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2.2 Homogeneous First Order Differential Equation 

,𝑀(𝑥تكون المعادلة التفاضلية متجانسة إذا كانت الدالة  𝑦)  متجانسة والدالة𝑁(𝑥, 𝑦) وبنفس  متجانسة أيضا

 :يما يلحقق فت (𝜆y) ب  𝑦وعن كل  (𝜆𝑥)ب  𝑥. ويتم التحقق من ذلك من خلال تعويض عن كل الدرجة

 

𝑴(𝒙, 𝒚)𝒅𝒙 = 𝑵(𝒙, 𝒚)𝒅𝒚  𝑖𝑠 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑓: 

𝑀(𝜆𝑥, 𝜆𝑦) = 𝜆𝑛 ∙ 𝑀(𝑥, 𝑦)        ∴ 𝑇ℎ𝑖𝑠 𝑝𝑎𝑟𝑡 𝑖𝑠 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠   

𝑁(𝜆𝑥, 𝜆𝑦) = 𝜆𝑛 ∙ 𝑁(𝑥, 𝑦)       ∴ 𝑇ℎ𝑖𝑠 𝑝𝑎𝑟𝑡 𝑖𝑠 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑜𝑢𝑠   

∴ The total equation is homogenous. 

λيجب ان تكون درجة 
𝑛

,M(x في الدالة متشابهة  y)  والدالةN(x, y) .  

To solve this equation, always assume: 

𝑦 = 𝑢 ∙ 𝑥 

𝑑𝑦 = 𝑢 ∙ 𝑑𝑥 + 𝑥 ∙ 𝑑𝑢 

وبعد  عند اجراء هذا التعويض فأن المعادلة التفاضلية دائما تتحول الى دالة قابلة للفصل وبذلك يسهل حلها.

 : 𝑢الحصول على الحل نعوض بدل كل 

𝑢 =
𝑦

𝑥
 

Example (1): Prove that the function is homogenous: 

𝒅𝒚

𝒅𝒙
=

𝒙 − 𝒚

𝒙 + 𝒚
 

Solve: 

(𝑥 + 𝑦) 𝑑𝑦 = (𝑥 − 𝑦)𝑑𝑥 

𝑀(𝑥, 𝑦) = (𝑥 − 𝑦)  

𝑀(𝜆𝑥, 𝜆𝑦) = (𝜆𝑥 − 𝜆𝑦) 

                         = 𝜆(𝑥 − 𝑦) = 𝜆 𝑀(𝑥, 𝑦)     ∴ ℎ𝑜𝑚. 
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𝑁(𝑥, 𝑦) =  (𝑥 + 𝑦)   

𝑁(𝜆𝑥, 𝜆𝑦) =  (𝜆𝑥 + 𝜆𝑦) = 𝜆(𝑥 + 𝑦) = 𝜆 𝑁(𝑥, 𝑦)    ∴ ℎ𝑜𝑚. 

∴ The total equation is homogenous. 

 

Example (2): Find the general solution for (𝒙𝟐 + 𝟑𝒚𝟐)𝒅𝒙 = 𝟐𝒙𝒚 𝒅𝒚: 

Solve: 

𝑀(𝑥, 𝑦) = (𝑥2 + 3𝑦2) 

𝑀(𝜆𝑥, 𝜆𝑦) = (𝜆2𝑥2 + 3𝜆2𝑦2) 

                         = 𝜆2(𝑥2 + 3𝑦2) = 𝜆2 𝑀(𝑥, 𝑦)     ∴ ℎ𝑜𝑚. 

𝑁(𝑥, 𝑦) =  2𝑥𝑦  

𝑁(𝜆𝑥, 𝜆𝑦) =  2𝜆𝑥 ∙ 𝜆𝑦 = 𝜆2 ∙ 2𝑥𝑦 = 𝜆2 𝑁(𝑥, 𝑦)    ∴ ℎ𝑜𝑚. 

∴ The total equation is homogenous. 

To solve this equation, assume: 

𝑦 = 𝑢 ∙ 𝑥   𝑎𝑛𝑑    𝑑𝑦 = 𝑢 ∙ 𝑑𝑥 + 𝑥 ∙ 𝑑𝑢 

(𝑥2 + 3𝑢2𝑥2)𝑑𝑥 = 2𝑢𝑥2 (𝑢 ∙ 𝑑𝑥 + 𝑥 ∙ 𝑑𝑢) 

𝑥2 𝑑𝑥 + 3𝑢2𝑥2 𝑑𝑥 = 2𝑢2𝑥2 𝑑𝑥 + 2𝑢𝑥3 𝑑𝑢 

𝑥2 𝑑𝑥 + 𝑢2𝑥2 𝑑𝑥 = 2𝑢𝑥3 𝑑𝑢 

(1 + 𝑢2)𝑥2 𝑑𝑥 = 2𝑢𝑥3 𝑑𝑢   →   re − arrangement: 

