| 1 .o .. I .o u.
AL MUSTAQBAL UNIVERSITY

Ag—1 elld IS

204 ¢lass

2024- 2025

Numerical Analysis

Lecture 10

Asst. Lect. Mohammed Jabbar
Mohammed.Jabbar.Obaid@uomus.edu.iq

Al Ada ) cdaasiall iyl )
gdad) Jaladl) Bala
5 ypilal) 3 jalall

Cybersecurity Department
ol omed) (YY) anid


Mohammed.Jabbar.Obaid@uomus.edu.iq

Contents

1 Cramer’s Rule

2 Inverse Matrix Method



1 CRAMER’S RULE 1

1 Cramer’s Rule

Cramer’s Rule is a mathematical theorem used to solve systems of linear equations with
as many equations as unknowns, provided the determinant of the coefficient matrix is

non-zc<ro.

General Form

Consider a system of linear equations:

p

an + appy + a3z = by

a1 + Azl + azzz = by

a3 + asay + 332 — bg
\

We can represent this system in matrix form as:

Ax=Db
where
11 aiz2 A3 X by
A=lay an asl|, X=|y|, b=]b
a31 daz2 a33 z b3

For Cramer’s Rule to apply, we need det(A) # 0. We then solve for z, y, and z by
computing determinants of matrices where each column of A is replaced by b one at a
time:

1. Solution for z:
det(A,)
I‘ g
det(A)
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1 CRAMER’S RULE

where A, is the matrix obtained by replacing the first column of A with b:

by a2 a3
A, = by age ass
bs asp ass
2. Solution for y:

_ det(A,)
Y7 Tdet(A)

where A, is the matrix obtained by replacing the second column of A with b:

a1 by ags

Ay =1lan b 23
asi bz ass
3. Solution for z:

_ det(A,)
©7 det(A)

where A, is the matrix obtained by replacing the third column of A with b:

a; a2 b
A, = a1 Gz by

as; asz bs

Example 1.1. Solve the system of linear equations using Cramer’s rule

T — 2y =3,

4o 4 5y = 12.

Sol. This system can be written in matrix form as:

Ax=Db
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1 CRAMER’S RULE

where

The solution can be found using Cramer’s rule:

Xr; =
det(A)
First, calculate the determinant of A:
1 -2
det(A) = =1-5—(-2)-4=5+8=13
4 5

Next, calculate the determinants of A, and A,

3 -2 3 -2
A, = = det(A,) = =3.5—(—2)-12 =15+ 24 = 39
12 5 12 5
1 3 1 3
A, = = det(A,) = =1-12-3-4=12-12=0
4 12 4 12

Therefore, the solutions are:

_ det(A;) 39
~ det(A) 13

T
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1 CRAMER’S RULE 4

Example 1.2. Solve the system of linear equations using Cramer’s rule

;

3r —6y+ 7z =3,

4xr — 5z = 3,

or — 8y + 6z = —4.

Sol.

5 -8 6
The determinant of A is:
0 -5 4 -5 4 0
det(A) =3 — (—6) + 7
-8 6 5 6 5 —8

— 3(0 — 40) + 6(24 + 25) + 7(—32 — 0)

= 3(—40) + 6(49) + 7(—32)

= —120+ 294 — 224

= —50

Now, we need to find the determinants of the matrices obtained by replacing each

column of A with the constant matrix. Let’s denote these matrices as A,, A,, and A..
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= 3(0 — 40) + 6(18 — 20) + 7(—24)

= 3(—40) + 6(—2) + 7(—24)

= —120 — 12 — 168

= —300
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1 CRAMER’S RULE

— 3(18 — 20) — 3(24 + 25) + 7(—16 — 15)

= 3(—2) — 3(49) + 7(—31)

= —6— 147 — 217
= —370
0 3 4 3 4 0
— (—6) - +3
-8 —4 5 —4 5 —8

= 3(0 + 24) + 6(—16 — 15) + 3(—32 — 0)

— 3(24) + 6(—31) + 3(—32)

=72 —186 — 96
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1 CRAMER’S RULE

= —210

Now, we can find the values of x, y, and 2z using Cramer’s rule:

det(A,) 300
U= Get(d) =50 0

Y= det(A) ~ =50 5

~ det(4,)  —370 37

det(4,)  —210 21

T det(A) T 50 5

Therefore, the solution to the system of linear equations is:

Homework of Cramer’s Rule

1. Solve the system of linear equations using Cramer’s rule

3r + by = 2,

—x+ 2y =0.

2. Solve the system of linear equations using Cramer’s rule

p
20 +y — 3z =1,

or + 2z — 62 =5,

dr—y—4z="1.
\
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2 INVERSE MATRIX METHOD 8

2 Inverse Matrix Method

To solve a system of linear equations using the inverse matrix method, consider the
system:

)

a1 @ + apy + aizz = by,

21T + Aoy + A3z = by,

az1T + azy + azzz = bs.
\

This system can be represented in matrix form as:

Ax=Db
where
11 aiz2 A3 X by
A=lay axp asl|, X=|y|, b=1]0b
a3; dasz2 G33 z b3

To find x using the inverse of A, we need to have det(A) # 0. When the inverse of

A, denoted A1, exists, the solution can be found by:

x = A~ 'b.

