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2.3 Exact First Order Differential Equation 

𝑀(𝑥, 𝑦) ∙ 𝑑𝑥 + 𝑁(𝑥, 𝑦) ∙ 𝑑𝑦 = 0 

 :إذا توفر الشرط التالي Exact))تكون المعادلة التفاضلية تامة 

𝜕𝑀

𝜕𝑦
=
𝜕𝑁

𝜕𝑥
 

If an equation can be written to the form: 

𝑀(𝑥, 𝑦) ∙ 𝑑𝑥 + 𝑁(𝑥, 𝑦) ∙ 𝑑𝑦 = 0 

𝑑𝑓(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 = 0 

𝑀(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑥
,       

𝜕𝑀

𝜕𝑦
=
𝜕2𝑓

𝜕𝑦𝜕𝑥
 

𝑁(𝑥, 𝑦) =
𝜕𝑓

𝜕𝑦
 ,       

𝜕𝑁

𝜕𝑥
=  

𝜕2𝑓

𝜕𝑥𝜕𝑦
       

and have the property that: 

𝜕𝑀

𝜕𝑦
=
𝜕𝑁

𝜕𝑥
 

∴ is said to be exact equation. 

To find 𝒇(𝒙, 𝒚): 

𝑀(𝑥, 𝑦) =
𝑑𝑓

𝑑𝑥
  →    ∫𝑑𝑓 = ∫𝑀(𝑥, 𝑦) ∙ 𝑑𝑥 

∴ 𝑓(𝑥, 𝑦) = ∫𝑀(𝑥, 𝑦) ∙ 𝑑𝑥 + 𝑔(𝑦) 

Engineering and Numerical Analysis  

Al-Mustaqbal University College 

https://www.researchgate.net/institution/Al-Mustaqbal_University_College


Engineering and Numerical Analysis ………………………………………………………. Exact First Order D.E. 
  

15 
 

Maryam Hameed Nasir  

𝑑𝑓

𝑑𝑦
= ∫

𝜕𝑀

𝜕𝑦
∙ 𝑑𝑥 +

𝑑𝑔

𝑑𝑦
…………………………(1) 

∵ 𝑁 =
𝑑𝑓

𝑑𝑦
 ………………(2) 

Sub eq. (1) and eq. (2) to get: 

∫
𝜕𝑀

𝜕𝑦
∙ 𝑑𝑥 +

𝑑𝑔

𝑑𝑦
= 𝑁    → 

𝑑𝑔

𝑑𝑦
= 𝑁 −∫

𝜕𝑀

𝜕𝑦
∙ 𝑑𝑥 

Then integral 𝜕𝑔 to find g(y) to get 𝑓(𝑥, 𝑦). 

Example (1): Show that 𝒚 ∙ 𝒅𝒙 + 𝒙 ∙ 𝒅𝒚 = 𝟎 is exact equation? 

Solve: 

𝑀 = 𝑦,   𝑁 = 𝑥     

𝜕𝑀

𝜕𝑦
= 1

𝜕𝑁

𝜕𝑥
= 1}

 

 
  →    

𝜕𝑀

𝜕𝑦
=
𝜕𝑁

𝜕𝑥
= 1 

∴ 𝐸𝑥𝑎𝑐𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

Example (2): Show that the equation (𝒙𝟐 + 𝒚𝟐) ∙ 𝒅𝒙 + (𝟐𝒙𝒚 + 𝐜𝐨𝐬𝒚) ∙ 𝒅𝒚 = 𝟎 

is exact equation and then find 𝒇(𝒙, 𝒚)? 

Solve: 

𝑀 = (𝑥2 + 𝑦2),   𝑁 = (2𝑥𝑦 + cos 𝑦) 

𝜕𝑀

𝜕𝑦
= 2𝑦,    

𝜕𝑁

𝜕𝑥
= 2𝑦}      →    ∵

𝜕𝑀

𝜕𝑦
=
𝜕𝑁

𝜕𝑥
= 2𝑦 

∴ 𝐸𝑥𝑎𝑐𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

To find 𝑓(𝑥, 𝑦): 
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𝑀 =
𝑑𝑓

𝑑𝑥
= 𝑥2 + 𝑦2   →    ∫ 𝑑𝑓 = ∫(𝑥2 + 𝑦2) ∙ 𝑑𝑥 

∴ 𝑓(𝑥, 𝑦) =
𝑥3

3
+ 𝑥𝑦2 + 𝑔(𝑦) 

