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1 INTRODUCTION TO NUMERICAL ANALYSIS 1

Lecture 1

1 Introduction to Numerical Analysis

Numerical analysis is the study of algorithms used to solve mathematical problems that

are difficult or impossible to solve analytically. These algorithms are employed to pro-

vide approximate solutions to problems in various fields such as engineering, physics,

economics, and computer science.

The primary objectives of numerical analysis include:

1.1

Developing efficient algorithms.

Estimating the error of approximate solutions.
Ensuring the stability of computations.
Solving equations, both linear and non-linear.
Differentiation and integration of functions.
Solving systems of equations.

Solving differential equations.

Computers and Numerical Analysis

Numerical Methods + Program Computers = Numerical Analysis

As you will learn enough about many numerical methods, you will be able to write

programs to implement them.

Programs can be written in any computer language. In this course all programs

will be written in Matlab environment.
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1 INTRODUCTION TO NUMERICAL ANALYSIS 2

1.2 Types of Errors in Numerical Analysis

Numerical methods are approximate by nature, and errors are introduced at various

stages. The most common types of errors are:

Round-off Error: Caused by the limited precision with which computers store

real numbers.

* Truncation Error: Arises when an infinite process (such as a series expansion)

is approximated by a finite number of terms.

* Absolute Error: The difference between the exact value and the approximate
value.

Absolute Error = |Zexact — Zapprox|

* Relative Error: The absolute error divided by the magnitude of the exact value,

giving a measure of the error relative to the exact quantity.

. Lexact — Lappro
Relative Error = [ex ppros|

‘ Lexact ’

Ilustrative Example: Round-off Error

Consider the subtraction of two nearly equal numbers using limited precision. Let:

xr = 1.234567 and y = 1.234564

Their exact difference is:

z —y = 0.000003

However, if both x and y are stored using only four decimal places, we have:

r=1.2346 and y = 1.2346

MOHAMMED JABBAR



1 INTRODUCTION TO NUMERICAL ANALYSIS 3

Thus, the difference becomes:

r—y=20

This demonstrates a loss of precision due to round-off error.

Ilustrative Example: Truncation Error
Consider the Taylor series expansion of e” around x = 0:

2 1‘3

z i
e R TR

If we approximate e” by truncating the series after the first two terms, the approximation
becomes:

=14z

For small z, this approximation may be reasonable, but for larger x, the truncation error
increases.

For example, when = = 1:

el =2.71828 and 1+1=2

The truncation error is:

Truncation Error = |2.71828 — 2| = 0.71828d

MOHAMMED JABBAR



2 SOLUTION OF NON-LINEAR EQUATIONS 4

2 Solution of Non-linear Equations

Non-linear equations are equations of the form:

f(x) =0

where f(z) is a non-linear function. In many cases, these equations cannot be solved
analytically, and numerical methods are required to approximate the solution. There
are various techniques used to solve non-linear equations, such as the Newton-Raphson

method, Bisection method, and Secant method.

2.1 Newton-Raphson Method

The Newton-Raphson method is an iterative technique for finding approximate solutions

to real-valued functions. It’s particularly useful for finding roots of equations.

Method Description

Let f, f' € [a, b] are continuous function on [a, b]. The formula for the Newton-Raphson

iteration is given by:

n = dn — 5 :()71727"'
= T e,y "

where:
* 1z, 1s the current approximation,
* f(z,) is the function evaluated at x,,,
* f'(x,) is the derivative of the function evaluated at z,,.

Remark 2.1. {z,} be a sequence of approximate roots for f, such that:

f'@) #0, o, —al <e
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2 SOLUTION OF NON-LINEAR EQUATIONS 5

Where, « is the exact root for f(z) = 0.

Remark 2.2. In order to guarantee that, the iterative process is convergent, the initial

root, xg, should be chosen close to the exact root «v, which means:

lzg —a| <€

Steps of Newton-Raphson Algorithm:

Step 1 Choose appropriate initial root zq € [a, b].

Step 2 Let f(z) be the function for which you want to find the root. Compute the
derivative f'(x).

f(z0)

Step 3 Calculate z; = x¢ — o)

Step 4 Set n = n + 1, and continue in the iterative processes,

Tntl = Tn — ]{/((a;;))

until we get the stop condition is satisfied: F,, = |z,41 — x,| < €

Examples of Newton-Raphson Algorithm

Example 2.1. Use Newton-Raphson algorithm to find the approximate root of the fol-
lowing equation:

fx)=22—-2=0

and stop when E,, = |z,,41 — x,| = 0, where zy = 1.5. Also, find the iterative error at

each step.

Solution.

flx)=2*-2, f(z)=2x, x9=15
f(zo) = f(1.5) = (1,5)> =2 =0.25

F(xo) = f1(1.5) = 2(1.5) = 3

MOHAMMED JABBAR



2 SOLUTION OF NON-LINEAR EQUATIONS 6

1%t iteration

T1 = Ty — f(mo)
f' (o)
0.25
7, = 1.4167

2" jteration

f(z1) = f(1.4167) = (1.4167)* — 2 = 0.007

f'(z1) = f'(1.4167) = 2(1.4167) = 2.8334

To = T1 — f(l'l)
f'(21)
0.007
— 1.4167 —
2 07— 5 %331
Ty = 1.4142

The iterative error £y = |zo — 1| = [1.4142 — 1.4167| = 0.0025

3"d jteration

f(zy) = f(1.4142) = (1.4142)* -2 =0

f'(x) = f/(1.4142) = 2(1.4142) = 2.8284

vy = 14140 — 1 72)
f(x2)
vy — 14142 — 0
S 2.8284
2y = 1.4142

Approximate root of the equation x* — 2 = 0 using Newton Raphson method is 1.4142

(After 3 iterations) ]

MOHAMMED JABBAR



2 SOLUTION OF NON-LINEAR EQUATIONS 7

Example 2.2. Use Newton-Raphson algorithm to find the approximate root of the fol-
lowing equation:

f(w):é#—l:()

with g = —0.5 for three iterative steps (only find x, x5, x3). Also, find the Relative
percent error at each step, where e,, = |% x 100%
Solution.
f@) =241, fla) =, @——05
flon) = F(-05) = == +1= -1
) = F(=05) = 5 = 4
1% iteration
T = 1 — ;ﬁ?) = —0.5—— = —0.75

2" jteration

F@) = F(—0.75) = —— 41 = —0.3333

~0.75
1
! = f(-0.75) = ————— = —1.7778
(@) 0.3333
=] — =—0.75 — ————= = —0.9375
TR ) 17778
Relative percent error ¢; = |x2 — | x 100% = ]_0'93_72 ;3(7;0'75) | X 100% = 20%

MOHAMMED JABBAR



3 INTERPOLATION AND APPROXIMATION 8

34 jteration

F(x) = £(—0.9375) = ﬁ +1=—0.0667
F(x2) = f/(—0.9375) = _(—lem)? = —1.7778
Ty = w5 — JJ:'((Z)) — —0.9375 — %67677; — —0.9750
g = |x3;x2| x 100% = |_O'97580f9(7;8'9375>| x 100% = 3.8462%

Homework of Newton-Raphson Algorithm

1. Use Newton-Raphson algorithm to find the approximate root of the following
equation: f(z) = xsinx — 1 = 0, with 2y = 1 for three iterative steps (only find

X1, Ta, T3). Also, find the iterative error.

2. Use Newton-Raphson algorithm to find the approximate root of the following
equation: f(z) = z* — 6 = 0, with zy = 1 for two iterative steps (only find

x1, x3). Also, find the Relative percent error at each step.

3. Find a root of the equation x sinx + cosz, for three iterative steps (only find
X1,T2, Ig), where Ty = —1.

Hint: f(z) = xsinz 4+ cosz, f'(x) = xcosx

3 Interpolation and Approximation

3.1 Lagrange Approximation

Lagrange Interpolation is a way of finding the value of any function at any given point
when the function is not given. We use other points on the function to get the value of

the function at any required point.

MOHAMMED JABBAR



3 INTERPOLATION AND APPROXIMATION 9

If we are given n + 1 data points (2o, o), (z1,91), - - -, (Zn, Yn), the Lagrange poly-

nomial P(z) is defined as:

P(z) = Z yil;(x) where ¢;(x) are the Lagrange basis polynomials defined by:
i=0

fl(x) — (ZL’ — l'[))(x — Il) S (ZE — l’i—l)(l’ - xi-i—l) - (x — xj)

(.%i — l’o)(.rl — (L’1> . ($z — l’i_l)(l’i — IZ‘+1) . (]31 - Ij)

For example: For 3 data points (xo, 4o), (1, y1), (22, y2), the Lagrange polynomial is:

P(x) = yolo(z) + yilr(z) + y2la()

B (x — 1) (x — 22) (x — z0)(x — 22) (x —zo)(x — 21)
Ple) =1 (zo — 1) (w0 — 72) o (21 — o) (21 — 22) s (w2 — o) (w2 — 21)

Examples of the Lagrange Approximation

Example 3.1. Find f(2.7) using Lagrange’s Interpolation formula

x; 2 2.5 3
yi | 0.69315 0.91629 1.09861

Solution.
lo(z) = (z—m)(x—w) _(x—25)(x—3) 2°—550+75
e (xo —a1)(z0 —x2)  (2—2.5)(2—-3) 0.5
0(z) = (x—w)(w—2s) _ (z—2)(x—3) _a®—52+6
1 (z1 — zo)(z1 — 22) (2.5 —2)(2.5 — 3) ~0.25
_ (@-w)w—m)  (@-(w—25)  2?—45+5
B )

T (22— o) —71)  (3—2)(3—25) 0.5
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3 INTERPOLATION AND APPROXIMATION 10

P(z) = yolo(x) + y1l1(x) + yala(x)

22 —55x+7.5 22 —5x+6 22— 45 +5
91629)(-————— 1. N(=—=
0.5 )+ (0.91629)( —0.25 )+ (1.09861)( 0.5

P(z) = (0.69315)( )
P(x) = (1.3863)(x* — 5.52 + 7.5) + (—3.66516) (2% — 5z + 6) + (2.1972)(2? — 4.5z + 5)
P(z) = (1.38632% — 7.6247x + 10.3973) + (—3.665162* + 18.3258z — 21.99096)

+ (2.197222 — 9.8874x + 10.9861)

P(z) = —0.081662% 4 0.81372 — 0.60756

x=2.7= f(2.7) = P(2.7) = —0.081662(2.7)% + 0.8137(2.7) — 0.60756 = 0.9941 0

Example 3.2. Find the Lagrange interpolation polynomial that takes the values
f0)=1,f(1) =1,f(2) =2, f(4) =5.

lo) = (e—-D@—-2)(z-4) (z-1)(z-2)(x—4) 2° -T2+ 1428
’ (0—1)(0—2)(0—4) (—1)(=2)(—4) -8

t(z) = (z = 0)(z —2)(x —4) _ (z)(z — 2)(x —4) _ 2% — 622 + 8z

: 1-0)1-2)(1-4)  1)(-1)(-3) 3

/ (x> _ (m - 0)(1' - 1)(I - 4) _ (33)($ - 1)(1' - 4) _ 2% — 622 + 4o

’ 2-0)2-1)(2—4) (2)(1)(-2) —1

03(z) = (z = 0)(z -1z —2) _ ()(x —1)(x —2) _ x® — 32 + 2

’ 4-0)(4-1)4-2) 1)(3)(2) 24
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3 INTERPOLATION AND APPROXIMATION 11

The Lagrange interpolation polynomial is:

P(z) = folo(z) + filr(z) + fala(x) + f3l3(x)

x3— xQ T — .fg— $2 T .%'3— .%'2 T

Pla) = (TS () TR ) T2
.’,1,'3 — .’172 T
(0

P(z) = (—0.125)(z® — 72 + 14z — 8) + (0.3333) (2> — 62° + 8z)
+ (=0.5) (2% — 62 + 4x) + (0.2083) (2 — 322 + 2z)
P(z) = (—0.1252% 4 0.8752% — 1.752 4 1) + (0.33332% — 222 + 2.6667x)

+ (—0.52° + 32% — 2x) 4 (0.20832> — 0.62522 + 0.4167x)

= P(z) = —0.0833z3 + 1.252% — 0.6667x + 1

H.W: Find P(3) 0

Homework of Lagrange Approximation

1. Find f(150) using Lagrange’s Interpolation formula

z; | 300 304
yi | 2.4829 24771

2. Ify(1) = 12, y(2) = 15, y(5) = 25, and y(6) = 30. Find the four points Lagrange
interpolation polynomial that takes some value of function (y) at the given points

and estimate the value of y(4) at given points.

