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Communication // Chapter Two

Fourier Series

Periodic Function
A function f (x) is said to have a period T or to be periodic with period T if for
all t, f(t+T)= f(t), where T is a positive constant. The least value of T >0 is

called the period of f(t).

Example
> The function sin(x) has period 27, since sin(x + 27z) =sin(Xx).

> The period of sin(nx) or cos(nx), where N is a positive integer, is 27z/n.

Example
3 O<x<5 .
> f(x)= Period =10
-3 -5<x<0
flx)
«— Period —»
[ET R — _— o —— — o — - +_ ——— —— —— —
3
} I ! T T t ¥ T T ! T T X
—25 —20 -15 —10 -3 0 3 5 10 15 20 25

T L Period = 27
0 T<X<2r1w
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f(z)
t——— Period —
\ AN /"\\
\\_ // \\_ // \\n_ _I/
~3r -2z -1 0 r 27 3r 4r
0 O<x<?2
> f(x)=41 2<x<4 Period =6
0 4<x<6
f(x)
L— Period —
L _ N ] * bk ——— L N ) L)
1
T = W i
1 T T 1 i I 1 T T I
~12 =10 -8 -6 -4 -2 ¢ 2 4 6 8 0 12 14

Exercises

Find the smallest positive period of the following functions

1) €0s(X)
2) sin(x)
3) C0S(2X)
4) sin(2x)

27
27

Ans.

Ans.
Ans.

Ans.
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5) cos(z X) Ans. 2
6) sin(z X) Ans. 2
7) cos(2x X) Ans. 1
8) sin(2z x) Ans. 1
9) cos(nx) Ans. 2x/n
10) sin(nx) Ans. 2z/n
11) cos(—zzxj Ans. Kk
12) sin(?) Ans. k
13) cos(zznxj Ans. K

K n
14) sin(znnxj Ans. K

K n

Fourier Series

Let f(t) is a periodic function with a period of T . The Fourier Series or Fourier

Expansion corresponding to f (t) is given by
f(t)=d, +> a,cos(nayt) + D b, sin(newt)
n=1 n=1

where the Fourier coefficients a, and b, are

2 T/2
= [ f(t)cos(ne,t)dt n=012,...

-T/2

a, =

3


Mobile User


Communication // Chapter Two

T/2
- j f (t)sin(ne,t)dt n=012,..
—T/2
with @, =
and j f (t)dt
—T/2
Example
Find the Fourier series corresponding to the function
0 —5<x<0
f(x)= Period =10
3 O<x<5
Solution
f(x)l
~+—  Period —-
3
e P - .
T Bl | ™ ol [
-13 -10 -3 5 10 13
T-10, = F =227
T 1 5
T/2 5
3 5 3 3
=— fxdw=— fo——— X=—x’'="(5-0)=>
lez() j() j 0 =1,6-0=7
2T/2 3 5 5
a,=— | f(x)cos na)xdx—— 3cos(— nx)dx = —x —sin(=nx
T_lez() (@) j (5) =X ( )
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_ 3 sin(£x5n)—sin(0)} _ 3 sin(nz)=0
nr| 5 Nz
2 T2 _ 2° T 1% . 7w
b =— | f(X)sin(haw,x)dx == | f (x)sin(=nx)dx == | 3sin(= nx)dx
=7 ) (X)sin(na,X) 10_! (X) (5 ) 5! (5 )
0~
:gxicos(znx) :i{l—cos(EXSn)}:i[l—cos(mz)]
nz s Nrm 3) nz
+1 n even 0 n even
cos(nz) = n =
-1 n odd 6/nx n odd

The corresponding Fourier series is

f(x)=d,+ ian cos(nw,X) + ibn sin(na,X)
n=1 n=1

Notes:
» sin(nz)=0, sin(2nz)=0 0.1) (cos, sin)

0 n even /\
> sin(n%): +1 n=159,... (-1,0) \J (1,0)

