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1 RUNG KUTTA METHOD 1

1 Rung Kutta Method

The Runge-Kutta Method of order 4 (RK4) is one of the most commonly used methods
for solving ordinary differential equations (ODEs). It provides a good balance between
accuracy and computational efficiency.

Given the initial value problem:

Y —ftw). vl =w

The method uses the following intermediate slopes:

kr="h- f(tn, yn),

h k
k2:h~f(tn+—,yn+—1),

2 2
h ko
ks=h-fltat 50+ 75 ),
3 f( +2?J+2)

ko =N f(tn+ h,yn + ks).

The solution is updated using:

1
Ynt1 = Yn + g(kl + 2(kg + k3) + k4)

The Step by Step Method

Given an initial value problem:

d
d_:Z = f(tv y)7 to = a, Yo with 4 where y(t(]) = Yo,
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1 RUNG KUTTA METHOD

Step 1. We find ¢;

ty =ty +h
to=t1+h
ts =1ty +h
tn+1:tn+h

Step 2. We find &;

klzhf(tnayn)7

h k1
ko = h- tn arIn a ]
2 f( +2y+2>
h
2

k

kg =h- f(ty+h,yn + ks).
Step 3. We find y;
1
Yn+1 = Yn + B(kl + 2(ky + k3) + ky)
Example 1.1. Use Rung Kutta method to solve the D.E. and find 4,

ay _

I =y—t, withty =0,y0=2,h=0.1

Sol. f(t,y)=y—t

Step 1. We find ¢;: tg =0
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1 RUNG KUTTA METHOD 3

Step 2 We find k; whenn = 0

fty)=y—t

ki =h- fto,yo) = h- £(0,2) =0.1(2 — 0) = 0.2

kgzh-f(t0+g,yo+%> =01-f (0+%,2+¥> = 0.1- £(0.05,2.1)
=0.1(2.1 — 0.05) = 0.205

h ki 0.1 . 0.205
ks=h-f (to + 5000+ 52) —0.1-f (0 + 52+ T) = 0.1- £(0.05,2.1025)

= 0.1(2.1025 — 0.05) = 0.2053
ks = h- f(to+ hyyo+ks) = 0.1+ f(0+0.1,2+0.2053) = 0.1 - f(0.1,2.2053)

= 0.1(2.2053 — 0.1) = 0.2105

Step 3. We find v,

1
Ynt1 = Yn + = (k1 + 2(ko + k3) + k)

6
1 1
v =y + 5 (b + 2Rz + ks) + k) = 2+ 2(0.2 +2(0.205 + 0.2053) + 0.2105)
= 2.20693
0

Example 1.2. Use Rung Kutta method to solve the D.E. and find

d
d_@t’ =ty, withto=0.1,y0=4,h=0.9

Sol. f(t,y) =ty

Step 1. We find ¢;

to=0, ti=to+h=01+09=1
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1 RUNG KUTTA METHOD 4

Step 2 We find k; whenn = 0

flty) =ty

ky =h- f(0.1,4) = h- f(0.1,4) = 0.9(0.1 x 4) = 0.36

h ky 0.9 0.36
/{Zg—h'f(toﬁ—g,yo—f‘?) —09f(01+7,4+7>

=0.9- f(0.55,4.18) = 0.9(0.55 x 4.18) = 2.0691

h k 0.9 2.0691

= 0.9 £(0.55,5.0346) = 0.9(0.55 x 5.0346) = 2.4921
by =h- f(to+ h,yo+ ks) = 0.9 £(0.1 4 0.9,4 + 2.4921)

= 0.9 f(1,6.4921) = 0.9(1 x 6.4921) = 5.8429

Step 3. We find v,

1
Yn+1 = Yn + g(lﬁ + 2(ky + k3) + ky)

1 1
v =yo + 5 (b + 2Rz + ks) + k) = 4+ 2(0.36 + 2(2.0691 +2.4921) + 5.8429)

= 6.5542

Again (Steps 2,3) taking t; = 1, y; = 6.5542 to find k; and ys,.
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1 RUNG KUTTA METHOD

Step 2 We find k; whenn = 1

fty) =ty

ky=h- f(ty,y1) = h- f(1,6.5542) = 0.9(1 x 6.5542) = 5.8988

hy=h-f <t1+g,y1 + %) =09 f (1+O—é9,6.5542+ @)
= 0.9 f(1.45,9.5036) = 0.9(1.45 x 9.5036) = 12.4022

kg ="h-f (u + g,yl + %) =09-f (1 + %,6.5542 - 12'4022)

