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2.2 Homogeneous First Order Differential Equation
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M(x,y)dx = N(x,y)dy is homogenous equation if:
M(Ax,Ay) = A" - M(x,y) =~ This part is homogenous
N(Ax,Ay) = A" -N(x,y) - This part is homogenous

= The total equation is homogenous.
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To solve this equation, always assume:
y=UuU-'x
dy=u-dx+x-du
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Example (1): Prove that the function is homogenous:

dy x-—y
dx x+y

Solve:

(x+y)dy =(x—y)dx
M(x,y) = (x —y)
M(Ax, Ay) = (Ax — Ay)

=Ax—-y)=AM(x,y)
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Nx,y)= (x+y)
N(Ax,Ay) = (Ax+Ay) =A(x+y) =AN(x,y) - hom.

=~ The total equation is homogenous.

Example (2): Find the general solution for (x? + 3y?)dx = 2xy dy:

Solve:
M(x,y) = (x* + 3y?)
M(Ax, Ay) = (A%x? + 31%y2)
= A%(x*+3y%) =22 M(x,y) - hom.
N(x,y) = 2xy
N(Ax,Ay) = 2Ax-Ay = A?-2xy = A*N(x,y) - hom.
=~ The total equation is homogenous.
To solve this equation, assume:
y=u'x and dy=u-dx+x-du
(x? + 3u?x?)dx = 2ux? (u-dx + x - du)
x% dx + 3u?x? dx = 2u?x? dx + 2ux® du
x? dx + u?x? dx = 2ux3 du
(14 u?)x?dx = 2ux®du - re — arrangement:
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mx=m(1+u®)+c » mhx—-n(1+u?)=c
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Example (3): Find the general solution for y?dx + x*dy =

Solve:
y2dx = 2xy dy — x*dy
y2dx = (2xy — x2) dy

M(x,y) = y?
M(Ax, Ay) = A%y?
=A*M(x,y) - hom.
N(Cx,y) = (2xy —x?)
N(Ax,Ay) = (2Ax Ay — A%x2) = 22 - (2xy — x?)
=A*N(x,y) - hom.
=~ The total equation is homogenous.
To solve this equation, assume:
y=u-x and dy=u-dx+x-du
u?x?dx = Qux? —x?) (u-dx + x - du)
u?x? dx = 2u®x? dx + 2ux3 du — ux? dx — x3 du

ux? dx — u?x? dx = 2ux3 du — x3 du
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2xy dy?
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(u—u?)x?dx =x3(2u—1)du - re— arrangement:

Qu—1) -1 .
= du ><_—1 by integral

T -
mx=—-Inu—-u?®)+c » mhx+lnu—-u?)=c

In(x(u—u?) =c ookl e 2l

xu—xu®=e=k

but u = 14 lead to:

Problems:

1. Find a particular solution for (3y3 — x3)dx = 3xy? dy,ifx =1,y = 2.
Answer: y3 = x3 (8 — Inx)

2. Solve 2x (x + y)dx + (x2 +y?)dy =0

Answer: 2x3 + 3x%y+y3 =k
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