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1. First-Order Circuits

Introduction

The analysis of RC and RL circuits is carried out by applying Kirchhoff’s laws, as we did for resistive
circuits. The only difference is that applying Kirchhoff’s laws to purely resistive circuits results in
algebraic equations, while applying the laws to RC and RL circuits produces differential equations,
which are more difficult to solve than algebraic equations. The differential equations resulting from
analyzing RC and RL circuits are of the first order. Hence, the circuits are collectively known as first-
order circuits.

A first-order circuit is characterized by a first-order differential equation.

In addition to there being two types of first-order circuits (RC and RL), there are two  waysto excite
the circuits.
1) Thefirstway is by initial conditions of the storage elements in the circuits. In these so-called source-
free circuits, we assume that energy is initially stored in the capacitive or inductive element. The energy
causes current to flow in the circuit and is gradually dissipated in the resistors. Although source free
circuits are by definition free of independent sources, they may have dependent sources.

2) The second way of exciting first-order circuits is by independent sources (dc and ac sources).

1.1 The Source-Free RC Circuit

A source-free RC circuit occurs when its dc source is suddenly

disconnected. The energy already stored in the capacitor is  c N lfa
released to the resistors. L
Consider a series combination of a resistor and an initially € == 4 SR
charged capacitor, as shown in Fig.2.1. (The resistor and B I
capacitor may be the equivalent resistance and equivalent

capacitance of combinations of resistors and capacitors.) Now 1
to determine the circuit response. Since the capacitor is initially -
charged, we can assume that at time t = 0, the

initial voltage is source-free RC circuit

(0) = Vo ..2.0)

Fig.2.1.source-free RC circuit

with the corresponding value of the energy stored as

w(0) =3 CV¢§ ...(2.2)

Applying KCL at the top node of the circuit in Fig. 2.1 yields
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ic+ir=0 ..(2.3)

By definition, ic = Cdv/dt and ir = v/R. Thus,

dv v

CZ+2=0 ..(2.42)
LA 2 4b
P = ..(2.4b)

This is a first-order differential equation, since only the first derivative of u is involved. To
solve it, we rearrange the terms as :

response of the RC circuit is an exponential decay of the initialvoltage. Since the response is due
to the initial energy stored and the physical characteristics of the circuit and not due to some
external voltage or current source, it is called the natural response of the circuit.

dv

= ——dt . (2.5)
v RC
Integrating both sides, we get
t
mv=-—+InA

where [n A is the integration constant. Thus,

v t

{n;=—E (2'5}

Taking powers of e produces
v(t) = Ae~t/RC
But from the initial conditions, v(0) = A = V},. Hence,

v(t) = Ve H/RC ..(2.7)

The natural response of a circuit refers to the behavior (in terms of voltages and currents)
of the circuit itself, with no external sources of excitation.

The natural response is illustrated graphically in Fig.2.2. Note that at t = 0, we have the correct
initial condition as in Eq. (2.1). As t increases, the voltage decreases toward zero. The rapidity with
which the voltage decreases is expressed in terms of the time constant, denoted by t, the lowercase
Greek letter tau.

4 MSc. Zahraa Hazim




The time constant of a circuit is the time required for the response to decay
to afactor of 1/e or 36.8 percent of its initial value.

0.368¥ | ---->

|
|
0 T
Fig.2.2. The voltage response of the RC circuit.

This implies that at t = 7, Eq. (2.7) becomes

Voe T/RC = Ve = 0.368V,

or

r =R ...(2.8)

In terms of the time constant, Eq. (2.7) can be written as

() = Voe /T ..(2.9)

It is evident from Table 7.1 that the voltage v(t) is less than 1 percent of Vo after 5T (five time
constants). Thus, itis customary to assume that the capacitor
is fully discharged (or charged) after five time constants. In

-t/T

otherwords, it takes 5T for the circuit to reach its final state

or steady state when no changes take place with time. v(0)/ Ve
Notice that for every time interval of T, the voltage is 32 :;1(::\\3
reduced by 36.8 percent of its previous value, 37 ().u-s‘)j‘:
v(t+T) = v(t)/e = 0.368v(t), regardless of the value of ¢. j: ::::(1,2:3