3. Fit a cubic through the first four points y(3.2) = 22.0, y(2.7) = 17.8, y(1.0) =
14.2,and y(5.6) = 51.7, to find the interpolated value for z = 3.0 function (y) at

the given points and estimate the value of y(4) at given points.

4. 1If f£(1.0) = 0.7651977, f(1.3) = 0.6200860, f(1.6) = 0.4554022, f(1.9) =
0.2818186 and f(2.2) = 0.1103623. Use Lagrange polynomial to approximation

to f(1.5).

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 12

Lecture 2

4 Numerical Integration

Integration is the process of measuring the area under a function plotted on a graph.
Sometimes, the evaluation of expressions involving these integrals can become
daunting, if not indeterminate. For this reason, a wide variety of numerical meth-

ods have been developed to find the integral.

Numerical integration refers to techniques used to approximate the value of defi-
nite integrals. Instead of solving an integral analytically, these methods estimate
the integral using a finite sum of values of the function at specific points. There
some types of integration which are Trapezoidal rule, Simpsons 1/3 rule, and Simp-

sons 3/8 rule.

4.1 Trapezoidal Method

The Trapezoidal Method is a numerical integration technique used to approximate
the value of a definite integral. It works by dividing the area under the curve
into a series of trapezoids rather than rectangles, which often results in a better

approximation than a simple Riemann sum.

Trapezoidal Rule

If you want to approximate the integral of a function f(z) over the interval [a, b],

the Trapezoidal Rule can be expressed as:
b n—1
f:/ f(z)de ~ g [f(ffo) +2Zf(37z‘) + f(zn)
@ i=1
o 2 o)+ 20 (0) + Fa) 4+ ) + F )

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 13

suchthata = xg <11 <19 < ... <z, = 0.

h = b;—“, and x; = x;_1 + h are the points at which the function is evaluated.

YA

y=7(x) /T

/ \

x<Y

b

Oa x x, x, x, - X, - X

i n—1

Figure 1: Trapezoidal Method

Examples of Trapezoidal Rule

Example 4.1. Let us approximate the integral f02 e du using the Trapezoidal

Rule with n = 5 intervals.

Solution. The interval is [0, 2], and we are dividing it into n = 5 subintervals.

Step 1: Calculate h

b—a 2-0
S

h n 5

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 14

Step 2: Determine the evaluation points x;, since n = 5 = xg, £1.22, T3, T4, T5.

To=a=0
r1=20+h=04+04=04
To=x1+h=04+04=0.8
Ts=29+h=08+04=1.2
ry=23+h=124+04=16

Ts=xz4+h=16+04=2=0D
Step 3: Evaluate the function at these points

f(zo) =€ = f(0) = ¢ =1

flar) = e = f(0.4) = OV = 016 ~ 11735
flas) = e = £(0.8) = e = 061 ~ 1.8965
Flas) = €3 = £(1.2) = 12" = 14 x 4.2207
Flzg) = €1 = £(1.6) = 110" = 296 ~ 12,9358

Flas) = e = f(2) = e®” = ¢* ~ 54.5982

Step 4: Apply the Trapezoidal Rule

2
0

N

b
I= [ fa)de= [ e dom Slh+ 2t ot fod) +

[fo+2(f1+ fot+ fs+ fa) + f5]

4
~ == [14 2(1.1735 + 1.8965 + 4.2207 4 12.9358) + 54.5982)]

l\D|OL\D

~ 0.2[1 + 2(20.2265) + 54.5982] = 0.2[96.0512] = 19.2102

o1~ 19.2102

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 15

0 I I I I I 1
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

X

2

Figure 2: Trapezoidal Method Approximation for f(x) = e”

Example 4.2. Evaluate the integral In(x) by trapezoidal rule dividing the interval

[1,2] into four equal parts.

Solution. The interval is [1, 2], and we are dividing it into n = 4 subintervals.

Step 1: Calculate h

b—a 2-1
= = — =0.25
n 4

h

Step 2: Determine the evaluation points x;, since n = 4 = xg, x1.22, T3, T4.

ro=a=1 xzi=20+h=14+025=1.25

g =23+h=1754+02=2=0

Step 3: Evaluate the function at these points

fo=In(zp) = f(1) =In(1) =0, f; =In(zy)= f(1.25) =In(1.25) ~ 0.2231
fo =1In(z2) = f(1.5) = In(1.5) ~ 0.4055

f3 =In(z3) = f(1.75) = In(1.75) =~ 0.5596, fy = In(z4) = f(2) = In(2) =~ 0.6931

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 16

Step 4: Apply the Trapezoidal Rule

b h
1:/ f@)de = S [fo+20fi+ fot o+ fo) + i)

%g[fo+2(f1+f2+f3)+f4]

0.25
~ = [0+ 2(0.2231 + 0.4055 + 0.5596) + 0.6031]

~ 0.125 [0 + 2(1.1882) + 0.6931] = 0.125[3.0695] = 0.3837

o1 =~ 0.3837

0.7 T T T T

04 - 1

f(x)

03 N

0.2 *

01 f 8

1 1.1 1.2 13 14 15 1.6 1.7 1.8 1.9 2
X

Figure 3: Trapezoidal Method Approximation for f(x) = In(x)

Homework of Trapezoidal Rule

(a) Approximate fol sin(x?)dz, by the trapezoidal rule, with n = 6.

(b) Evaluate the integral v/22 + 1 by trapezoidal rule dividing the interval [0, 3]

into five equal parts.

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 17

4.2 Simpsons Method

The Simpsons method is another numerical for approximating the definite inte-
gral of a function. It generally provides a more accurate approximation than the

Trapezoidal Rule for the same number of intervals.

Simpsons 1/3 Rule

If you want to approximate the integral of a function f(x) over the interval [a, b],

the Simpsons 1/3 Rule can be expressed as:

h

b
[:/ f(:l?)dx%§ [f(ivo)+42f($i)+2 Z f(@i) + f(xn)

i odd i even

suchthata =g <21 <22 < ... <2, =0

h = b_T“, and x; = x;_1 + h are the points at which the function is evaluated.

YA

y=ax’+bx+c

<Y

0 Xii X X1

Figure 4: Simpsons 1/3 Method
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4 NUMERICAL INTEGRATION 18

Examples of Simpsons 1/3 Rule

Example 4.3. Let us approximate the integral f02 e dx using the Simpsons 1/3

Rule with n = 5 intervals.

Solution. The interval is [0, 2], and we are dividing it into n = 5 subintervals.

Step 1: Calculate h

b—a 2-0
= =——=04
n 5

h

Step 2: Determine the evaluation points x;, since n = 5 = xg, ¥1.22, T3, T4, Ts.

To=a=0
r1=20+h=0+04=04
To=21+h=04+04=0.8
r3=ao+h=08+04=1.2
rs=x3+h=12+04=1.6

Step 3: Evaluate the function at these points

f(xo) = % = f(0) —e” =1

Fxy) = €™t = £(0.4) = @V = 016 ~ 1.1735
flao) = €2 = £(0.8) = %) = 264 ~ 1.8965
flas) = €% = f(1.2) = 1D = ¢4 x 4.2207
flag) = €1 = f(1.6) = 9 = 2% ~ 12,9358

flxs) = € = f(2) = @ = ¢! ~ 54.5982

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 19

Step 4: Apply the Simpsons 1/3 Rule

b
I= / Fe)de~ 2 [f(%) +AY @) 42> fla) + flan)

3 i odd i even
h
~3 [fo+4(fr + f3) +2(f2 + fo) + [5]
0.4
~ — |1 +4(1.1735 4+ 4.2207) + 2(1.8965 + 12.9358) + 54.5982
3
0.4 0.4
A~ — |1+ 21.5768 + 29.6646 + 54.5982| = — [106.8396
3 3
oo =~ 14.2453
O
60 T T T T
_f(x)=e"2
0l Simpson's Rule Points
40
X330t
20 -
10
O Il |
0 0.2 0.4

X

2

Figure 5: Simpsons 1/3 Method Approximation for f(x) = e”

Example 4.4. Evaluate the integral In(x) by Simpsons 1/3 rule dividing the inter-

val [1, 2] into four equal parts.

Solution. The interval is [1, 2], and we are dividing it into n = 4 subintervals.

Step 1: Calculate h

b—a 2-1
_ 2Tt 9925

h
n 4

MOHAMMED JABBAR



4 NUMERICAL INTEGRATION 20

Step 2: Determine the evaluation points x;, since n = 4 = x¢, x1.22, T3, T4.

ro=a=1 zi=20+h=14+025=1.25
To=x1+h=1254+025=1.5

Step 3: Evaluate the function at these points

fo=In(zo) = f(1) =In(1) =0, £ =1In(z1) = £(1.25) = In(1.25) ~ 0.2231
fa =1In(z2) = f(1.5) = In(1.5) ~ 0.4055

fs = In(xz3) = £(1.75) = In(1.75) ~ 0.5596, f; = In(z4) = f(2) = In(2) ~ 0.6931

Step 4: Apply the Simpsons 1/3 Rule

i odd i even

[:/ f(x)d:cwg [f(l’0>+42f($i>+2 Z f(@:) + fzn)

~ g o+ 4(f1 + f5) +2(f) + /il

0.25
~ 5 [0+ 4(0.2231 +0.5596) + 2(0.4055) + 0.6931]

0.25 0.25
~ 5 [0+3.1308 + 0.811 + 0.6931] = — = [4.6349] = 0.3862

07

0.6

05

04

03

02

01

0

I I I I I I
1 11 12 13 14 15 16 17 18 19 2

Figure 6: Simpsons 1/3 Method Approximation for f(x) = In(x)
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Homework of Simpsons 1/3 Rule

(a) Approximate fol sin(z?)dx, by the Simpsons 1/3 rule, with n = 6.