Steps for Solving Using the Inverse Matrix

1. Compute the inverse of A:

U S
= dei(A) adj(A),

where adj(A) is the adjugate (transpose of the cofactor matrix) of A.
2. Multiply A=! by b to find x:

x = A" 'b.
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2 INVERSE MATRIX METHOD 9

Example 2.1. Solve the system of linear equations using Inverse Matrix Method

T — 2y =3,

Az + 5y = 12.

Sol. To solve the following system of linear equations, we express it in matrix form

Ax = b, where

Step 1: Compute the Inverse of Matrix A

a b
The inverse of a 2x2 matrix A = is given by:
c d
1 d —b
ad — be ’

such that ad — bc # 0.

Step 1.1: Calculate the Determinant of A

For our matrix A:

det(A) =1-5—(—2)-4=5+8=13.

Since the determinant is not zero, the inverse exists.

Step 1.2: Calculate the Inverse

Using the formula for the inverse of a 2x2 matrix:

5 2
Al — i o2 = B3I
13 4 1

—4 1 —13 13

MOHAMMED JABBAR



2 INVERSE MATRIX METHOD 10

Step 2: Solve for x

Now we can find x using:

x=A"'b.
Calculating this gives:
5 0 2
B 3|3
X =
4 1
—13 i3 12

Performing the matrix multiplication:

1. First row:
2 15 24 39
el Z(192)= = 4 22— T
13(3) + 13( ) 13 + 13 13
2. Second row:
4 1 12 12
BEAARTI s TR T i
Thus, we have:
3
X =
0

Final Solution

Therefore, the solution to the system of equations is:
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2 INVERSE MATRIX METHOD

Example 2.2. Solve the system of linear equations using Inverse Matrix Method

;

3r —6y+ 7z =3,

4xr — 5z = 3,

or — 8y + 6z = —4.

Sol. We can represent this system in matrix form as:

Ax=Db

3 -6 7 T 3
A= 4 0 -5 ) X= Yy 3 b = 3
5 —8 6 z —4

The determinant of A is:

= 3(0 — 40) + 6(24 + 25) + 7(—32 — 0)

— 3(—40) + 6(49) + 7(—32)

= —120 4294 — 224

— —50
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2 INVERSE MATRIX METHOD 12

To find the adjugate (adjoint) of matrix A, we need to find the cofactor matrix and
then transpose it.

1.Calculate the minor matrices for each element:

-Foray; = 3:
-5
My = (=1 =0-6—(—5)(—8) = —40
-8 6
- For a5 = —6:
-5
My = (—1)'*? =—(4-6—(=5)-5) =—49
5 6
- For a1z = T
4 0
Myg(—1)'3 = =4(-8)—0-5=-32
5 —8
- For ay; = 4:
2+1 6 7
My = (-1) = —((=6)(6) = 7(=8)) = —20
-8 6
- For Q99 = 0:
37
Myy = (—1)*+? =3.6-T7-5=-17
5 6
- For ag3 = —5:
3 —6
Moz = (—1)*7° = —(3(—8) = (=6)5) = —6
5 —8
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2 INVERSE MATRIX METHOD 13

- For as; = 5:
-6 7
My = (—1)*+ = (—6)(=5) —7-0=30
0 -5
- For a3y = —8:
) 3 7
M3y = (—1)*F =—(3(=5)—7-4) =43
4 -5
- For as3 = 6:
3 —6
Msg = (—1)3+3 =3-0—(—6)(4) =24
4 0
2. Form the cofactor matrix:
—40 —49 -32
C=|-20 —-17 -6
30 43 24

3. Transpose the cofactor matrix to obtain the adjugate (adjoint) matrix**:

—40 —20 30
adj(A) =C'" = | —49 —17 43
—32 —6 24

5. Find the inverse by dividing the adjugate by the determinant:

—40 —-20 30

) 1
adj(A) = 5o |49 —1T 43
-32 —6 24
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2 INVERSE MATRIX METHOD 14
—40 20 30 4 2 _3
—50 —50 —50 5 5 5
A l= |z 17 43| — |29 17 _43
—50 —50 —50 50 50 50
—32 6 24 16 3 _12
—50 —50 —50 25 25 25
Now we can find x using:
X =A"'b.
A AR O
— |l 1r _a — | 17 43
X=15% % |3 7506 —504)
16 3 12 16 3 12
% 3 —5) \4 2 3)+33) — 5(—4)
5(3) +303) — 5(—4) 6
x= 3B +56) —n-4|=|F
235 (3) + 25(3) — 35 (—4) Z
Therefore, the solution to the system of linear equations is:
37 21
=6, = ==
v YT T
O

Homework of Inverse Matrix Method

1. Solve the system of linear equations using Inverse Matrix Method

xr — 2y =3,

4o 4 5y = 12.
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2 INVERSE MATRIX METHOD 15

2. Solve the system of linear equations using Inverse Matrix Method

;

20 +y — 3z =1,

or + 2z — 62 =5,

dr—y—4z="1.
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