-1 n=3711,...
+1 n even 0,-1
> cos(mz):{_1 1 odd O-1)

> cos(2nx) =1
0 n odd

> cos(%rj =<+1 n=4812,...
-1 n=26,10,...
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T/2 T/2

> [sin(kapt)dt = [cos(kapt)dt=0 if k=123,..
-T/2 -T/2
Proof

T/2 1
[sin(kepgt)dt = - ”

-T/2 0

T/2
-T/2

cos(ka,t)|

0

__ 1 (cos(kz) —cos(—kr))
Ka,

T/2 1
[ cos(kayt)dt = —=—sin(key,t)
)

-T/2 0

1 (. 2r T i 27 —-T
= sm(k—x—)—sm(k—x—)
K, T 2 T 2

T/2
-T/2

=i(sin(k7z)—sin(—k7z))=0
K,
T/2 T/2 O min
> | cos(mmw,t)cos(nwt)dt = |sin(ma,t)sin(nw,t)dt =
Jeostmoycostraan = Tsimmosinaa-{ 5 "

where m and n assume any of the values 1,2,3,...

Proof
: : 1 1
Using the trigonometry cos(A)cos(B) = ECOS(A_ B) + ECOS(A+ B) then

If m s n

T/2 1 T/2 1 T/2

[ cos(mayt) cos(nt)dt == [cos((m—n)ayt) += [cos((m+n)myt) =0
-T/2 2—T/2 2—T/2
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Also, by using sin(A)sin(B) = %cos(A— B) —%COS(A'F B) then

If m=n

T/2 T/2 1T/2
jsm(ma)ot)sm(na)ot)dt_— [cos((m—n)et)-= [cos((m+n)ay,t) =0
-T/2 —T/Z 2—T/Z

If m=n, we have

T/2 1T/2
[ cos(mayt) cos(ne,t)dt = > (1+ cos(2nam,t) )dt
T2 T/2
T/ T/2
N jcos(choOt)dt—E(I+I):I
25, 23 2\2 2) 2
T/2 1T/2
[sin(mayt)sin(nayt)dt = > [(1—cos(2nem,t))dt
T2 T/2
T/2 T/2
1 jdt—1 jcos(Zna)ot)dt——(I+Ij:I
—T/2 2—T/2 2 2 2 2

T/2
Note that if m=n=0 then [cos(Mw,t)cos(negyt)dt =T
-T/2

T/2
and [ sin(mayt)sin(na,t)dt =0

-T/2

T/2
> [sin(mayt) cos(nayt)dt =0
-T/2

Proof

Using the trigonometry sin(A) cos(B) = %sin(A— B) +%sin(A+ B)

If m=n
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T/2 1 T/2 1 T/2
[sin(magt) cos(nayt)dt == [sin((m—n)ayt)dt+= [sin((m+n)ayt)dt =0
-T/2 2—T/2 2—T/2

If m=n, we have

T/2 1 T/2
[sin(mayt) cos(nat)dt == [sin(2na,t)dt =0
-T/2 2—T/2
Example
Find the Fourier series corresponding to the function
—k —r<x<0
f (x) = " Period = 277
k O<x<rm
Solution
flx)
—— k | —
- 0 n 2 X
| e
T=2r, a)ozz—ﬂzz—ﬂz
T 2r
1 T/.2 1 e 1 0 T
d,== | f(X)dx=— | f(X)dx=—1] | (=k)dx+ [ kdx |=0
=1 Troom - Trooa | i s
2 T/.2
a,=— | f(x)cos(nw,x)dx
T 5

_2
27

{ T(—k) cos(nx)dx + T K cos(nx)dx}

8
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0

0

:i{—Esin(nx)
n

+Ksin(nx)
T n

V4
- 0

2 T/.2
b, == [ f(x)sin(nw,x)dx
T 5

%:i(—k)sin(nx)dx+Iksin(nx)dx}

; _
_1 F cos(nx), - % cos(nx)