(b) Evaluate the integral v/x3 + 1 by Simpsons 1/3 rule dividing the interval

[0, 3] into five equal parts.

Lecture 3

4.3 Simpsons 3/8 Method

The Simpsons 3/8 method is another numerical integration used to approximate
the definite integral of a function. It is similar to Simpsons 1/3 Rule but uses
cubic polynomials instead of quadratic polynomials to approximate the function

over subintervals.

I:/ f(x)dx%% [f(:cg)+32f($6i)+22f($i)+f($n)

i#3k i=3k

suchthata =g <11 <19 < ... <z, = 0.

h = b;—“, and x; = x;_1 + h are the points at which the function is evaluated.

Examples of Simpsons 3/8 Rule

Example 4.5. Let us approximate the integral f02 e*” dz using the Simpsons 3/8

Rule with n = 5 intervals.

Solution. The interval is [0, 2], and we are dividing it into n = 5 subintervals.

Step 1: Calculate h

b—a 2-0
= =——=04
n 5

h
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Step 2: Determine the evaluation points x;, since n = 5 = xg, £1.22, T3, T4, T5.

To=a=0
r1=20+h=04+04=04
To=x1+h=04+04=0.8
r3 =29+ h=08+04=12
ry=23+h=124+04=16

Ts=xz4+h=16+04=2=0D

Step 3: Evaluate the function at these points

flag) = = f(0) = =1

flzy) = e = £(0.4) = OV = 216 ~ 1.1735
Flas) = €2 = £(0.8) = @ = 064 ~ 1.8965
flas) = e = f(1.2) = 1D = ¢4 x 4.2207
flzg) = €1 = f(1.6) = e9” = 2% ~ 12,9358

fxs) = € = f(2) = e@® = et ~ 54.5082

Step 4: Apply the Simpsons 3/8 Rule

b
3h
1= / f(@)do ~ [f(xo) +3)  fla)+2) )+ f(wa)
a i#£3k i=3k

3h

~ Yy [fo+3(f1+ fo+ fa) +2(f3) + f5]
3x04

~ 2 T4 3(1.1735 + 1.8965 + 12.9358) + 2(4.2207) + 54.5082]
1.2

~ o (1 48.0174 + 84414 + 54.5982] = 0.15[112.057]

o1 =~ 16.8086
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60

50 -

40 -

20 -

Figure 7: Simpsons 3/8 Method Approximation for f(x) = e

Example 4.6. Evaluate the integral In(x) by Simpsons 3/8 rule dividing the inter-

val [1, 2] into four equal parts.

Solution. The interval is [1, 2], and we are dividing it into n = 4 subintervals.

Step 1: Calculate h

b—a 2-1
= = ——=0.25
n 4

h
Step 2: Determine the evaluation points x;, since n = 4 = x(, ¥1.22, T3, T4.
ro=a=1 z1=x0+h=1+025=1.25

ro=x1+h=1254025=15 x3=20+h=15+025=1.75
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Step 3: Evaluate the function at these points

fo=In(ze) = f(1) =In(1) =0, f; =1In(z,) = f(1.25) = In(1.25) ~ 0.2231
fo =In(z2) = f(1.5) = In(1.5) ~ 0.4055

fs = In(z3) = f(1.75) = In(1.75) ~ 0.5596, f; = In(z4) = f(2) = In(2) ~ 0.6931
Step 4: Apply the Simpsons 3/8 Rule

b h
I= [ fayde~ [f<aso> £33 f) 423 fla) + flan)
a i#£3k i=3k
~ % [fo+3(f1+ f2) +2(f3) + fi]
N 3 x 0.25
8
~ ? [0+ 1.8858 + 1.1192 + 0.6931] = 0.3467

[0+ 3(0.2231 4 0.4055) + 2(0.5596) + 0.6931]

0.7

06
05f
041

E

2
03f

02

01

0 I I I ! ! I ! I I
1 11 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

Figure 8: Simpsons 3/8 Method Approximation for f(x) = In(x)

Homework of Simpsons 3/8 Rule

(a) Approximate fol sin(x?)dz, by the Simpsons 3/8 rule, with n = 6.

(b) Evaluate the integral v/x3 4+ 1 by Simpsons 3/8 rule dividing the interval

[0, 3] into five equal parts.
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(c) Find [ 4a*dz, with n = 4 by:
i. The exact value
ii. The Trapezoidal rule
iii. The Simpsons 1/3 rule
iv. The Simpsons 3/8 rule

v. Compare all solutions

Methods Solutions
Exact
Trapezoidal
Simpsons 1/3
Simpsons 3/8

Lecture 4

5 Numerical Differentiation

Numerical differentiation is a method used to approximate the derivative of a function
when an analytical solution is difficult or impossible to obtain. It’s an important tech-
nique in numerical analysis and computational mathematics. Here’s an overview of

numerical differentiation:

1. Basic Concept: The derivative of a function f(x) at a point x is defined as:

f'(z) = lim

h—0

flx+h) - fx)
h

Numerical differentiation approximates this limit using finite differences.

2. Finite Differences: Finite differences are a numerical method used to approxi-
mate derivatives and solve difference equations. Here are some common forms

of finite differences and their definitions
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* Forward Difference: f'(z) ~ w This method uses the function

value at x and (z + h) .

« Backward Difference: f'(z) ~ w This method uses the function
value at x and (z — h) .

* Central Difference: f'(x) ~ W This method is generally more

accurate as it uses the function values at both (x + h) and (z—h).

3. Higher-Order Derivatives: For more accuracy, higher-order methods can be
used. These methods involve more points and higher-order terms in the Taylor

series expansion.

6 Solutions of Ordinary Differential Equation

Numerical differentiation is often used in the context of solving ordinary differential

equations (ODEs) when analytical solutions are difficult or impossible to obtain.
Solving ODEs numerically involves finding the function y(¢) that satisfies the dif-

ferential equation % = f(t,y) given an initial condition y(ty) = yo. Here are some

common numerical methods for solving ODEs:
1. Euler Method
2. Modified Euler Method
3. Rung Kutta Method

4. Rung Kutta-Merson Method

6.1 Euler Method

The Euler method is a numerical technique for solving ordinary differential equations

(ODEs) with a given initial value. It is defined as follows:
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Given the initial value problem:

V= few)s i) =

The Euler method updates the solution using the formula:

Ynt1 = Yn + hf(tna yn)
where h is the step size, t,, is the current time, and y,, is the current value of the solution.

The Step by Step Method

Given an initial value problem:

d .
d_zt/ - f(tay)a lo = a, Yo with /o where y(to) = Yo,

Step 1. We find ¢;

t1:t0+h
t2:t1+h
tn+1:tn+h

Step 2. We find y;

y1 ="+ h- f(to,y0)

yo=w+h- f(ti, 1)

Yntl = Yn + I - f(tny yn>
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Example 6.1. Use Euler’s method to solve the D.E. and find y

dy t*—y )
A thtg =0,y = 4,h = 0.05
dt 2 9 w1 0 ’yo ?
Sol. f(t,y) = S5¥
Step 1. We find ¢,
to=0
ln1 =tn + h

t1=1t+h=0+0.05=0.05

to=1t+h=0.054+0.00=0.1

Step 2. We find y;

Yo =4

Yn+1 = yn"'h'f(tmyn)
tg—yo 02—4_

f(to, yo)= 5~ 9

v = yo+h- flto,yo) =4+ 0.05(—2) = 4+ (~0.1) = 3.9

2 — 0.05)2 — 3.9
ft, )= 5 A ( ‘))2 = —1.9488

yo =1+ h- f(t, ) = 3.9 4 0.05(—1.9488) = 3.9 + (—0.0974) = 3.8026

12— 0.1)2 — 3.8026
f(ta, yo)= 2 5 vz _ (01) 5 — —1.8963

ys = ya + b+ f(t1,y1) = 3.8026 + 0.05(—1.8963) = 3.8026 + (—0.0948) = 3.7077

—2
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Example 6.2. Use Euler’s method to solve the D.E. and find y,

d
d—i $2y=13¢", withtg=0,y0=05h=1

Sol. & +2y=13e"= % =13e"" -2y = f(t,y) = 1.3e7" — 2y

Step 1. We find ¢;

to =10

tos1 =t +h
ti=to+h=0+1=1
ty=ti+h=1+1=2

t3=1t3+h=2+1=3

Step 2. We find y;

1o = 0.5
Ynt1 = Yn + 1 ftn, yn)

f(to,yo)=1.3¢7" — 2ys = 1.3e7% — 2(0.5) = 0.3

y1 =%+ h- f(to,y0) = 0.5+ (1)(0.3) =0.5+0.3=0.8
flt,y)=13e"" —2y; = 1.3e7 " — 2(0.8) = —1.1218

y2 =1+ h- f(to,y0) = 0.8 4+ (—1.1218) = —0.3218
f(ta,y2)=1.3e72 — 2y = 1.3¢7% — 2(—0.3218) = 0.8194

ys = ya + h - f(ty,y2) = —0.3218 + 0.8194 = 0.4977
f(ts,ys)=1.3e7" — 2ys = 1.3e7® — 2(0.4977) = —0.9307

Ys =1Yys+ h- f(ta,y2) = 0.4977 4+ (—0.9307) = —0.433
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Homework of Euler Method

1. Use Euler’s method to solve % = t—y?and find y5, whenty = 0,99 = 1, h = 0.1.

2. Use Euler’s method to solve the D.FE. and find y4

d )
d_y+y:—$f927 Wltth:OhyO:l?h:O‘]‘
X

6.2 Modified Euler Method

The Modified Euler Method gives from modified the value of (y,, + 1) at point (z,, + 1)
by gives the new value (y, + 1).