 
𝑑𝑥

𝑥
=

2𝑢

(1 + 𝑢2)
 𝑑𝑢 }  𝑏𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑙𝑛 𝑥 = 𝑙𝑛(1 + 𝑢2) + 𝑐   →       𝑙𝑛 𝑥 − 𝑙𝑛(1 + 𝑢2) = 𝑐    
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ln
𝑥

(1 + 𝑢2)
= 𝑐          للطرفين  𝑒 نأخذ  

𝑥

(1 + 𝑢2)
= 𝑒𝑐 = 𝑘 

𝑏𝑢𝑡 𝑢 =
𝑦

𝑥
  𝑙𝑒𝑎𝑑 𝑡𝑜:  

 
𝑥

1 +
𝑦2

𝑥2

= 𝑘       →        
𝑥3

𝑥2 + 𝑦2
= 𝑘 

Example (3): Find the general solution for 𝒚𝟐𝒅𝒙 + 𝒙𝟐𝒅𝒚 = 𝟐𝒙𝒚 𝒅𝒚? 

Solve: 

𝑦2𝑑𝑥 = 2𝑥𝑦 𝑑𝑦 − 𝑥2𝑑𝑦 

𝑦2𝑑𝑥 = (2𝑥𝑦 − 𝑥2) 𝑑𝑦 

𝑀(𝑥, 𝑦) = 𝑦2 

𝑀(𝜆𝑥, 𝜆𝑦) = 𝜆2𝑦2 

                     = 𝜆2 𝑀(𝑥, 𝑦)     ∴ ℎ𝑜𝑚. 

𝑁(𝑥, 𝑦) =  (2𝑥𝑦 − 𝑥2)  

𝑁(𝜆𝑥, 𝜆𝑦) =  (2𝜆𝑥 𝜆𝑦 − 𝜆2𝑥2) = 𝜆2 ∙ (2𝑥𝑦 − 𝑥2) 

                         = 𝜆2 𝑁(𝑥, 𝑦)    ∴ ℎ𝑜𝑚. 

∴ The total equation is homogenous. 

To solve this equation, assume: 

𝑦 = 𝑢 ∙ 𝑥   𝑎𝑛𝑑    𝑑𝑦 = 𝑢 ∙ 𝑑𝑥 + 𝑥 ∙ 𝑑𝑢 

𝑢2𝑥2𝑑𝑥 = (2𝑢𝑥2 − 𝑥2) (𝑢 ∙ 𝑑𝑥 + 𝑥 ∙ 𝑑𝑢) 

𝑢2𝑥2 𝑑𝑥 = 2𝑢2𝑥2 𝑑𝑥 + 2𝑢𝑥3 𝑑𝑢 − 𝑢𝑥2 𝑑𝑥 − 𝑥3 𝑑𝑢 

𝑢𝑥2 𝑑𝑥 − 𝑢2𝑥2 𝑑𝑥 = 2𝑢𝑥3 𝑑𝑢 − 𝑥3 𝑑𝑢 
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(𝑢 − 𝑢2)𝑥2 𝑑𝑥 = 𝑥3(2𝑢 − 1) 𝑑𝑢   →   re − arrangement: 

 
1

𝑥
𝑑𝑥 =

(2𝑢 − 1)

(𝑢 − 𝑢2)
 𝑑𝑢 ×

−1

−1
}  𝑏𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑙𝑛 𝑥 = − 𝑙𝑛(𝑢 − 𝑢2) + 𝑐   →       𝑙𝑛 𝑥 + 𝑙𝑛(𝑢 − 𝑢2) = 𝑐    

ln(𝑥(𝑢 − 𝑢2)) = 𝑐          للطرفين  𝑒 نأخذ  

𝑥𝑢 − 𝑥𝑢2 = 𝑒𝑐 = 𝑘 

𝑏𝑢𝑡 𝑢 =
𝑦

𝑥
  𝑙𝑒𝑎𝑑 𝑡𝑜:  

 𝑥
𝑦

𝑥
− 𝑥

𝑦2

𝑥2
= 𝑘       →        𝑦 −

𝑦2

𝑥
= 𝑘} × 𝑥 

𝑥𝑦 − 𝑦2 − 𝑘𝑥 = 0 

Problems: 

1.  Find a particular solution for (3𝑦3 − 𝑥3)𝑑𝑥 = 3𝑥𝑦2 𝑑𝑦, if 𝑥 = 1, 𝑦 = 2. 

Answer: 𝑦3 = 𝑥3 (8 − ln 𝑥) 

2. Solve 2𝑥 (𝑥 + 𝑦)𝑑𝑥 + (𝑥2 + 𝑦2) 𝑑𝑦 = 0 

Answer: 2𝑥3 + 3𝑥2𝑦 + 𝑦3 = 𝑘 