A circuit with a small time constant gives a fast response in

that it reaches the steady state (or finalstate) quickly due to quick dissipation of energy stored, whereas
a circuit with a large time constantgives a slow response because it takes longer to reach steady state
(thisisillustrated in (Fig. 2.3). Atany rate, whether the time constant is small or large, the circuit reaches
steady state in five time constants.
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With the voltage v(t) in Eq. (2.9), we can find the current iz (t)

ip(t) =2 = 2" ..(2.10)

The power dissipated in the resistor is

p(t) = ‘; -2/t 210
The energy absorbed by the resistor up to time ¢ is

)= [{pdt = [(E e = - T gule|[§ = Loy - ey 1 = R (212)

Notice that as t — oo, W,() = %CVO2 which is the same as w¢(0) , the energy initially

stored in the capacitor. The energy that was initially stored in the capacitor is eventually
dissipated in the resistor.

With these two items, we obtain the response as the capacitor voltage

ve(t) = v(t) =v(0)et/T

other variables (capacitor current ic, resistor voltage vr, and resistor current ig) can be
determined. In finding the time constant T= RC, R is often the Thevenin equivalent
resistance at the terminals of the capacitor; that is, we take out the capacitor € and find R =
Rrn atits terminals.
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Example 1: In Fig. let v¢(0) = 15 V. Find v¢, vx, and ix for t > 0.

Solution:
84
We first need to make the circuit in Fig.1 conform with the I |
standard RC circuit in Fig.2.1. We find the equivalent 2 L + +
resistance or the Thevenin resistance at the capacitor ~~: T < 2z
terminals. Our objective is always to first obtain capacitor ‘ ‘
voltage wv¢. From this, we can determine v, and Fig.1
Ix.
205
= == .. = =
Regq (8+12) 115 Req Sort
= the equivalent circuit is as shown in Fig.2.
T = ReqC - 4‘(01) - 04‘5 —
v = v(0)e-t/r = 15¢~t/%V., vc = v = 15e-25Y  Rey = v == 0.1F
use voltage division to get vx So, ‘ -
__12 ~2.5t\ — Qp—2.5t o
vy = 5= v = 0.6(15e7%>") = 97>tV Fig.2
Uy
i, =—=0.75¢"%%4
12
H.W.1: Let vc(0) = 45 V. Determine v¢, vx. and i, for f > 0.
o 80
Answer: ! I N 1 +
12Q < 6Q < ;F=—=1y
45¢~0-25ty 15~025ty _3 75—0.25t S ’ o 3 I_C
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Example 2: The switch in the circuit in Fig.1 has been closed fora long time, and it
Is opened at t = 0. Find v(t) for t = 0. Calculate the initial energy stored in the
capacitor.

Solution: i t=0
For ¢ < 0, the switch is closed:; the capacitor is an open circuit v, Sy
to dc, as represented in Fig.2(a). Using voltage division [ | | +
5 20V (* 90 =  v=——20mF
ve(t) =5 (20) = 15V.t <0 l | -
Since the voltage across a capacitor cannot change Fio. 1
instantaneously, the voltage across thecapacitorat t = 0 is &
the same att = 0, or
vc(0) =Vo =15V
For t > 0, the switch is opened, and we have the RC circuit 30 102
shown in Fig.2 (b). [Notice that the RC circuit in Fig.2 (b) A A
is source free; the independent source in Fig.1 is needed  agv [+ 90 1(0)
to provide Vo or the initial energy in the capacitor.] ' | -
(a)
142
Req = 149 =100 ,T = ReqC = 10x20%x10-3= 0 2s WW— |
Thus, the voltage across the capacitor for t = 0 is Pz BBV ES 0mE
v(t) = vc(0)e~t/r = 15e-t/02)) = 15e-5tV )
Fig.2

1 1
we(0) =5 Cvé(0) =5 % 20 x 107 x 15% = 2.25

H.W.2: If the switch in Fig. shown opens at t = 0, find v(t) for t = 0 and w¢(0) .