Given the initial value problem:

dy _

i ft,y),  y(to) = vo

The method involves the following steps:

1. Predictor Step (Euler Method):
Yni1 = Yn + 1f (tn; yn)
2. Corrector Step (Modified Euler’s Method):

h
a [f(tm yn) + f(thrla y;—&-l)]

Yntl = Yn + 9

The Step by Step Method

Given an initial value problem:

d
d—f = f(t,y), to=a,yo withh wherey(to) = yo,
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Step 1. Using Euler’s method ;| = yn + Af(tn, Yn)
Step 2. USil’lg Yn+1 = Yn + % [f(tna yn) + f(tn-l-h y’;kz+1)j|

Example 6.3. Use Modified Euler’s method to solve the D.E. and find y-

dy t*—y
a2

with to = 0,90 = 4, h = 0.05

Sol. f(t,y) = tZT_y

Step 1. We find ¢; and y;

tOIO tn+1:tn+h
ti=to+h=04+0.05=0.05 to=t1 +h=0.05+0.05=0.1
Yo=Yy =4

Yni1 = Yo +h- f(tn,yn)

. tQ*y* 0274
f(t07y0): : 2 . - 2 -

yi = yi 4+ h- f(to,y) = 4+ 0.05(=2) = 4+ (—0.1) = 3.9

22—y (0.05)2 —3.9
flt,y)=2 5 vi_ )2 = —1.9488

yi=yr+he f(t,y) =3.940.05(—1.9488) = 3.9 + (—0.0974) = 3.8026

22— (0.1)%2 — 3.8026
fta,y3)= =2 5 v _ (01 5 = —1.8963

—2
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Step 2. We find y;

Yo=Y = 4

h "
Yn+1 = Yn + 5 [f(tn7 yn) + f(tn-i-lv yn-i—l)]

h 0.05
Y1 ="Yo + 5 [f(to,v0) + f(t1,97)] =4+ 5 [—2 + (—1.9488)] = 3.9013
I .05)%2 — 3.901
ft,y)= - . (0.05)" = 3.9013 = —1.9494
2 2
h i} 0.05
Y2 =y1 + B [f(t,y1) + f(ta,ys)] = 3.9013 + 5 [—1.9494 + (—1.8963)]
0.05

= 3.9013 4 —~ [~3.8457] = 3.9013 + (~0.0961) = 3.8052

Homework of Modified Euler Method

Use Modified Euler method to solve the D.E. and find 5

d
d—?z Loy =13¢", withtg=0,y0=05h=1

Lecture 5

6.3 Rung Kutta Method

The Runge-Kutta Method of order 4 (RK4) is one of the most commonly used methods
for solving ordinary differential equations (ODEs). It provides a good balance between
accuracy and computational efficiency.

Given the initial value problem:

dy _

dt - f(ta y)? y(tO) =%
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The method uses the following intermediate slopes:

kl =h- f(tn7yn)7

h k
k2—h'f(tn+_>yn+_1)v

2 2

h ko

ks =nh- t — —
3 f(n+2’yn+2)7

ko =h- f(tn+ h,yn + k3).

The solution is updated using:

1
Ynt1 = Yn + g(kl + 2(kg + k3) + k4)

The Step by Step Method

Given an initial value problem:

d
d_gli - f(t7 y)u tO =a,Yo with . where y(t(]) = Yo,

Step 1. We find ¢;

ti=to+h
to=t1+h
ts =ty + h
tn+1:tn+h
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Step 2. We find k;

kl =h- f(tn7yn)7

h k
k2:h~f(tn+—,yn+—1),

2 2
h ko
k:h tn arIn )
3 f( +2y—|—2>

ka=h- f(tn+ h,yn + k3).

Step 3. We find y;

1
Yn+1 = Yn + g(kil + 2(ky + k3) + ka)
Example 6.4. Use Rung Kutta method to solve the D.E. and find y;

dy _
dt

y—t, withtg=0,y0=2,h=0.1
Sol. f(t,y)=y—t
Step 1. We find ¢;: to =0

Step 2 We find k; whenn = 0

fty)=y—t

ki =h- f(to,y0) = h- f(0,2) = 0.1(2 = 0) = 0.2
1 2
kgzh-f(to+g,yo+%) =0.1-f (0+07,2+07> = 0.1- f(0.05,2.1)

=0.1(2.1 — 0.05) = 0.205
h ki 0.1 . 0.205
ks=h-f (to + 5t 5) =0.1-f (0 + 52+ T) = 0.1- f(0.05,2.1025)

= 0.1(2.1025 — 0.05) = 0.2053
ky=h-f(to+ h,yo+ks) = 0.1- f(0+0.1,2 +0.2053) = 0.1 - £(0.1,2.2053)

= 0.1(2.2053 — 0.1) = 0.2105
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Step 3. We find y;

1
Ynt1 = Yn + 6<k1 + 2(ko + k3) + ka)

1

1
yi =0+ ¢ (F+ 20k + ks) + ) = 2+ 2(0.2+2(0.205 + 0.2053) + 0.2105)

= 2.20693

Example 6.5. Use Rung Kutta method to solve the D.F. and find y,

d
d—g; =ty, withtg=0.1,y90=4,h=0.9

Sol. f(t,y) =ty

Step 1. We find ¢;
to=0, ti=t+h=014+09=1
Step 2 We find k; whenn = 0

flty) =ty

ky=h-f(0.1,4) = h- f(0.1,4) = 0.9(0.1 x 4) = 0.36

h k1 0.9 0.36

=0.9- f(0.55,4.18) = 0.9(0.55 x 4.18) = 2.0691

h k 0.9  2.0691
kgzh-f(to+§,yo+§>:o.9-f(o.1+7,4+ 5 )

= 0.9 £(0.55,5.0346) = 0.9(0.55 x 5.0346) = 2.4921
by =h- f(to+ h,yo+ ks) = 0.9 £(0.1 4 0.9,4 + 2.4921)

= 0.9 f(1,6.4921) = 0.9(1 x 6.4921) = 5.8429
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Step 3. We find y;

1
Ynt1 = Yn + 6<k1 + 2(ko + k3) + ka)

1 1
y1 =0+ ¢ (F + 20k + Ks) + ki) = 4+ (0.36 + 2(2.0691 +2.4921) + 5.8429)

= 6.5542

Again (Steps 2,3) taking t; = 1, y; = 6.5542 to find k; and ys,.

Step 2 We find k; whenn = 1

fty) =ty

k= h- f(ti, ) = h- £(1,6.5542) = 0.9(1 x 6.5542) = 5.8988

ko =h-f <t1+g,y1 + %) =0.9-f (1+O—é9,6.5542+ @)
= 0.9 f(1.45,9.5036) = 0.9(1.45 x 9.5036) = 12.4022

ks =nh-f (u + g,yl + %) =09-f (1 + %,6.5542 + 12'4022)

=0.9- f(1.45,12.7553) = 0.9(1.45 x 12.7553) = 16.6457
ki =h- f(ti+ Ry +ks) =0.9- f(1+0.9,6.5542 + 16.6457)

=0.9- f(1.9,23.1999) = 0.9(1.9 x 23.1999) = 39.6719

Step 3. We find v,

1
Yn+1l = Yn T+ é(kl + 2(ky + k3) + ky)

1
Y2 = Yo + g(kl + 2(]€2 + ]ﬁg) + k4)

1
g2 = 6.5542 + - (5.8088 + 2(12.4022 + 16.6457) + 30.6719) = 23.832
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Homework of Rung Kutta Method

Use Rung Kutta method to solve the D.F. and find y;

d :
d—g;:thy, withtp = 0,90 =0,h =0.2

6.4 Runge-Kutta-Merson Method

The Runge-Kutta-Merson method is a specific type of Runge-Kutta method that is partic-
ularly well-suited for solving ordinary differential equations (ODEs) with a high degree
of accuracy. It is a fifth-order method, which means that it is accurate to the fifth order
of accuracy.

Given the initial value problem:

Y flew), vl =0

The method uses the following intermediate slopes:

kv =h f(tn,yn),

h k1
ko=h-flta+ s ynt+ =],
2 f( +3y+3)

h kv ko
ks=h-fltnt 5yt —+—],
3 f( +3y+6+6)
h kv 3ks
ki=h-fltnt 5yt —o+— |,
4 f( Tt ot 8)
k 3k
k5:h'f(tn+hayn+51_73+2k4>

The solution is updated using:

1
Ynt+1 = Yn + é(kl + 4ky + ks)
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The error is estimated as:
1
Error = %<2k’2 - 9]{33 + 81{?4 — ]{35)

The Step by Step Method

Given an initial value problem:

d
d_? - f(ta y)a tO =a,Yo with » where y(t()) = Yo,

Step 1. We find ¢,

t1:t0+h
t2:t1+h
t3:t2+h
tn+1:tn+h

Step 2. We find k;

kl =h- f(tn7yn):

h k
kZth(tn+§7yn+_1)a

3
B h ki ke
kS_h f(tn+3>yn+ 6 + 6)7
B h ki 3ks
k4_h f(tn+27yn+ 8 + ] >7
k 3k
bs = f(ta + hoyo + 5 — =7+ 2Kka)

Step 3. We find y;

1
Ynt1l = Yn + é(kl + 4ky + ks)
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Step 4. The error is estimated

1
Error = %(ng - 9]{53 + 8]{?4 - k5)

Example 6.6. Use Runge-Kutta-Merson method to solve the D.FE. and find y,

d
d—i/:ter, withto = 0,50 = 1,h = 0.1

Sol. f(t,y)=t+vy

Step 1. We find ¢;

Step 2 We find k; whenn = 0

fty)=t+y

h k1 0.1 0.1
ko= h-fto+ yo+ L) =n. e R

— - £(0.0333,1.0333) = 0.1(0.0333 + 1.0333) = 0.1067

h k k 0.1 0.1 0.1067
k3:h-f(t0+—,y0‘|‘—1—|——2):h-f(o—l—?,l—l—F—F G )

3 6 6

= h- £(0.0333,1.0345) = 0.1(0.0333 + 1.0345) = 0.1068

h ko 3k 0.1 01 3(0.1068)
= h- n —,Un — — | =n- _71 o
k4hf<t+2y+8+8) hf(0+2 e

= h- f£(0.05,1.0526) = 0.1(0.05 4 1.0526) = 0.1103

ki 3ks
773 T
0.1  3(0.1068

—0.1-(0.141.1104) = 0.1210

ks =h-f(tn+h,yn +

+2(0.1103)) = h - £(0.1,1.1104)
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Step 3. We find

1
Ynt+1 = Yn + 6<k1 + 4ky + ks)

1 1
i = o + 5 (k1 + 4k + k) = 1+ =(0.144(0.1103) + 0.1210) = 1.1104

Step 4. The error is estimated

1
Error = %(21@ — 9k3 + 8]€4 - /{5)

1
Error = 55(2(0.1) — 9(0.1068) + 8(0.1103) — 0.1210) = 6.6667 x 10

Homework of Runge-Kutta-Merson Method

Use Runge-Kutta-Merson method to solve the D.E. and find y»

d
d_gtl:tya Wltht0:01ay0:47h:()9

Lecture 6

7 Partial Differential Equations

Partial Differential Equation (PDE)is an equation that involves multiple independent
variables, an unknown function that depends on these variables, and partial derivatives
of the unknown function. PDEs are used to formulate problems involving functions of
several variables and are especially important in describing physical phenomena such as

heat conduction, wave propagation, fluid flow, and electromagnetism.
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A general form of a PDE can be written as:

2
F(xl,xg,...,xn, u Ou Ou )zO

T0xy Oz’ 02}

where v = u(xy, z9,. .., z,) is the unknown function, and F’ represents a relationship

between u and its partial derivatives.

7.1 Classification of Partial Differential Equations

Partial differential equations are classified according to many things. Classification is
an important concept because the general theory and methods of solution usually apply
only to a given class of equations.

7.1.1 Order of the Partial Differential Equations

The order of a PDE is the order of the highest partial derivative in the equation.

For example:
1. %4 %% =0oru +cu, =0 (First-order)
2. % + (?;Tg =0or Ugy + Uy = 0 (Second-order)

3. ag—g + bg—z = c¢ (First-order)

4. % + 88;gy + g_Z = 0 0r Ugge + Ugy + Uy = 0 (Third-order)

7.1.2 Degree of Partial Differential Equations

The degree of a partial differential equation is the degree of the Highest order partial
derivative occurring in the equation.