T

|n - 0
y _
= —[1—cos(nz) —cos(nz) +1]
nz
- 2_k[1— cos(nz)]
nz
1 0
cos(nrz) = T nEE b, =4 4k e
-1 n odd nr n odd

The corresponding Fourier series is
f(x)=d,+ ian cos(nNw,X) + ibn sin(na,X)
=1 =1
f(x):4—k(sin(x)+%sin(3x)+%sin(Sx)+ ....... )
T

The partial sums are

S, = 4—ksin(x), S, = ﬁ[sin(x) +Esin(3x)}
T T 3
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flx)

- 0 7 2n x

32 5
P PN TN
'4 /1 i L — AY
f \\
i/ \
/‘-\\ /’\\ ,/‘—\
~N_o M |
-7 “‘ﬁ\ = T
%?5 sin Bx
e e -b T
N — ~—"

{b) The first three partial sums of the carrespanding Fourier series

10
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Example
Find the Fourier series of the periodic function
f(x)=x° 0<Xx<2r
Solution
f(x)
/ / A / /
/ / / / /
)/ // / 4=’ // ///
// // // I /// //
B S S . i a
T=2nr = a)0=2_|_—7[:§—7[:
T
T 27 3|27 2
do == [ F()dx=—= [xeax =22 =27
5 5 2r 3|, 3
2 T 2 2r ,
a =—| f(x)cos(hw,x)dx =— | x= cos(nx)dx
=1 ] T0dcosnagxdx = [ x* cos(nx)
. . 2r
:1{(X2{sm(nx)j_(Zx)(—cosz(nx)}r2(—sm§nx)j} _iz
T n n n , N
2 T 2 2r ,
b, =—1 f(x)sin(nw,x)dx = — | X° sin(nx)dx
=1 ] T00sin(nepx)dx =2 x*sin(nx)
. 27
:1{()(2{—cos(nx)j_(ZX)(—smz(nx)j+2(cos(snx)j} _—4x
Vs n n n . n

11
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So, f(x)= 4n” +inizcos(nx)—i4_”sin(nx)
4r? 1 : 1 .
f(x)= 3 +4(cos(x)+Zcos(2x)+...)—47z(sm(x)+§sm(2x)+...j

Exercises

Evaluate the following integrals where n=0,1,2,...

z 0 n even
1) | sin(nx)dx Ans.
) ! (™) w {Z/n n odd
T 0 nZO
2) jxsin(nx)dx Ans. { 2z/n n=13,...
- —2zln  n=24,..
l2
3) [ xcos(nx)dx Ans. 0
—l2
0 n _—r
4) [e*sin(nx)dx Ans. n((—l) e2 _1)
“r (1+n )
T 2713 n=0
5) | x®cos(nx)dx Ans.
) et (™) {(—1)”472/n2 n=12,..

12
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Find the Fourier Series for the following periodic functions

1)

2)

3)

4)

5)

- 0 1
271‘
l
L

- 0 T

;)

|

- 0 T

AN

A
o
o

AnNs.

AnNs.

AnNs.

Ans.

1 2 1 1

5 + ;(cos(x) — gcos(?,x) + gcos(5x) — J
1 2( . 1 . 1 .
E+;(Sln(x)+§s|n(3x)+gsm(5x)+...j

T 4 1 1
— +—| €0S(X) +—c0os(3X) + — cos(bx) +...
27[( (9 + 005(3x) + - ~C0s(5)

N—

T 2 1 1
— ——1 cos(X) +—c0s(3x) +—cos(d5X) +...
4 72'( ) 9 (%) 25 ox) )

+5sin(x) —%sin(Zx) +%sin(3x) — .

