, 2), (2, 3), (1,3),(4,4)}
R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)}
R3 = {(1, 3), (2, 1)}
R4 = Ø , the empty relation
R5 = A×A, the universal relation
A relation R1 is not symmetric since (1, 2) є R1 but (2, 1)  R1. R3 is not symmetric since (1, 3)  є R3 but (3, 1)  R3.
The other relations are symmetric.

Antisymmetric Relations
     A relation R on a set A is antisymmetric if whenever aRb and bRa then a = b, that is,   if a  b and    aRb    then  b R a.
Thus, R is not antisymmetric if there exist distinct elements a and b in A such that aRb and bRa.

Example 
        Consider the following five relations on the set
A = {1, 2, 3, 4}: 
            R1 = {(1,1), (1, 2), (2, 3), (1, 3), (4, 4)}
R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)}
R3 = {(1, 3), (2, 1)}
R4 = Ø, the empty relation
R5 = A×A, the universal relation
A relation R2 is not antisymmetric since (1, 2) and (2, 1) belong to R2, but 1  2. Similarly, the universal relation R3 is not antisymmetric. All the other relations are antisymmetric.

Remark
      The properties of being symmetric and being antisymmetric are not negatives of each other. For example, the relation R = {(1, 3), (3, 1), (2, 3)} is neither symmetric nor antisymmetric. On the other hand, the relation R′ = {(1, 1), (2, 2)} is both symmetric and antisymmetric.


Transitive Relations
       A relation R on a set A is transitive if whenever aRb and bRc then aRc, that is, if whenever (a, b), (b, c) ∈ R then (a, c) ∈ R.
Thus R is not transitive if there exist a, b, c ∈ R such that (a, b), (b, c) ∈ R but (a,c) ∈   R.
Example 
Consider the following five relations on the set 
 A = {1, 2, 3, 4}:
          R1 = {(1, 1), (1, 2), (2, 3), (1, 3), (4, 4)}
          R2 = {(1, 1)(1, 2), (2, 1), (2, 2), (3, 3), (4, 4)}
          R3 = {(1, 3), (2, 1)}
          R4 = ∅, the empty relation
          R5 = A×A, the universal relation
The relation R3 is not transitive since (2, 1), (1, 3) ∈ R3 but (2, 3) ∈   R3. All the other relations are transitive.
Equivalence Relations
    Consider a nonempty set S. A relation R on S is an equivalence relation if R is reflexive, symmetric, and transitive.
That is, R is an equivalence relation on S if it has the following three properties:
(1) For every a ∈ S, aRa.
(2) If aRb, then bRa.
(3) If aRb and bRc, then aRc.

Examples 1
The relation “=” of equality on any set S is an equivalence relation; that is:
(1) a = a for every a ∈ S.
(2) If a = b, then b = a.
(3) If a = b, b = c, then a = c.
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EXANMPLE Let A ={l,2} and B = {a, b, c}. Then

Ax B={,a), (1,b), (1,0), (2,a), (2.b), (2,¢)}
BxA={(a,1), b1, (1), (a?2), (b?2), (c,2)}

Also, A x A ={(1,1),(1,2), (2, 1), (2,2)}
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EXAMPLE R denotes the set of real numbers and so R* = Ris the set of ordered pairs of real numbers.
The reader is familiar with the geometrical representation of R~ as points in the plane as in Fig. 2-1. Here each
point P represents an ordered pair (a, b) of real numbers and vice versa; the vertical line through P meets the
x-axis at a, and the horizontal line through P meets the y-axis at b. R? is frequently called the Cartesian plane.
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Definition Let A and B be sets. A binary relation or, simply, relation from A to B 1s a subset of A X B.

Suppose R is a relation from A to B. Then R is a set of ordered pairs where each first element comes from
A and each second element comes from B. That is, for each pair a € A and b € B, exactly one of the following
is true:

(i) (a, b) € R; we then say “a is R-related to b”, written aRb.
(ii) (a,b) ¢ R; we then say “a is not R-related to b”, written aRb.

If R is a relation from a set A to itself, that is, if R is a subset of A2 = A x A, then we say that R is a relation on A.

The domain of a relation R is the set of all first elements of the ordered pairs which belong to R, and the
range 1is the set of second elements.
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Inverse Relation

Let R be any relation from a set A to a set B. The inverse of R, denoted by R~ is the relation from B to A
which consists of those ordered pairs which, when reversed, belong to R; that is,

R™" ={(b,a)|(a,b) € R}
For example, let A = {1, 2, 3} and B = {x, y, z}. Then the inverse of

R={(1,,1,2,3,»} is R'={G1, &0 43

Clearly, if R is any relation, then (R~')~! = R. Also, the domain and range of R~! are equal, respectively, to
the range and domain of R. Moreover, if R is a relation on A, then R~ is also a relation on A.




image7.jpeg




image1.jpeg
An ordered pair of elements a and b, where a 1s designated as the first element and b as the second element,
is denoted by (a, b). In particular,
(a,b) = (c,d)

if and only if @ = ¢ and b = d. Thus (a, b) # (b, a) unless a = b. This contrasts with sets where the order of
elements is irrelevant; for example, {3, 5} = {5, 3}.
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Consider two arbitrary sets A and B. The set of all ordered pairs (a, b) where a € A and b € B 1s called
the product, or Cartesian product, of A and B. A short designation of this product is A x B, which is read
“A cross B.” By definition,

Ax B={(a,b)|acAand b € B}

One frequently writes A2 instead of A x A.