For example:
l. Ugp +ul +u=0 (First-degree)

2. % + cg—g =0 (First-degree)
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3. ug +uu, =0 (Second-degree)
d*u 3 9%u 2 ou .
4. (W) + (W) + 22 =0 (Third-degree)

5. €5 + sin <g273> =0 (Undefined)

Homework: Determine the Order and Degree of the PDEs

For each of the following PDEs, determine the order and degree:
1. % + a% =
2 (%)2 o
3. 4+ 8- =0
4. % + UQ% = sin(x)
5. Upy + 2uyy + 3Uzy +4 =0

7.1.3 Number of Variables of Partial Differential Equations

1. uy =u, (Two variables: = and t)

2. up = uy + %ur +ug  (Three variables: r, 6, and t)

Homework: Identify the Number of Variables

For each of the following PDEs, identify the number of independent variables:

2 2

S
Q
Q
S

1. Lu 4

g9

U
y2+

5 =0

Q
Q
Q

z

2. %+g—Z:au

U 2U 2U
3. G+ 855 55 = fzy,t)
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7.1.4 Linearity Partial Differential Equations

A PDE is linear if the unknown function and its partial derivatives appear to the first
power and are not multiplied together. More precisely, a second order linear equation in

two variables is an equation of the form:
a(z,y, 2, ) % Ugy +0(2,y, 2,0 ) ¥ Uy + -+ f2,y,2,. .. ) xu=g(x,y,2,...)

where u is the unknown function, z, y, z, . . . are the independent variables, and a, b, c, . . .

and f, g are functions of the independent variables only.
1. %_1: + cg—; =0 (Linear)

2 2 .
2. ¥ =c*%4%  (Linear)

3. uy = e tuy, = sin(x) (Linear)
4. % + ug—g =0 (Non-Linear)

5. u% + (2—3)2 =0 (Non-Linear)

7.1.5 Homogeneity of Partial Differential Equations

A PDE is classified as either Homogeneous or Non-Homogeneous based on the pres-
ence of a non-zero term that does not involve the unknown function or its derivatives.
A PDE is said to be Homogeneous if all terms involve either the unknown function or
its derivatives, and there is no standalone term (i.e., the right-hand side of the equation
is zero).

In contrast, a PDE is called Non-Homogeneous if there is a non-zero term on the

right-hand side of the equation that is independent of the unknown function.

2
1. % — a% =0 (homogeneous)

2 2
2. % + gTZ =0 (homogeneous)
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3. %—? - a% = g(x,t) (non-homogeneous)

4. % + 3273 = f(z,y) (non-homogeneous)

Homework: Linearity and Homogeneity

Classify the following PDEs as linear or nonlinear, and as homogeneous or non-homogeneous:

P 02
L9 — 2% =0

2. &+ udt =0
3. Lu g 2y g(zy) =0
© Ox2 oy2 g\, y) =

2
4. % — a8t 4 Bu=0

7.2 Solution of Partial Differential Equations

Partial Differential Equations (PDEs) arise in various fields such as physics, engineering,
and finance. The solutions to these equations can describe physical phenomena like
heat conduction, wave propagation, and fluid dynamics. In the section presents several

methods to solve PDEs along with examples.

7.2.1 Solution of Partial Differential Equations by Direct Integration

Direct integration is a technique used to solve certain types of first-degree Partial Differ-
ential Equations (PDEs) where the equation can be rearranged to allow for straightfor-

ward integration with respect to one variable.

Example 7.1. Find the solution of the following PDE

0%z
oz =
Sol.
0%z
@ =71y (1)
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Integrate Equation (1) w.r.t. x.

2
% - /:py dz + fly) = (%)wf(y)
2
-.%:%Jrf(y) @

Now, Integrate Equation (2) w.r.t. .

zz/%Jrf(y) dx + g(y)

y/x ) o+ o(y)

/a:dx—l—/f ) dx + g(y)

)+w f(y) +9(v)

[\')I@ [\DI@

oo|3*

3

.-.zz%w-f(y%rg(y)

Where f(y), g(y) is arbitrary parametric. ]

Example 7.2. Find the solution of the following PDE

2
%z _,
oxy
Sol.
0%z
Z 1
By 0 (1)

Integrate Equation (1) w.r.t. x.

0z
- /de+f() )
0z
'.8—y=f(y) (2)
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Now, Integrate Equation (2) w.r.t. y.

. / F(y) dy + g(2)

Where f(y), g(y) is arbitrary parametric. O

Example 7.3. Find the solution of the following PDE

2

0
U 6r+12¢2
oxy

With boundary condition, u(1,y) = y* — 2y, u(x,2) = 5z — 5

Sol.
2
T 4 12y (1)
oxy

Integrate Equation (1) w.r.t. z.

0 6>
a—Z:/6x+12y2da:+f(y)=%H??J%Jff(y)
u 2 2
oo =327 + 12y%2 + f(y) ()
dy

Now, Integrate Equation (2) w.r.t. y.

u= /3932 +12¢%z + f(y) dy + g(=)
3
= 32’y + uTyx + /f(y) dy + g(x)

= 3%y + 4Pz + hy) + g(v) where h(y) = / £(y) dy
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u(z,y) = 32%y + 4y°z + h(y) + g(x)
u(l,y) = 3(1)%y + 4y°(1) + h(y) + g(1) = y* — 2y
=3y +4y° + h(y) +9(1) =y* — 2y

h(y)= —4y* + y* — 5y — g(1)

cou(z,y) = 307y + 4yt + (—4y® + y° — 5y — g(1)) + g(x)

u(z,y) = 32°y + 4y’c — 4y° +y* — 5y — g(1) + g()
u(z,2) = 30%(2) + 4(2)%x — 4(2)* + (2)* — 5(2) — g(1) + g(x) =5z — 5
=622 +320 —32+4—10—g(1) + g(z) =52 — 5
=62 + 322 — 38 — g(1) + g(x) =50 — 5
g(x)= —62% — 27z + 33 + g(1)

u(z,y) = 32%y + 4y — 4y® + y* — 5y — g(1) + (—62% — 272 + 33 + g(1))

cou(x,y) = 30y 4+ 4yir — 4y® + y® — by—62% — 272 + 33

Homework: Solving Partial Differential Equations by Direct Integration

Solve the following PDEs by direct integration:

l. g—; = ¢
2. 94 = 32, with the boundary condition u(z, 0) = 2°.

38u

. 5 = —4x, with the boundary condition u(z,0) = e”.

MOHAMMED JABBAR



7 PARTIAL DIFFERENTIAL EQUATIONS 48

Lecture 7

7.3 Formation of PDE by Eliminating Arbitrary Constant

A PDE may formed by a eliminating arbitrary constants or arbitrary function from a
given relation and other relation obtained by differentiating partially the given relation.
Remark 7.1. Suppose the following relation:

o)
l. Z=z2=p

2. @:zy:q

0y

Example 7.4. Form a Partial Differential Equations from the following equation:

z=(z—a)’+(y—b)’ (D
Sol.
— 2( ) = ( ) o Zx = _~T = o Zx
2, =2(r —a T-a)= 3 a=-—T=a=z-—
2z z Z
y=2y-b)=>H-b=,= y YT b=y
Eq. (1) become
2 z
s= == 2P+ - - L)
2 2
o FEN2 o Fyy2
= (2P (-2
2 2
:%+Zy:>4z:z§+z§:p2+q2
4y = p2 4 q2
]
Example 7.5. Form a Partial Differential Equations from the following equation:
2= f(2* +y?) (D
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Sol.
=20 f@+y") = f+y?) = & @)
=2y [ 4) = @) = 52 ©)

Sub. Eq. (2) in Eq (3)

Zg z Y
2y =2y— = 2 =2
v y2x Zy X

a_y
' T

Example 7.6. Form a Partial Differential Equations from the following equation:

z=ax + by + a® + b (1)

Sol.

Eq. (1) become

2= 2,7+ 2,y + (22) + (2,)°

z=pr+qutpi+q®

Example 7.7. Form a Partial Differential Equations from the following equation:

v=flz—ct)+g(x+ct) (D

MOHAMMED JABBAR



7 PARTIAL DIFFERENTIAL EQUATIONS 50
Sol.
vy = f(x—ct) + ¢'(x + ct)
Uy = —Cf/(l‘ — Ct) —+ cg/(l' + Ct)
Vypg= f//(.T - FTL) + g”(-’lf + Cf)
vy = A f (v — ct) + g (x + ct)
Vi = CQ(fN(,’I} o (375) + g”(:r; + Ct))
vy = (Vyn)
Vg = gy
[

Homework of Formation of PDE by Eliminating Arbitrary Constant

Form a Partial Differential Equations from the following:

1. z=ax + by +a®+b?

2. L +L+ 2
3. 2= f(%)

4. f(z —at)+ g(x + at)

7.4 Method of Separation of Variables

Although there are several methods that can be tried to find particular solutions of a

linear PDE, in the method of separation of variables we seek to find a particular solution

of the form of a product of a function of x and a function of y,

u(z,y) = X(z)Y (y).
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With this assumption, it is sometimes possible to reduce a linear PDE in two variables

to two ODESs. To this end we observe that

ou ou 0*u 0*u
—=XY —=XY —=X"Y — =XY"
Ox oy Ox? oy? ’

where the primes denote ordinary differentiation.

_dX L, dY

X' =— = —
dx dy

Example 7.8. Solve the following Partial Differential Equation with boundary condition

Ju ou
— +3—=0 1
ox + Jy M
With boundary condition
u(0,y) = 4% — 3% ()

To solve Eq. (1) suppose u(x,y) = XY.

Then
ou ou
—=XY —=XY'
ox oy
o dX Y
 dx dy

Put in Eq. (1)

YX' +3XY' =0

Xy
3 Y
Now let
X' Y’
3_X = _? = ¢ cconstant
X’ Y’
X~ Ty ¢
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=X'=3cX, Y =—c¥,= X =0, Y =ase ¥,
=Su(r,y) = XY = a,e*Tage” ¥ = aya,e>* Y = BefB®*Y) B = gya,
Now let
u(z,y) = up +ug = b1 B2Y) 4 poec2(32Y)
=u(0,y) = b1e® Y 4 bye2(7Y) = 4= — 3¢~
=b =4,bp = —-3,c,, =2,c0 =06

sou(r,y) = 42Bz=y) _ 3,6(3z—y)

Homework of Method of Separation of Variables

1. Solve the following Partial Differential Equation with boundary condition

ou ou
92 55, =

With boundary condition

u(0,y) = 4% — e ¥

2. Solve the following Partial Differential Equation with boundary condition

@4_%—0
or Oy

With boundary condition

u(0,y) = 2% + e %
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Lecture 8

7.5 Heat Equation

The heat equation is a fundamental partial differential equation that describes how heat
(or temperature) evolves over time in a given region. It is widely used in physics, engi-
neering, and mathematics to model heat conduction.