𝑑𝑓

𝑑𝑦
= 2𝑥𝑦 +

𝑑𝑔

𝑑𝑦
…………………………(1) 

∵ 𝑁 =
𝑑𝑓

𝑑𝑦
= 2𝑥𝑦 + cos 𝑦………………(2) 

Sub eq. (1) and eq. (2) to get:  

2𝑥𝑦 +
𝑑𝑔

𝑑𝑦
= 2𝑥𝑦 + cos 𝑦    → 

𝑑𝑔

𝑑𝑦
= cos 𝑦    →     ∫ 𝑑𝑔 =  ∫ cos 𝑦 ∙ 𝑑𝑦 + 𝑐 

𝑔(𝑦) = sin 𝑦 + 𝑐 

∴ 𝑓(𝑥, 𝑦) =
𝑥3

3
+ 𝑥𝑦2 + sin 𝑦 + 𝑐 

𝐄𝐱𝐚𝐦𝐩𝐥𝐞 (𝟑): 𝐒𝐨𝐥𝐯𝐞  
𝒅𝒚

𝒅𝒙
=
𝒙𝒚𝟐 − 𝟏

𝟏 − 𝒙𝟐𝒚
,   𝐢𝐟 𝒇(𝒙, 𝒚) = 𝟎 𝒂𝒕  𝒙 = 𝟎, 𝒚 = 𝟏? 

Solve: 

(𝑥𝑦2 − 1)𝑑𝑥 = (1 − 𝑥2𝑦)𝑑𝑦      →       (𝑥𝑦2 − 1)𝑑𝑥 − (1 − 𝑥2𝑦)𝑑𝑦 = 0 

(𝑥𝑦2 − 1)𝑑𝑥 + (𝑥2𝑦 − 1)𝑑𝑦 = 0 

𝑀 = (𝑥𝑦2 − 1),   𝑁 = (𝑥2𝑦 − 1) 

𝜕𝑀

𝜕𝑦
= 2𝑥𝑦,    

𝜕𝑁

𝜕𝑥
= 2𝑥𝑦}      →    ∵

𝜕𝑀

𝜕𝑦
=
𝜕𝑁

𝜕𝑥
= 2𝑥𝑦 

∴ 𝐸𝑥𝑎𝑐𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

To find 𝑓(𝑥, 𝑦): 
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𝑀 =
𝑑𝑓

𝑑𝑥
= (𝑥𝑦2 − 1)   →    ∫𝑑𝑓 = ∫(𝑥𝑦2 − 1) ∙ 𝑑𝑥 

∴ 𝑓(𝑥, 𝑦) =
𝑥2𝑦2

2
− 𝑥 + 𝑔(𝑦) 

𝑑𝑓

𝑑𝑦
= 𝑥2𝑦 +

𝑑𝑔

𝑑𝑦
…………………………(1) 

∵ 𝑁 =
𝑑𝑓

𝑑𝑦
= 𝑥2𝑦 − 1………………(2) 

Sub eq. (1) and eq. (2) to get:  

𝑥2𝑦 +
𝑑𝑔

𝑑𝑦
= 𝑥2𝑦 − 1   →        

𝑑𝑔

𝑑𝑦
= −1    

∫𝑑𝑔 =  ∫−1 ∙ 𝑑𝑦 + 𝑐 

𝑔(𝑦) = −𝑦 + 𝑐 

∴ 𝑓(𝑥, 𝑦) =
𝑥2𝑦2

2
− 𝑥 − 𝑦 + 𝑐 

∵ 𝑓(𝑥, 𝑦) = 0  𝑎𝑡  𝑥 = 0, 𝑦 = 1 

0 =
0 × 1

2
− 0 − 1 + 𝑐      →      𝑐 = 1 

∴ 𝑓(𝑥, 𝑦) =
𝑥2𝑦2

2
− 𝑥 − 𝑦 + 1 

Problems: 

1- Solve the differential equation (𝑥 + 𝑦2) 𝑑𝑥 + (2𝑥𝑦 + 1) 𝑑𝑦 = 0 and find 

particular solution if the function 𝑓(𝑥, 𝑦) = 0 at (0,2)? 

Answer: 𝑓(𝑥, 𝑦) =
1

2
𝑥2 + 𝑥𝑦2 + 𝑦 − 2 

2- Find value of (a) that makes the equation (3𝑥2 + 𝑦2) ∙ 𝑑𝑥 + 𝑎𝑥𝑦 ∙ 𝑑𝑦 = 0 exact? 

Answer: 𝑎 = 2 