— i[cos(x) + 1cos(3x) + i(:os(5x) + )
T 9 25

+ Z(Sin(x) + %sin(Bx) + %sin(Sx) + j

13
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Find the Fourier Series for the following periodic functions

1 —7l2<x<7xl2 4 1 1
f(x)= . —| cos(x) —=cos(3x) +=cos(5x) —...
H 1 {—1 ro<x<ard2 n( (X) = 3 00(3x) + S cos(5%) j
: 1 . 1 .
2) f(x)=x —r<X<m Ans. 2(sm(x)—Esm(2x)+§sm(3x)—...)
) 7’ 1 1
3) f(x)=x —r<Xx<rm Ans. ?—4 cos(x)—zcos(2x)+§cos(3x)—...

+X —m<x<0
4) f(X)= " " Ans. z+ﬂ(cos(x)+1cos(3x)Jricoscsx)Jr...
T—X O<x<m 2 9 25

X —7tl2<x<7l2 4( . 1 . 1 .
f(X)= ~ —|sin(x) = =sin(3x) + —sin(5x) —...
D 0= aex<anz A 7[( () =g SinEx) +5sin6x) j

z° 4 1 4
— ——C08(X) ——=co0s(2x) + ——cos(3x
5 - (X) 5 (2x) T (3%)

6 (9 X —7l2<x<ml2 A
= ns.
) 714 ml2<x<3rl2 1
+=c0s(4x) —...
8
-1  -1<x<0 4( . 1. 1
7y fT(X)= . —|sInlzzX)+=sIin37X)+=sIn5z X) +...
) (){l O<x<1 ANS 72'( (”)3 (ﬁ)5 (57X) j
8) f(¥= DN Ans 4 sin(”—x}rgsi @j+}si @j+
1 0<x<2 ., 2 ) 3 2 )5 2 )
0 -2<x<0 1 2(. (72x) 1. (37x) 1. (57x
9) f(X)—{l 0<x<? Ans. 2+ﬂ(sm(2j+3sm(2j+53m(2)+_“
1

10) f(x)=x* -1<x<1  Ans.

4 1 1
3 2 (cos(;z X) — 2 CoS(27 X) + 5 cos@z x) —...

14
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l—%(COS(ﬂ'X)+1COS(37Z'X)+...j

0 —1<x<0 4 7 9

11) f(¥)= Ans.

X  0<x<1 1( . 1 .

+—(sm(7zx)——S|n(27zx)+...)
T 2

12) f(x)=sin(zx) 0<x<1l Ans. 2—4[1cos(zyzx)+ L Cos(47rx)+...j
7z 7\ (1)O) 3)(G)
1 4 1 1

13) f(x)=[x -1<x<1  Ans. —z(cos(ﬁx)+cos(37zx)+cos(57zx)+...j
2 9 25

2 4 1
14) f(x):l—x2 -1<x<1 Ans. 3+ﬂ2(COS(ﬂ'X)—ArCOS(ZﬂX)-i-;COS(BﬂX)—...j

—iz(cos(ﬂ X) + 1cos(37z X) + )
T 9

-1  -1<x<0
15) f(x) = Ans.
2X O<x<l1 2 1
+—(Zsin(7rx)——sin(27zx)+...j
T 2
3 4 zx) 1 1 37X
-x -1<x<0 4—7Z2(cos(2)+2cos(7zx)+9co{ZD
16) f(X)=9 X O0<x<1 Ans.
1 1<x<3 +icos(&[—x)+icos(37zx)+...
25 2 1

15
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Odd and Even Functions

A function f(X) is odd if f(=x)=—"f(x). Thus x>, x®>—3x>+2x, sin(x),

tan(3x) are odd functions. The figure below is an example of an odd function.

e ——

f(w)L )

yd YAy
/ ayd

Period

A function f(X) is even if f(—x)= f(x). Thus x*, 2x°®—4x*+5, cos(x),

e* +e " are even functions. The figure below is an example of an even function.

f(x)

Y Y Y Y YTY

while the figure below is neither odd nor even function.

f(z)

[ L ]

Period

16
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Example
Classify each of the following functions according as they are even, odd, or neither

even nor odd.