The One-Dimensional Heat Equation

In its simplest form, the one-dimensional heat equation is given by:

ou_
ot 0x2?

where:

* u(x,t) is the temperature distribution function, representing the temperature at
position x and time ¢.

* k is the thermal diffusivity constant, which depends on the material properties.

. % represents the rate of change of temperature with respect to time.
9%u

* 5,2 represents the spatial second derivative of temperature, indicating how tem-

perature varies along the spatial axis.

Solution of the Heat Equation

The method of separation of variables is commonly used to solve the heat equation,

leading to solutions of the form:

u(z,t) = X(x)T'(t)
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Substituting u(x,t) = X (z)T'(t) into the heat equation and separating the vari-
ables results in two ordinary differential equations, one for X (x) and one for 7'(¢),

which can be solved individually under the given initial and boundary conditions.

Example 7.9 (Heat Equation). Find the solution of following equation by using

partial differential equation

ou 0%u
——9Z ~ _ 1
ot 0x? 0 D
With boundary condition
u(0,t) = 0,u(10,t) =0 (2)
Sol. To solve Eq. (1) suppose u(x,t) = XT.
Then
ou 0%u
= X1 — X"T
ot 0X?

Since u(0,t) = 0,u(10,t) =0 = X (0) =0, X(10) =0
Put in Eq. (1)

XT =2X"T
T/ X//
2T ~ X
Now let
T/ X//
T =% = b, b constant
T/
1/
725:>X”:26X=>X”—2bX:0

Now let b = \?

when \? > 0 trivial solution. Then b = —\? < 0
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= X(z) = Acos(\z) + Bsin(\z)
Since X (0) = 0,
=X(0) = Acos(A(0)) + Bsin(A(0)) = A = A =0,
X(10) = Acos(A(10)) + Bsin(A(10)) = 0 = X (10) = Bsin(A(10))
~.sin(A(10)) = 0

Since sin(A(10)) =0 = 10A =nm,n=0,1,2,...

nim
=)= ——
10
nim
* — B 1 -
()  sin( 10 x)
Since T" = 20T = T' = ? = T/ = 2%t = T/ = ¢~ 2(55)"

LT = Cpe 2B

u(z,t) = XT = ZA” sin(%x)e_2(%)2t, A, = B,C,
n=1

Homework of Heat Equation

1. Find the solution of following equation by using partial differential equation

0 0?
8_1: = k:a—;; =0, k constant
With boundary condition

u(0,t) = 0,u(L,t) =0
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2. Find the solution of following equation by using partial differential equation

ou 0%u

o Vo =Y

With boundary condition

u(0,¢) = 0,u(30,£) =0

7.6 Wave Equation

The wave equation is a second-order partial differential equation that describes the prop-
agation of waves, such as sound waves, light waves, or water waves, in a given medium.
It is a fundamental equation in physics and engineering, with applications in fields such

as acoustics, electromagnetism, and fluid dynamics.

The Wave Equation in One Dimension

In one-dimensional space, the wave equation is given by:

Pu 0%
— = —
ot? 0x?

where:

* u(z,t) represents the displacement of the wave at position x and time ¢,

* cis the speed of wave propagation in the medium.

9%u

* Second Partial Derivative with Respect to Time (57 ):

— This term represents the acceleration of the wave function u(x, t) with re-
spect to time at any given position x.

— It indicates how the wave’s displacement changes over time, capturing the

oscillatory nature of waves.
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9%uy.

922/

 Second Partial Derivative with Respect to Space (

— This term measures the curvature of the wave function u(z, t) with respect

to spatial dimensions.

— Physically, it represents how the wave’s displacement changes along the spa-
tial dimension(s), indicating how the wave bends or curves at any given
point.

Solution of the Wave Equation

The method of separation of variables is commonly used to solve the wave equation,

leading to solutions of the form:

u(z,t) = X(x)T(t)

Substituting u(x,t) = X(z)T'(t) into the heat equation and separating the variables
results in two ordinary differential equations, one for X (z) and one for 7'(¢), which can

be solved individually under the given initial and boundary conditions.

Example 7.10. Find the solution of following equation by using partial differential equa-

tion
Pu  O*u
_— 4— —
ot? Ox? 0 b
With boundary condition
w(0,) = 0, u(4,t) = 0,u(z,0) = 5sin(£x),ut(x, 0) =0 )

Sol. To solve Eq. (1) suppose u(x,t) = XT.

Pu e O

o
ot? 0xX? X
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Put in Eq. (1)

1 "
XT" =4X"T = Z—T = XY
T// X// 9 9
1T = X = —p°, p° constant
Now let
Tl/
T —p* =T +4p°T =0
X/l
~ = —p* = X"+4p*°X =0

=X (z) = C} cos(pz) + Cy sin(pz)
T(t) = Cscos(pt) + Cysin(pt)
=u(x,t) = (Cy cos(px) + Cysin(px))(Cs cos(pt) + Cy sin(pt))
Since u(0, t),
=u(0,t) = C1(Cscos(pt) + Cysin(pt)) =0=C; =0
=u(x,t) = Cysin(pz)(Cs cos(pt) + Cysin(pt))
Since u(0,4),

=u(4,t) = Cysin(4p)(Cs cos(pt) + Cysin(pt)) =0

nm

SinceC’g%O:>sin(4p):O:>4p:n7r:>p:Z,nzO,l,---
=u(x,t) = Cy sin(%x)(C’g cos(%t) + Cy sin(%t))
u(z,t) = Cy sin(%x)(—%C’g sin(n%t) + %04 cos(%t))
Since u:(x,0) =0
uy(z,t) = Cy sm(z—”mx%@)
Since Cy #0 = Cy =0
u(z,t) = Cy sin(%m)(cg cos(%t) yoNe sin(%x) cos(%t)

Since u(x,0) =5 sin(%x)

=u(x,0) = CyCs sin(%x) =5 sin(%x) = (10, =5
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cou(z,t) =5 sin(ﬁ—ﬂx) cos(%t)

Homework of Wave Equation

1. Find the solution of following equation by using partial differential equation

Pu 0%
o Mgr =0

With boundary condition

w(0,t) = 0,u(k2,t) = 0, u(z, 0) = sin(%x), w(z,0) =0

2. Find the solution of following equation by using partial differential equation

0%u 0%u
oz " Vg2 Y

With boundary condition

uw(0,t) = 0,u(9,t) = 0,u(z,0) = 2sin(g:c),ut(a:, 0) =0
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Lecture 9

8 Solution of a System of Linear Equations

A system of linear equations is a set of equations where each equation is linear. Consider

the following system of m equations with n variables:

(
1171 + ajpxe + -+ a1 Ty, = by,

2171 + A2%2 + -+ + Aop Ty = bo,

Am1T1 + Amaly + -+ QppTy = by,
\

where a;; are the coefficients, x; are the variables, and b; are the constants. In matrix

form, the system can be expressed as:

Ax=D>
where
aiy a2 e A1y I b1
921 29 ... Qon ) bz
A= . x= . b=
Aml G@m2 - -  CGmn Tn b

There are several methods to solve this system:

* Direct Methods: Gauss Elimination Method

» Iterative Methods: Gauss-Seidel

* Solution by Cramer’s Rule

* Solution by Matrix Inversion
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8.1 Gauss Elimination Method

The Gauss Elimination Method is a systematic technique for solving systems of linear
equations. It transforms the system’s augmented matrix into an upper triangular form

using a series of row operations, making it easier to solve through back-substitution.

Example 8.1. Solve the system of linear equations by Gauss Elimination Method

20+ 3y =5

dr+y =6

Sol. Put the system in the following matrix form

2 3|5 | Ry
4116 | Ry
Rli%
doals | _ [V a]s |
4116 416 |R,
R, = R, — 4R,
1 5 5 I
4—4(1) 1-4(3)|6—4(2) 0 —=5|—4 | Ry
R2:>§—§
Lyl e ||t 3
-5 —4 4
0 =2 | =4 0 1|4
= =1+ = +3(4) 5:> +12 5:> 13
=—-=rt+-y=- r+-(0)=-=r+—==-=1x=—
Y¥=5 y=3 2'5’ " 2 10 2 10
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Example 8.2. Solve the system of linear equations by Gauss Elimination Method

(

3r —y+2z=12

3042y +3z =11

20 -2y —z2=2

\

Sol. Put the system in the following matrix form

3 -1 2 |12 | R
3 2 3|11 | Ry

2 —2 —1|2 | Ry

Ry = Ry — Ry and R‘g, = 3R3 — 2R,

3—3 2—(-1) 3—2 11 - 12

3(2) —2(3) —2(3) —2(—1) —1(3) —2(2) | 2(3) — 2(12)

0 —4 —7|—-18 | R3

Rs = 3R3 + 4R,

3 ~1 2 12 3 -1 2 | 12
0 3 1 ~1 =l0 3 1 |-1
0 —4(3)+4(3) —7(3)+4|—18(3)—4 0 0 —17|-58
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58
= 1Tr= 58 = 2= =
zZ ya 17
58 15%] 75
- _1 2° 22 __"
3y + 2 :>3y—|—17:>3y 7 T
BTSN
T AV T
25 15%]
Y422 =12 = 42y =12
3x —y+ 22 = 3z — ( 17)—|— (17)
25 116 141 63
LB
YT\ T 17

Homework of Gauss Elimination Method

1. Solve the system of linear equations by Gauss Elimination Method

3r—3y =2

Tz 42y =0

2. Solve the system of linear equations by Gauss Elimination Method

;

r+2y—4z=4

ot — 3y —T72=26

dr—4dy+3z2=1

8.2 Gauss Siedle Methods

The Gauss-Seidel Method is an iterative technique for solving systems of linear
equations, typically used when the coefficient matrix is large and sparse. It uses

the most recently updated values for each variable in each iteration, which can to
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faster convergence. Consider a system of linear equations in matrix form:

Ax=Db
a1 aiz2 ... Q1n X1 b1
21 QA922 ... QAo To b2
A= , X= , b=
Al Qp2  --. Qpp T, b,

Iteration Formula

The Gauss-Seidel Method updates each variable z; as:

1—1 n
1

a/v.
v j=1 j=i+1

where xSkH) is the updated value of z; at the (k + 1)-th iteration.

Consider the following system of linear equations:

;

ap® + ayy + a2 = di,

byx + byy + b2 = do,

Ca + Cyly + 2 = d3
\
We can rewrite the equations in terms of x, y, and z for the Gauss-Seidel method:

Sy — L (di — ayy™® — a.2®) |

xT

1
(k+1) — —(d,— b (k+1) b (k)
Yy by ( 2 z L 2% ) )

1

L(k+1) = (ds — cua®+D) — ¢ y®+D)Y
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Starting with initial guesses (%) = 0, y(®©) = 0, and 2(%) = 0, we apply the above
formulas iteratively until the values converge.

where a,, ay,a.,b;, by, 0., cy, ¢y, c. are constants.

Example 8.3. Solving systems of linear equations using Gauss Seidel method

;

or — 2y + 2 =4,

44y — 2z =3,

44y +4z = 17.

