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1 Numerical Differentiation

Numerical differentiation is a method used to approximate the derivative of a function
when an analytical solution is difficult or impossible to obtain. It’s an important tech-
nique in numerical analysis and computational mathematics. Here’s an overview of

numerical differentiation:

1. Basic Concept: The derivative of a function f(x) at a point x is defined as:

f'(z) = lim

h—0

[z +h) - f(x)
h

Numerical differentiation approximates this limit using finite differences.

2. Finite Differences: Finite differences are a numerical method used to approxi-
mate derivatives and solve difference equations. Here are some common forms

of finite differences and their definitions

« Forward Difference: f'(z) ~ w This method uses the function

value at x and (z + h) .
 Backward Difference: ['(z) ~ w This method uses the function

value at z and (z — h) .

* Central Difference: f'(z) ~ %hf(x_h) This method is generally more

accurate as it uses the function values at both (x + h) and (z—h).

3. Higher-Order Derivatives: For more accuracy, higher-order methods can be
used. These methods involve more points and higher-order terms in the Taylor

series expansion.
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2 Solutions of Ordinary Differential Equation

Numerical differentiation is often used in the context of solving ordinary differential

equations (ODEs) when analytical solutions are difficult or impossible to obtain.
Solving ODEs numerically involves finding the function y(t) that satisfies the dif-

ferential equation % = f(t,y) given an initial condition y(ty) = yo. Here are some

common numerical methods for solving ODEs:
1. Euler Method
2. Modified Euler Method
3. Rung Kutta Method

4. Rung Kutta-Merson Method

2.1 Euler Method

The Euler method is a numerical technique for solving ordinary differential equations
(ODEs) with a given initial value. It is defined as follows:

Given the initial value problem:

dy _

dt - f(tvy)a y(tO) =Y

The Euler method updates the solution using the formula:

Yn+1l = Yn + hff(tna yn)

where £ is the step size, t,, is the current time, and v, is the current value of the solution.
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The Step by Step Method

Given an initial value problem:

dy _

T f(t,y), to=a,yo withh wherey(ty) = vo,

Step 1. We find ¢;

ty =ty +h
t2:t1+h
tn+1:tn+h

Step 2. We find y;

y1 ="y +h- f(to,y0)

yo=1+h- f(ti, 1)

Ynt+1l = Yn + h - f(tnv yn)

Example 2.1. Use Euler’s method to solve the D.E. and find y;

dy t*—y
a2

with tyg = 0, Yo = 4, h =0.05

Sol. f(t,y) = 'SQT_y
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2 SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATION

Step 1. We find ¢;

tOZO
tn+1:tn+h
t1=t+h=0+0.05=0.05

to=1t1+h=0.050+0.00=0.1

Step 2. We find y;

yo = 4

Ynt1 = Yn + h - f(tm yn)
t% — Yo 02 —1
t p— p— p—
i — 0.05)2 — 3.9
flty)=2"2 = (0.05) = —1.9488
2 2
Yo =y +h- f(t, ) = 3.9+ 0.05(—1.9488) = 3.9 + (—0.0974) = 3.8026

t5—yo  (0.1)? —3.8026

to. Yo )= = = —1.8963
f(t2,2) 5 5

ys =10+ b+ f(t1,y1) = 3.8026 + 0.05(—1.8963) = 3.8026 + (—0.0948) = 3.7077

—2

Example 2.2. Use Euler’s method to solve the D.E. and find y4

d
Y oy =13¢7t, withty=0,y0=0.5,h =1

dt

Sol. ‘é—ﬁ’ +2y=13¢"" = Z—i’ =13e"—2y= f(t,y) = 1.3e7" — 2y
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Step 1. We find ¢;

to =10

ths1 =t +h
th=to+h=0+1=1
ty=ti+h=1+1=2

t3=ts+h=2+1=3

Step 2. We find y;

7o = 0.5
Yns1 = Yn + I f(tn, yn)
f(to,yo)=1.3e7" — 2yy = 1.3¢7% — 2(0.5) = 0.3
Y1 =1%o+ h- f(to,y0) = 0.5+ (1)(0.3) = 0.5+ 0.3 = 0.8
flt,y)=13e"" —2y; = 1.3e7! — 2(0.8) = —1.1218
Yo =11 +h- fto,y0) = 0.8 + (—1.1218) = —0.3218
f(ty,yo)=1.3e""2 — 2y, = 1.3e7% — 2(—0.3218) = 0.8194
Y3 = Yo+ h - f(ty,y2) = —0.3218 + 0.8194 = 0.4977
f(ts,ys)=1.3e"" — 2y3 = 1.3e7® — 2(0.4977) = —0.9307

Ys =ys + h- f(te,y2) = 0.4977 + (—0.9307) = —0.433

Homework of Euler Method

1. Use Euler’s method to solve % = t—y?and find y5, whenty = 0,90 = 1,h = 0.1.
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2. Use Euler’s method to solve the D.FE. and find y,

d .
d_y_’_y:_ny? Wlthl‘O:O?yO:l?h:O’l
xr

2.2 Modified Euler Method

The Modified Euler Method gives from modified the value of (y,, + 1) at point (z,, + 1)
by gives the new value (y, + 1).

Given the initial value problem:

dy _

dt - f(tvy)7 y(tO) =Y

The method involves the following steps:

1. Predictor Step (Euler Method):
y:H-l = Yn + hf(tnv yn)
2. Corrector Step (Modified Euler’s Method):

h x
Yn+1 = Yn + 5 [f(tna yn) + f(tn-l-la yn+1)]

The Step by Step Method

Given an initial value problem:

d
d_i = f(t,y), to=a,yo with h where y(ty) = yo,

Step 1. Using Euler’s method v, = yn + Af(tn, Yn)

Step 2. USil’lg Ynt+1 = Yn + % [f(tna yn) + f(tn+1> y:;—i-l)}
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Example 2.3. Use Modified Euler’s method to solve the D.FE. and find ¥

dy t*—y
a 27

with tg = 0, Yo = 4, h =10.05

Sol. f(ty) = L3

Step 1. We find ¢; and y;

to=0 bns1 =tn + h

t1 =t +h=0+0.05=0.05 to=1t+h=0.054+0.00=0.1

yO:y§:4

Yni1 = Un +h- [(tn,yy)

t2 . y* 02 o 4
’ t !/ * = 0 0 = = —2
f( O/yO) 2 2
yi =y; +h- f(to,yy) =4+0.05(-2) =44 (-0.1) = 3.9
2 — 0.05)2 — 3.9
fltyh)= = 5 vi_ | )2 = —1.9488

yi =yt he f(ty,y) = 3.9+ 0.05(—1.9488) = 3.9 + (—0.0974) = 3.8026

2 —yr  (0.1)% — 3.8026
flta, ys)= 2 5 v _ (01 5 = —1.8963

MOHAMMED JABBAR



2 SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATION 8

Step 2. We find y;

Yo=Y = 4

h "
Yn+1 = Yn + E [f(tn7 yn) + .f(tn-i-la yn-i—l)]

h 0.05
v =30+ 5 [Fltoyo) + F(t1y7)] = 4+ == [<2 + (~1.9488)] = 3.9013
2 — .05)% — 3.901
f(thilll): L = (O OS) 200 = —1.9494
2 2
h . 0.05
0.05

= 3.9013 4 —~ [~3.8457] = 3.9013 + (~0.0961) = 3.8052

Homework of Modified Euler Method

Use Modified Euler method to solve the D.E. and find 5

d
d—?Z Loy =13¢", withtg=0,y0=05h=1
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