=0.9- f(1.45,12.7553) = 0.9(1.45 x 12.7553) = 16.6457
ki =h- f(ti+ Ry +ks) =0.9- f(1+0.9,6.5542 + 16.6457)

=0.9- f(1.9,23.1999) = 0.9(1.9 x 23.1999) = 39.6719

Step 3. We find v,

1
Yn+1l = Yn T+ é(kl + 2(ky + k3) + ky)

1
Yo = Yo + g(kl + Q(kg + /{3) + k4)

1
yo = 6.5542 + - (5.8088 + 2(12.4022 + 16.6457) + 30.6719) = 23.832

Homework of Rung Kutta Method

Use Rung Kutta method to solve the D.E. and find y3

d
d_:z:t—i_yJ Wltht0:07y0:o7h:()2
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2 Runge-Kutta-Merson Method

The Runge-Kutta-Merson method is a specific type of Runge-Kutta method that is partic-
ularly well-suited for solving ordinary differential equations (ODEs) with a high degree
of accuracy. It is a fifth-order method, which means that it is accurate to the fifth order
of accuracy.

Given the initial value problem:

Y~ ft). ) =w

The method uses the following intermediate slopes:

kl =h- f(tnayn)a

h k
kQZh'f(tn+_ayn+_1)>

3 3
- h ko ky

k3_h f(tn+37yn+6+6)a

h ki 3ks
ky=h- 2% o In o - |
’ f( 3t gt 8)

k 3k

bs = f(ta+ hoyo + 5 — =7+ 2ka)

The solution is updated using:
1
Ynt1 = Yn + é(kl + 4kq + ks)
The error is estimated as:

1
Error = %<2]{72 — 9/{33 + 8]{74 — ]{75)
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2 RUNGE-KUTTA-MERSON METHOD

The Step by Step Method

Given an initial value problem:

dy _

T f(t,y), to=a,yo withh wherey(ty) = vo,

Step 1. We find ¢;

ty =ty +h
t2:t1+h
ts =1ty +h
tn+1:tn+h

Step 2. We find k;

kl =h- f(tn7yn)>

h k
kQth(tn+_7yn+_l)7

3 3
B h ki ko
kS_h f(tn+3>yn+ 6 + 6)7
B h ki 3ks
k4_h f(tn+2>yn+ ] + ] )a
k 3k
bs = ho f(t + hoyn + o = =7 + 2ka)

Step 3. We find y;

1
Ynt1 = Yn + é(lﬁ + 4ky + ks)

Step 4. The error is estimated

1
Error = %(2]62 — 9k3 + 8k4 — k5>
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Example 2.1. Use Runge-Kutta-Merson method to solve the D.E. and find v

d :
d—g;:thy, withty =0,y0=1,h =0.1

Sol. f(t,y)=t+y

Step 1. We find ¢,

Step 2 We find k; whenn =0

fity)=t+y

h ky 0.1 0.1
= . —_— — :h- _1 —
ko =h f<t0+3,yo+3) f(O-l— 3 + 3)

— - £(0.0333,1.0333) = 0.1(0.0333 + 1.0333) = 0.1067

h ki ko 01 0.1 0.1067
=h- — — 1+ Z)=h- 14 ==
ks hf(to+3,yo+6+6) hf(0+3, + ot )

= h- f£(0.0333,1.0345) = 0.1(0.0333 + 1.0345) = 0.1068

h ki 3ks 0.1 0.1 3(0.1068)
ey . — J— — — . - 1 - - 7
ks hf<tn+2,yn+8+8) hf(0+2,+8+ <

= h- f(0.05,1.0526) = 0.1(0.05 4 1.0526) = 0.1103

ki1 3ks
77 T
0.1  3(0.1068

= 0.1-(0.1+1.1104) = 0.1210

ks =h- f(ty +h,yn +

+2(0.1103)) = h - £(0.1,1.1104)
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2 RUNGE-KUTTA-MERSON METHOD

Step 3. We find y;

1
Ynt+1 = Yn + é(lﬁ + 4ky + ks)

1 1
i = o + 5 (k1 + 4k + k) = 1+ =(0.144(0.1103) + 0.1210) = 1.1104

Step 4. The error is estimated

1
Error = %(21@ — 9k3 + 8]€4 - /{5)

1
Error = 55(2(0.1) — 9(0.1068) + 8(0.1103) — 0.1210) = 6.6667 x 10

Homework of Runge-Kutta-Merson Method

Use Runge-Kutta-Merson method to solve the D.E. and find y»

d
d_zl{:tya Wltht0:01ay0:47h:()9
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