Sol.
1
r=—-(4+2y—2)
5
1
y=—-(3—x+22)
1
L 4y)
z2=-(17T—2—
; y
$wﬂu:é@+4¢m_zm%
yﬂDzi(g_ﬂHU+2W%’

1
Z(k-l—l) _ Z (17 o $(k+1) . 4y(k+1)) )

We start with an initial guess: 2(*) = 0, y(® =0, 2(9 = 0.

Calculate (), y(, 2(:

1 4
M= _(442x0-0)=-=0.8
Tl =g r2x0-0) =5

1 2.2
W =2(3-08+2x0)==""=0.55
v =7 +2x0)=—

17-08-22 14

—08—-4x055)=—— """ _""-3
(17— 0.8 — 4 x 0.55) ; T =35

L)

B~ =

After the first iteration, we have () = 0.8, y() = 0.55, and (") = 3.5.
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Calculate 2?, y®, 2():

1 44+11-35 1.6
N:—(4+2><0.55—3.5):—Jr = =10.32
5 5 5
1 3-032+7 968
2 = -(3-0.324+2x3.5)= = =242

yo =gt T2x35) 1 1
1 17—-0.32 - 0.
z(2)21(17—0.32—4><2.42): ’ 034 968:2:1.75

Homework of Gauss Siedle Method

1. Solving systems of linear equations (z®), y®) 2(3)) using Gauss Seidel method

(

20 —y — 3z =1,

§ 52 + 2y — 62 =5,

3v—y—4z="1.
\

2. Solving systems of linear equations (z®, y®) 2(3)) using Gauss Seidel method

(

20 —y+z2=1,

3r — 2yz =0,

Sr+y+2z=09.
\

Lecture 10

8.3 Cramer’s Rule

Cramer’s Rule is a mathematical theorem used to solve systems of linear equations with
as many equations as unknowns, provided the determinant of the coefficient matrix is

non-zero.
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General Form

Consider a system of linear equations:

(

an + apy + a3z = b

a1T + Al + A3z = by

a1 T + azy + aszz = bs
\

We can represent this system in matrix form as:

Ax=Db
where
11 daiz2 A3 X by
A=lay axp asl|, X=|y]|, b=1]0b
a31 az2 G33 z b3

For Cramer’s Rule to apply, we need det(A) # 0. We then solve for z, y, and z by
computing determinants of matrices where each column of A is replaced by b one at a
time:

1. Solution for z:
. det(A,)
~ det(A)

where A, is the matrix obtained by replacing the first column of A with b:

by a2 a3
A, = by age ass
bs a3y ass
2. Solution for y:

_ det(A,)
Y7 det(A)
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where A, is the matrix obtained by replacing the second column of A with b:

ai; b a3
Ay = lan by ag
as; bs ass
3. Solution for z:

_ det(A,)
©7 det(A)

where A, is the matrix obtained by replacing the third column of A with b:

a;; aiz b

A, = as Gz by

as; asy b

Example 8.4. Solve the system of linear equations using Cramer’s rule

T — 2y =3,

4z + 5y = 12.

Sol. This system can be written in matrix form as:

where

The solution can be found using Cramer’s rule:

_ det(A))
~ det(A)

X
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First, calculate the determinant of A:

1 -2
det(A) = —1.-5—(=2)-4=5+8=13
4 5

Next, calculate the determinants of A, and A,

3 -2 3 -2
A, = = det(A,) = —3.5—(=2)-12=15+24 =39
12 5 12 5
1 3 1 3
A, = = det(A,) = —1-12-3-4=12-12=0
412 4 12

Therefore, the solutions are:

_ det(A;) 39
TS Get(A) 13
_ det(A,) 0
Y= Gea) 13

Thus, the solution to the system is:

Example 8.5. Solve the system of linear equations using Cramer’s rule

4

3r — 6y + 7z =3,

§ 4z — 5z = 3,

or — 8y + 62 = —4.
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Sol.

5 -8 6
The determinant of A is:
0 -5 4 =5 4 0
det(A) =3 - —(—6) +7
-8 6 5 6 5 —8

= 3(0 — 40) + 6(24 + 25) + 7(—32 — 0)

= 3(—40) + 6(49) + 7(—32)

= —120 + 294 — 224

= —50

Now, we need to find the determinants of the matrices obtained by replacing each

column of A with the constant matrix. Let’s denote these matrices as A,, A,, and A.,.
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5 —8 —4

The determinants of these matrices are:

= 3(0 — 40) + 6(18 — 20) + 7(—24)

— 3(—40) 4 6(—2) + 7(—24)

=—120—-12 — 168
= —300
3 =5 4 =5 4 3
det(A,) =3 -3 +7
—4 6 5 6 5 —4
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=3(3-6—(=5)-(—4)) —3(4-6 — (=5) - 5) + 7(4- (—4) — 3-5)

= 3(18 — 20) — 3(24 + 25) + 7(—16 — 15)

= 3(—2) — 3(49) + 7(—31)

= —6— 147 — 217
= —370
0 3 4 3 4 0
det(A,) =3- —(—6) +3
-8 —4 5 —4 5 —8

=3(0-(—4) —3-(=8)) +6(4- (—4) —3-5) +3(4- (=8) — 0-5)

= 3(0 4 24) 4+ 6(—16 — 15) + 3(—32 — 0)

= 3(24) + 6(—31) + 3(—32)

= 72— 186 — 96

= —210

Now, we can find the values of z, y, and z using Cramer’s rule:
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det(4,)  —300
"= Get(d) ~ =50 0

Cdet(4,)  —370 37
Y7 det(A) T 50 5

det(A) 210 21

T det(A) ~ 50 5

Therefore, the solution to the system of linear equations is:

Homework of Cramer’s Rule

1. Solve the system of linear equations using Cramer’s rule

3x + 5y = 2,

—x+2y=0.

2. Solve the system of linear equations using Cramer’s rule

(
20 +y—3z=1,

§ 5z + 22— 62 =05,

dr—y—4z=1.
(
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8.4 Inverse Matrix Method

To solve a system of linear equations using the inverse matrix method, consider the
system:

§

an + apy + a3z = by,

a1T + Aoy + a3z = by,

az1r + azy + aszz = bs.
\

This system can be represented in matrix form as:

Ax=Db
where
11 a2 13 x by
A= lay ax ap|: X=|yl|l, b=1]b
a31 dasz2 a33 z b3

To find x using the inverse of A, we need to have det(A) # 0. When the inverse of

A, denoted A1, exists, the solution can be found by:

x = A~ 'b.

Steps for Solving Using the Inverse Matrix

1. Compute the inverse of A:

L1

= madj (A),

where adj(A) is the adjugate (transpose of the cofactor matrix) of A.
2. Multiply A~! by b to find x:
x=A""b.
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Example 8.6. Solve the system of linear equations using Inverse Matrix Method

T — 2y =3,

Az + 5y = 12.

Sol. To solve the following system of linear equations, we express it in matrix form

Ax = b, where

Step 1: Compute the Inverse of Matrix A

a b
The inverse of a 2x2 matrix A = is given by:
c d
1 d —b
ad — be ’

such that ad — bc # 0.

Step 1.1: Calculate the Determinant of A

For our matrix A:

det(A) =1-5—(—2)-4=5+8=13.

Since the determinant is not zero, the inverse exists.

Step 1.2: Calculate the Inverse

Using the formula for the inverse of a 2x2 matrix:

5 2
Al — i o2 = B3I
13 4 1

—4 1 —13 13
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Step 2: Solve for x

Now we can find x using:

x=A"'b.
Calculating this gives:
5 0 2
B 3|3
X =
4 1
—13 i3 12

Performing the matrix multiplication:

1. First row:
2 15 24 39
el Z(192)= = 4 22— T
13(3) + 13( ) 13 + 13 13
2. Second row:
4 1 12 12
BEAARTI s TR T i
Thus, we have:
3
X =
0

Final Solution

Therefore, the solution to the system of equations is:
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Example 8.7. Solve the system of linear equations using Inverse Matrix Method

;

3r —6y+ 7z =3,

4xr — 5z = 3,

or — 8y + 6z = —4.

Sol. We can represent this system in matrix form as:

Ax=Db

3 -6 7 T 3
A= 4 0 -5 ) X= Yy 3 b = 3
5 —8 6 z —4

The determinant of A is:

= 3(0 — 40) + 6(24 + 25) + 7(—32 — 0)

— 3(—40) + 6(49) + 7(—32)

= —120 4294 — 224

— —50
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To find the adjugate (adjoint) of matrix A, we need to find the cofactor matrix and
then transpose it.

1.Calculate the minor matrices for each element:

-Foray; = 3:
-5
My = (=1 =0-6—(—5)(—8) = —40
-8 6
- For a5 = —6:
-5
My = (—1)'*? =—(4-6—(=5)-5) =—49
5 6
- For a1z = T
4 0
Myg(—1)'3 = =4(-8)—0-5=-32
5 —8
- For ay; = 4:
2+1 6 7
My = (-1) = —((=6)(6) = 7(=8)) = —20
-8 6
- For Q99 = 0:
37
Myy = (—1)*+? =3.6-T7-5=-17
5 6
- For ag3 = —5:
3 —6
Moz = (—1)*7° = —(3(—8) = (=6)5) = —6
5 —8
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- For as; = 5:
-6 7
My = (—1)*+ = (—6)(=5) —7-0=30
0 -5
- For a3y = —8:
) 3 7
M3y = (—1)*F =—(3(=5)—7-4) =43
4 -5
- For as3 = 6:
3 —6
Msg = (—1)3+3 =3-0—(—6)(4) =24
4 0
2. Form the cofactor matrix:
—40 —49 -32
C=|-20 —-17 -6
30 43 24

3. Transpose the cofactor matrix to obtain the adjugate (adjoint) matrix**:

—40 —20 30
adj(A) =C'" = | —49 —17 43
—32 —6 24

5. Find the inverse by dividing the adjugate by the determinant:

—40 —-20 30

) 1
adj(A) = 5o |49 —1T 43
-32 —6 24

MOHAMMED JABBAR



8 SOLUTION OF A SYSTEM OF LINEAR EQUATIONS 80
—40 20 30 4 2 _3
—50 —50 —50 5 5 5
A l= |z 17 43| — |29 17 _43
—50 —50 —50 50 50 50
—32 6 24 16 3 _12
—50 —50 —50 25 25 25
Now we can find x using:
X =A"'b.
I ANEAN R C R OR e
— |l 1r _a — | 17 43
X=15 5 ~5 3= 1506 +50)—5(-4)
16 3 12 16 3 12
% 3 —a) \74 2 (3) +35(3) — 55(—4)
5(3) +303) — 5(—4) 6
x= 136 +5G) —m-) [ =%
235 (3) + 25(3) — 35 (—4) Z
Therefore, the solution to the system of linear equations is:
37 21
r =0, = —, = —
YT 7T
O

Homework of Inverse Matrix Method

1. Solve the system of linear equations using Inverse Matrix Method

xr — 2y =3,

4o 4 5y = 12.
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2. Solve the system of linear equations using Inverse Matrix Method

.
20 +y — 3z =1,

or + 2z — 62 =5,

3r—y—4z="1.
\
Lecture 11

9 Least Squares Approximations

Given a set of data points (x;,y;) fori = 1,2,... n, the least squares approximation
seeks to find the line y = ma + b that minimizes the sum of the squares of the vertical
distances from the points to the line.