60 <
[ - L]
24V (L) F=Fv e z4Q
Answer: 8e-2tV. 5.33] ) | 1
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1.2 The Source-Free RL Circuit i

——
Our goal is to determine the circuit response ( current i(t) ©
through the inductor). We select the inductor current as the 1= L+
response in order to take advantage of the idea i that the L vr R Up
inductor current cannot change instantaneously. At t =0, 0+ 7
we assume that the inductor has an initial current Io, or with T

the corresponding energy stored in the inductor as —

Fig.3.1 A source-free RL circuit

i(0)=1, 3.1
1

w(0) = Eug (3.2)
Applying KVL around the loop in Fig.3.1,
vyt vp = 0 (33}
But v, = Ldi/dt and v, = iR. Thus,

i | pi = G B
La-l-ﬂl—ﬂ = dr+Ll_ﬂ (3.4)
Rearranging terms and integrating gives

i(t)di _ (tR () Rt : Rt
j}ﬂ —==[zdt = il -—T|E=:- Init)~Inly=-—+0

i(t) Rt
. 1 — i = — 3.5
= 35)

Taking the powers of e, we have
i(t) = Le /" (3.6)
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This shows that the natural response of the RL circuit is an exponential decay of the initial
current. The current response is shown in Fig.3.2.

i() A

Iy

Tangent at 1 =0

0.3681, | --<-

Ioe-r 9

0 - ,
Fig.3.2. The current response of the RL circuit

It is evident from Eq. (3.6) that the time constant for the RL circuit is

T :% in (S} [3?}
2 i(t) = e t" (3.8)
vp(t) = iR = l,Re™*/" (3.9)

The power dissipated in the resistor is

p= T.F'R-i — I&HE'MT {31']}
t t _: 1 _atjr|f L
wg(t) = [ pdt = [ I§ Re zr*f?dt:—grfﬁﬁe it oo TeR
1 -
wp(t) =5 LIG(1 - e7*T) (3.11)

Note that as t — oo, wr(0) —>%L1§ which is the same as w.(0),the initial energy

stored in the inductor as in Eq. (3.2). Again, energy initially stored in the inductor is
eventually dissipated in the resistor.

With the two items, we obtain the response as the inductor current i.(t)=i(t) =
i(0) e~t/*. Once we determine the inductor current i, other variables (inductor voltage v,
resistor voltage vg, and resistor current ir) can be obtained. Note that in general, R in Eq.
(3.7) is the Thevenin resistance at the terminals of the inductor.
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Example 3: Assuming that i(0) = 104, calculate i(t) and ix(t) in the circuit of Fig.1.

Solution:

There are two ways we can solve this problem. One
way is to obtain the equivalent resistance at the
inductorterminals and then use Eq. (3.8). The other
way is to start from scratch by using Kirchhoff’s
voltage law. Whichever approach is taken, it is
always better to first Obtain the inductor current.

4 L2

[
b=
o’
M,
Lad
f=h

Fig. 1

METHOD 1 The equivalent resistance is the same as the Thevenin resistance at the inductor
terminals. Because of the dependent source, we insert a voltage source with v, = 1V at the
inductor terminals a-b, as in Fig. 2(a). (We could also insert a 1-A current source at the

terminals.) Applying KVL to the two loops results in
2(i = i) +1=0=2i; —ip = —=

6iy — 20, — 30, =02 i, =i,

Substituting Eq. (2) into Eq. (1) gives

i, ==34 i,=—i, =34

RE‘Q :RT'h =I—:§.ﬂ
o
L e 3
- _2_°2
T_REQ_T_ES
3

(1)
(2]

4 L2

—5 @ 462
P P
p=1V CREEE (2] <_ 3 |
05H =
b

(a)
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METHOD 2 We may directly apply KVL to the circuit as in Fig. 2(b).

For loop 1,
Ldh i —i) =0
3 dr (i —iz) =
W20 4 — i, =0
"I+ I — 4. = (1)
For loop 2,
. . . . 5.
6:2-2tl-3:l:ﬂ::~12:?1 (2)
Substituting Eq. (2) into Eq. (1) gives
diy , 2. _ diy _ 2
Since {; = i, we may replace {; with [ and integrate:
P — 24t o _ _ 2
1"i|;(u]— 3E|u = In oy — ]
Taking the powers of e, we finally obtain
2 ¥
i(t) = i(0)e 3" = 10e~E) A t=>0
which is the same as by Method 1.
di 2 . 10 2
— J . — R i - i T —{.—]E
vy, Ldt 0.5010)( 3}-9 3 € 3 v
Since the inductor and the 2 — 12 resistor are in parallel, (v, = v)
5 ~[Z
i (t) =?” —-16667¢ 34  t>0
H.W.3: Find i and v, in the circuit of Fig. 1. Let i(0) = 5 A.
40
'"'.,-"‘\."\-.-""-
I-l N vy -.’L
| =1Q
= < ]
2H= S4Q
L va -
Answer: 5e-4V  —20e~4tV.
Fig. 1.
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Example 4: The switch in the circuit of Fig. 1. has been closed for a long time. At t
= 0,the switch is opened. Calculate i(t) for t > 0.