2 O<x<3 _
(@) f(x)= Period =6
-2 —-3<x<0
COS(X 0<x
(b) f(x)={ 0 RN Period = 27
T<X<L27
) f(x)=x(10-x) 0<x<10, Period =10
Solution
(®) f(z)
_____ 2 —_—— —
x
i I 7 I
—8 -3 3 8
— e — _2 —————

From the figure above it is seen that f (—x) = —f (X), so that the function is odd.

(b) )
EN 1 "\\
\\ \\
\
\ \ ¥
| \ I O [ 1 \ |
-2 \\ - v 2r \\ 3
A ‘.

From the above figure it is seen that the function is neither even nor odd

17
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(©)

flx)
~ TN
7 N
/ N\
N / \ /
\ / \ 25 /
\ / \ /
AN \ /

\/ x

[ [ P
0 § 10

From the figure above it is seen that f (—x) = f (X), so that the function is even.

Note:

In the Fourier series corresponding to an odd function, only sine terms can be

present. In the Fourier series corresponding to an even function, only cosine terms (and

possibly a constant) can be present.

Exercises

Are the following functions even, odd, or neither even nor odd?

1)
2)
3)
4)
5)
6)

7)

sin(nx)

X sin(x)
cos(x)/ x
In(x)

sin(x?)

18

Ans.
Ans.

Ans.
Ans.
Ans.
Ans.

Ans.

Neither even nor odd
Even

Odd
Even
Odd

Neither even nor odd

Even


hp
Stamp

Mobile User

Mobile User


Communication // Chapter Two

8) sin’(Xx) Ans. Even
9) [x Ans. Even
10) x*sin(nx) Ans. Odd
11) x4+ x? Ans. Neither even nor odd
12) e ¥ Ans. Even
13) Xxcosh(x) Ans. Odd

Are the following functions, which are assumed to be periodic, even, odd,

or neither even nor odd?

1) f(x)=x —T<X<T Ans. Odd
2) f(x)=xX —T<X<T Ans. Odd
X O<x<rm _
3) f(x)= Ans. Neither even nor odd
0 T<X<2r1
0 0= X —xl2<x<xl?2 A odd
) 1o zi2<x<3x/2 ns
5 f(x)=x° —T<X<T Ans. Odd
6) f(x)=e™ —T<X<T Ans. Neither even nor odd
7 f)=xx-x* -zm<x<z Ans. Odd
1/(1+ x° —r<x<0
g fO)=] ETX) " Ans. Odd
—1/(1+ x°) O<x<rm

19
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Find the Fourier Series for the following periodic functions (Even & Odd)

2)

3)

4)

5)

6)

£09 :{1 —7tl2<x<xl2

0 7/2<x<3r/2
£(9= X —7l2<xX<7l2
T—X  7l2<x<3rl2
fooz{—x —r<x<0
X O<x<rx
X2
f(X)=— —7<x<nm
4
f(X)=7Z—M —T<X<T
2 —-2<x<0
f(x)=
0 O<x<?2

Ans.

Ans.

AnSs.

Ans.

Ans.

20

: 1 + E(cos(x) 1 COoS(3x) + 1 cos(5x) — )
2 I 3 5

4( . 1. 1 .
;(sm(x)—§S|n(3x)+gsm(5x)—...j

T 4 1 1
— ——| cos(X) + =c0os(3X) + —cos(5x) +...
Zﬁ( (0-+ £ 00530) + - c05(5%) ]

2

T 1 1
—— —cos(x) + =cos(2x) —=cos(3x) +...
15 (x) 1 (2x) 9 (3x)

T 4 1 1
— + —| cos(x) + =cos(3x) + —cos(5x) +...
27[( (X) + 7 c08(3X) + - C0s(5X) j

4( . (7 X 1. (37X 1. (57X
1-—|sin| — |+=sIn| —— |+ =SIn| —— | +...
ﬂ( (ZJ 3 ( 2 ) 5 ( 2 j j
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