The line of best fit is determined by solving the following system of equations for m

and b:

ixiyi = mix? —I—bixi
i=1 i=1 i=1
Zn: Yyi=m Zn: x; +nb
i=1 i=1

Solving these equations, we get:

_n Z?:1 TiYi — (E?:l ;) (Z?:l Yi)
o n n 2
n Zi:l %2 - (Zz‘:l ;)
b— Z?:l Yi —m Z:L:l Li
n

m

Thus, the equation of the line of best fit is:

y=mz+b
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Example 9.1. Find the following points to linear form y = a + bz, where

(z1,91) = (1,3)
(%2, 42) = (2,5)
(z3,y3) = (3,8)
(%4, 9a) = (4,13)

(9357245) = (5, 16)

Sol. To find the linear equation in the form y = a + bz, we will calculate the slope b and

the intercept a.

Step 1: Calculate the Necessary Sums

in:1+2+3+4+5:15

S yi=3+5+8+13+16=45

=142 43+ 445" =1+4+9+16+25="55

inyi:1«3—1—2-5—1—3-8—1—4'13+5-16:3+10+24+52+80:169

Step 2: Calculate b and a

The formulas for the slope b and intercept a are given by:
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_ YT — Y T )Y
ny a? — (L x)

o = D Yi—bYy
n
Calculating b:
- 5-169 — 15 - 45
~ 5-55—152
Simplifying:

_845—675_@_34
275 —-225 50

Calculating a:

45-34-15 45-51 —6
a= = = =-12
5 5 5

Final Linear Equation

Thus, the linear equation that best fits the given data points is:

y=—-12+4+34x
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Example 9.2. Find the following points to linear form y = ae’®, where

(z1,91) = (0,1.5)
(22, 9) = (1,2.5)
(23, 93) = (2,3.5)
(24, 92) = (3,5)

(z5,5) = (4,7.5)

Sol. To find the exponential equation in the form y = ae®®, we will linearize the equation

using the natural logarithm.

Step 1: Linearization

Taking the natural logarithm of both sides:

In(y) = In(a) + bz

Setting Y = In(y), A = In(a), B =0b,and X = z.

Step 2: Calculate the Data Points

We are given the following data points:

21 =0, yi =15 = Y; = In(1.5) ~ 0.4055
2 = 1, o = 2.5 = Y, = In(2.5) ~ 0.9163
T3 =2, y3 = 3.5 = Y; = In(3.5) ~ 1.2528
x4 =3, Ys =5 =Y, = In(5) ~ 1.6094

w5 = 4, ys = 7.5 = Y5 = In(7.5) ~ 2.0149
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Step 3: Calculate b and a

The necessary sums are:

n=2>5
d y=0+1+2+3+4=10
> i & 0.4055 + 0.9163 + 1.2528 + 1.6094 + 2.0149 ~ 6.1989
D al =07 +17+2° 4374+ 47 =30
> i ~ 0+ 0.9163 + 2.5056 + 4.8282 + 8.0596 ~ 16.3097

Using the formulas:

b— YT — D, Ty Yi
ny i — (@)

Calculating b and A:

~5-16.3097 — 10 - 6.1989

b
5-30 — 102

Simplifying:

~ 81.5485 — 61.989  19.5595

_ _ ~ 0.3912
b= 0= 100 50
Ao 2Yizb) w
n
61989 (5)39 0_6 9895 3912 2.2869 ) 4574

Calculating a:

a=et =P 159
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Final Linear Equation

Thus, the exponential equation that best fits the given data points is:

y = 1'5960.3912x

Homework of Least Squares Approximations

1. Find the following points to linear form y = a + bz, where

(z1,91) = (1,1)
(72, 2) = (2,5)
(z3,y3) = (3,7)
(€1, 92) = (4,9)

(555795) = (57 11)

2. Find the following points to linear form y = ae®®, where

(z1,31) = (0,0.5)
(22,92) = (1,1)
(23,y3) = (2,1.5)
(24,94) = (3,2)

(x5,y5) = (4,2.5)
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Lecture 12

10 Introduction to Fourier Series

In mathematics, the Fourier series is a method for expressing a periodic function as a
sum of sine and cosine functions. The concept was introduced by Jean-Baptiste Joseph
Fourier in the early 19th century, and it has since become a fundamental tool in various

fields such as signal processing, physics, and engineering.

Definition 10.1 (Periodic Functions). A function f(z) is called periodic if there exists

a positive number 7" such that:

flx+T) = f(x)

for all values of x. The smallest positive value of 7" is called the fundamental period of

the function.

For example:

1. Sine and Cosine Functions:

sin(z 4 27) = sin(x), cos(z + 27) = cos(x)

The period of both the sine and cosine functions is 27.
2. Square Wave:

1, if0o<z<m
flz) =

-1, ifr<z<2rm

This function has a period of 27.
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Definition 10.2 (Fourier series). Given a periodic function f(x) with period 27, the

Fourier series of f(x) is given by:
f(z) =ao+ Z (ay, cos(nx) + by, sin(nz))

n=1

where the coefficients ag, a,,, and b,, are defined as:

1 2w
a = o i f(z)dx
1 2
ap, = — (x) cos(nx) dx

T Jo
2m
b, = %/0 f(x)sin(nx) dx

Remark 10.1. If the function f(x) defined on interval —7 < = < 7, then

ao:%/:r f(z)dx

a, = %/ﬂ f(z)cos(nx) dz

b, = % ' f(z) sin(nx) dz

Example 10.1. Find Fourier series of the function f(z) = x, fromz = 0 to z = 27

Sol. To find the Fourier series of f(z) = x defined on the interval [0, 27|, we express

f(z) as a Fourier series in the form:

flz) =ao+ Z (a, cos(nx) + by, sin(nx))

n=1

Step 1: Calculating a,

0
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Step 2: Calculate a,,

1 2m
a, = —/ x cos(nx) dz
0

™

Using integration (uv — [ vdu) by parts, let u = x and dv = cos(nx) du:

du=dv. o= sin(nx)

n

2T 2r _:
B / sin(nz) del =0
0 0 n

since the integral of sin(nz) over [0, 27] is zero

Step 3: Calculate b,

1 2
b, = — / xsin(nx) dx
0

™

Using integration by parts, let uw = x and dv = sin(nz) dx:

cos(nz)

du=dzr, v=-—
n

2w 21
112 2
. MC&]:_H:__
0 0 n T|n n

So, the Fourier series for f(x) = x in the interval [0, 27] is:

by = —

1 [_ x cos(nx)

n

f(z) =ao+ Z (a,, cos(nx) + by, sin(nz))

flz)=m— Z % sin(nx)
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Homework 1: Fourier Series

Find Fourier series of the function f(z) = 5z, from z = 0 to x = 27

Lecture 13

10.1 Fourier series of Even and Odd Function

Fourier series can be used to represent periodic functions as the sum of sines and cosines.

The form of the series depends on whether the function is even, odd, or neither.

Definition 10.3 (Even Function). A function f(x) is called an even function if it satis-

fies the following condition for all = in its domain:

Thus, f(x) = 2? is an even function.

Definition 10.4 (Odd Function). A function f(z) is called an odd function if it satisfies

the following condition for all z in its domain:

- fla) =2
- f(a) = sin(a)
) =
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For example, with f(x) = 2

Thus, f(x) = z* is an odd function.

10.1.1 Fourier Series for Even Function

Given a function f(z), the Fourier series is:

f(x)=ao+ Z a,cos (nxr) whereb, =0

n=1
Example 10.2. Find Fourier series of the function f(z) = z?, fromz = 0 to z = 27

Sol. To find the Fourier series of f(z) = x defined on the interval [0, 27|, we express

f(z) as a Fourier series in the form:

f(z) =ag+ Z (a,, cos(nx) + by, sin(nx))

n=1

Since f(z) = z? is even then b, = 0.

Calculate a, a,,

1 2 3727 1 2 3 4 2
ap = — idr = — |%=| =— (2r) =T
2m Jo T3], 2m 3 3
1 27
an——/ x* cos(nx) dx
T Jo

Using integration by parts (let u = z? and dv = cos(nx)dx):

u=12° = du = 2xdz, dv = cos(nz)dr = v = sin(n)

n
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n n

/xz cos(nz)dr = x* - sin(nz) _ / sin(nz) - 2xdx
2

n n

/x2 cos(nz)dr =z~ - sin(nz) _ Z/de

Again using integration by parts on the remaining integral (let u = = and dv = sin(nx)dx):

u=1 = du=dx

cos(nz)

dv = sin(nx)der = v=—

:mz.w_2<x._w_/_wdx>

, sin(nz) = 2zcos(nz) 2

=z + 5 - —/cos(nx)dx

n n n?

, sin(nz) N 2z cos(nx) 2

Evaluating this integral from 0O to 27:

27

ap = —

™

1 | [ 2?sin(nz) N 2z cos(nx)  2sin(nw)
n n? n3

The Fourier series of f(x) = x? is:

flz) = 4% +) ;—f cos(nx)

n=1

10.1.2 Fourier Series for Odd Function

Given a function f(z), the Fourier series is:

flz) = Z b, sin (nx) where ag,a, =0
n=1
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Example 10.3. Find Fourier series of the function f(z) = z, fromz = —wrtox =7

Sol. To find the Fourier series of f(z) = x defined on the interval [—7, 7|, we express
f(z) as a Fourier series in the form:
e}

f(z) =ao+ Z (a,, cos(nx) + by, sin(nz))

n=1

Since f(x) = x is odd then ay = a,, = 0.

Calculate b,

1 ™
bn - _/ xsin(ng;) dx
m —T
Using integration by parts:
[ wsintus)ac = 2" [ oolne)
n . n

Evaluating this integral:

_ _meos(nm) | (=m)cos(=nm) {Sin(nw)}ﬂ-

n n

Thus,

So, the Fourier series for f(x) = z in the interval [0, 27] is:

3

sin(nz)

io;bsmn:c iz

n=1
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10.2 Half-Range Series

The half-range Fourier series allows us to represent a function using either sines or
cosines. This is particularly useful when dealing with functions that are defined only

on a finite interval.

10.2.1 Half-Range Sine Series

For a function f(x), the half-range sine series is given by:

f(x) =ao+ Z (b, sin(nz))

n=1

b, = —/ xsin(nz) dx
0

10.2.2 Half-Range Cosine Series

For a function f(x) defined on 0 < x < 7, the half-range cosine series is given by:

flx)=ag+ Z a, cos (nx) where

n=1

ag = L Ff(x)dx

2 Jo
1 ™
a, = —/ f(z)cos(nz) dx
™ Jo
Homework 2: Fourier Series

1. Find Fourier series of the function f(z) = 422, fromz = 0 to x = 27

2. Find Fourier series of the function

1if O<z<nm
flz) =

21f < <27
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3. Find cosine Half-range series for the function defined as

4. Find sine Half-range series for the function defined as

flz)=2z, O<z<m
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