Solution: =0

When t < 0, the switch is closed, and the inductoracts oo X

as a short circuit to dc. The 16 — 2 resistor is short- ( {0
circuited; the resulting circuit is shown in Fig. 2(a). To ) a0V S 120 160 = 2H

get i1 in Fig. 2(a), we combine the 4 — 2 and 12 — 12 ‘
resistors in parallel to get

Fig. 1.

-1-?&1-2:311
a1

a0
h=33737

We obtain i(t) from i1 in Fig. 2(a) using current division, by writing

1=

i(t) = —i; =64, t=<0

Since the current through an inductor cannot change instantaneously,
i(0) =i(0-) =64
When t > 0, the switch is open and the voltage source is disconnected. We now have the
source-free RL circuit in Fig. 2(b).
Reg = (12 + 4)||16 = 812
L 2 1

R =—=-—5

= 8 4

eq

2 i(t) = i(0)etT = pe~t 4

Woa0 44} 4 L2

(a) (b}
Fig. 2 Solving the circuit of Fig.1: (a) for t = 0, (b) fort = 0.
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H.W.4: For the circuit in Fig.1, find i(t) for t > 0.

Answer: 2e2t A t>0

Example 5: In the circuit shown in Fig.1, find i,, v,, and i for all time, assuming that
theswitch was open for a long time.

Solution: It is better to first find the inductor ﬂ . -.‘-.%1- ,

current i and then obtain other quantities from it. R L
For ¢ < 0, the switch is open. Since the inductor ~ 10v (* Ni=o Zen 2w
acts like a short circuit to dc, the 6 — 12 resistor is

short-circuited, so that we have the circuit shown

in Fig.2 (a). Hence, Fig. I

i, =0, and i(t) :%:2.4. t<0
v () =3i(t)=6V. t<0
Thus, i(0) = 2.

For t > 0, the switch is closed, so that the voltage source is short- circuited. We now have
a source-free RL circuit as shown in Fig.2 (b). At the inductor terminals,

Since the inductor is in parallel with the 6 = {2 and 3 = 1] resistors,

di
v,(t) ==y, = -LE = =2(=2e"t)=4e”tV. t>10
v 2
i, (t) =EL =-zeA t>0

Thus, for all time,
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s i T A

—ZetA t>0 etV >0
. 24 t<0
(©={pe-ta 50
20 30 3
*.rnl-—il.‘n—|l? S rranlt
mv{fj tmfé h 623 g = 2H
(@) ®)

Fig 2. The circuit in Fig. | for: (a) t < 0 (b) t > 0

We notice that the inductor current is continuous at £ =10,
while the current through the 6 = £ resistor drops from 0 to
=23 at t=0, and the voltage across the 3= 10 resistor

drops from 6 to 4 at £=0. We also notice that the time
constant is the same regardless of what the output is defined

(o be. Fig.3. plots i and i,

o L

i

Fig. 3. Aplotof i and i,

15 MSc. Zahraa Hazim




H.W.5: Determine i, i, and v, for all t in the circuit shown in Fig.1. Assume that the switch
was closed for a long time. It should be noted that opening a switch in series with an ideal
current source creates an infinite voltage at the current source terminals. Clearly this is
impossible. For the purposes of problem solving, we can place a shunt resistor in parallel
with the source (which now makes it a voltage source in series with a resistor). In more
practical circuits, devices that act like current sources are, for the most part, electronic
circuits. These circuits will allow the source to act like an ideal current source over its
operating range but voltage-limit it when the load resistor becomes too large (as inan open
circuit).

30
r=0 ; L H
: —_— -
T & fa .
184 (}) 40 = 2Q = v,
Fig.1

Answer: i = {12‘4 t<0 4 {6"1 t<0 o _ {245" t <0
‘ 12e724 t=20" ° (—4e™4 t>0' ° 8e?V t>0
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Thank you very much
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