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2. Prove that 
1[ ]atL e

s a



 where s a

Proof :

By the defn of 
0

[ ( )] ( )stL f t e f t dt


 

0

( )

0

( )

0

0

[ ]

          

          

1          

1          

at st at

s a t

s a t

L e e e dt

e dt

e
s a

e e
s a

s a


 


 

 



 



 
   

    








Hence 1[ ]atL e
s a




3.
0

2 2
0

2 2

2 2

(cos ) cos  

              ( cos sin )

1              0 ( )

              

st

st

L at e at dt

e s at a at
s a

s
s a
s

s a








 
    

  







 

 

2 2

2 2

sin sin cos

  cos cos sin

ax
ax

ax
ax

ee bxdx a bx b bx
a b

ee bxdx a bx b bx
a b

 


 








Hence 
2 2(cos ) sL at

s a




4.
0

2 2
0

2 2

2 2

(sin ) sin  

              ( sin cos )

1              0 (0 )

(sin )

st

st

L at e at dt

e s at a at
s a

a
s a

aL at
s a








 
    

  






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5.

2 2

2 2

1(cos ) ( )
2
1 1 1 1                
2 2 ( )( )

                

(cos )

at atL hat L e e

s a s a
s a s a s a s a
s

s a
sL hat

s a

 

               







6.

2 2

2 2

1(sin ) ( )
2
1 1 1                
2

1 ( ) ( )                
2 ( )( )

                 =

(sin )

at atL hat L e e

s a s a
s a s a
s a s a

a
s a

aL hat
s a

 

     
   

    






7.
0

0

(1) 1

      

1 1      0

1(1)

st

st

L e dt

e
s

s s

L
s






  

 
   

     




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8..
0

1

00

1

0

1

1

1 2

3 2

2

( )

        ( )

        (0 0)

        ( )

( ) ( )

1( ) ( )

3( ) ( )

2( ) ( )

1 2 3( )

n St n

St St
n n

St n

n

n n

n n

n

L t e t dt

e et nt dt
s s

n e t dt
s

n L t
s
nL t L t
s

nL t L t
s

L t L t
s

L t L t
s
n n nL t
s s s s




  



 





 



   
        

  












 
     







 

1 1

2 1 (1)

! ! 1        1

! ( 1)( )

n n

n
n n

L
s s

n nL
s s s
n nL t or

s s 

 

  




In particular 1, 2,3.....n 

we get
2

2
3

3
4

1( )

2!( )

3!( )

L t
s

L t
s

L t
s







2.1.  Linear property of Laplace Transform

1. ( ( ) ( )) ( ( ) ( ( ))L f t g t L f t L g t  

2. ( ( )) ( ( ))L Kf t KL f t

Proof (1) : By the defn of L.T



Laplace Transforms

223

Maths

Sathyabama University

 

   

   

0

0

0 0

( ) ( )

( ) ( ) ( ) ( )

                       ( ) ( )

                       ( ) ( )

st

st

st st

L f t e f t dt

L f t g t e f t g t dt

e f t dt e g t dt

L f t L g t







 
 



  

 

 





 

Hence      ( ) ( ) ( ) ( )L f t g t L f t L g t  

(2)    ( ) ( )L Kf t KL f t

By the defn of L.T

 

 

0

0

( ) ( )

              ( )

              ( )

st

st

L Kf t e Kf t dt

K e f t dt

KL f t

















Hence    ( ) ( )L Kf t KL f t

2.2. Recall

1. 2sin cos sin( ) sin( )A B A B A B   

2. 2cos sin sin( ) sin( )A B A B A B   

3. 2cos cos cos( ) cos( )A B A B A B   

4. 2sin sin cos( ) cos( )A B A B A B   

5. 2 1 cos 2sin
2

AA 


6. 2 1 cos 2cos
2

AA 


7. 3sin 3 3sin 4sinA A A 

8. 3cos3 4cos 3cosA A A 

9. sin( ) sin cos cos sinA B A B A B  

10. sin( ) sin cos cos sinA B A B A B  

11. cos( ) cos cos sin sinA B A B A B  

12. cos( ) cos cos sin sinA B A B A B  
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3.1 Problems :

1. Find Laplace Transform of 2sin t

Solution :

2

2

1 cos 2(sin )
2

1             (1 cos 2 )
2
1 1             
2 4

tL t L

L t

s
s s

   
 

 

    
2. Find 3(cos )L t
Solution :

we know that 3cos3 4cos 3cosA A A 

hence 3 3 1cos cos cos3
4 4

A A A 

3

2 2

1(cos ) (3cos cos3 )
4
1 3              
4 1 9

L t L t t

s s
s s

 

     
3. Find (sin 3 cos )L t t
Solution :

we know that  1sin cos sin( ) sin( )
2

A B A B A B   

hence
1sin 3 cos (sin 4 sin 2 )
2

t t t t 

2 2

2 2

1(sin 3 cos ) (sin 4 sin 2 )
2
1 4 2                     
2 16 4

2 1                     
16 4

L t t L t t

s s

s s

 

     

 
 

4. Find (sin sin 2 sin 3 )L t t t
Solution :

we know that

2

1sin sin 2 sin 3 sin (cos cos 5 )
2

1 1                        sin cos (sin cos5 )
2 2
1 1                        sin 2 (sin 6 sin 4 )
4 4

1(sin sin 2 sin 3 ) (sin 2 sin 4 sin 6 )
4

1 2                        
4

t t t t t t

t t t t

t t t

L t t t L t t t

s

 

 

  

  

 2 2

4 6
4 16 36s s

      
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5. Find 3 4(1 5 )t tL e e 

Solution :

 3 4 3 41 5 1 5

1 1 5                         
3 4

t t t tL e e L L e L e

s s s

              

  
 

6. Find 6(3 sin 2 5cos3 )tL e t t  

Solution :
6 6

2 2

(3 sin 2 5cos3 ) 3 (1) ( ) (sin 2 ) 5 (cos3 )
1 1 2 5                                          3

6 4 9

t tL e t t L L e L t L t
s

s s s s

      

    
  

7. Find (sin(2 3))L t 

Solution :

2 2

(sin(2 3)) (sin 2 cos3 sin 3cos 2 )
                     cos3 (sin 2 ) sin 3 (cos 2 )

2                     cos3 sin 3
4 4

L t L t t
L t L t

s
s s

  
 

 
 

8. Find 5(sin 4 3sin 2 4cos 5 )tL t h t h t e  

Solution :

5

5

2 2 2

2 2 2

(sin 4 3sin 2 4cos 5 )
                     (sin 4 ) 3 (sin 2 ) 4 (cos 5 ) ( )

4 2 1                     3 4
16 4 25 5

4 6 4 1                     
16 4 25 5

t

t

L t h t h t e
L t L h t L h t L e

s
s s s s

s
s s s s





  

   

     
   

   
   

9. Find 2((1 ) )L t

Solution :

2 2

2

2 3

((1 ) ) (1 2 )
                (1) 2 ( ) ( )

1 1 2!                2

L t L t t
L L t L t

s s s

   

  

   
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10. Find the Laplace Transform of 
sin 0

( )
0

t t
f t

t



 

  

Solution :

By definition,

0

0

0

0

2 2 2 2
0

( ( )) ( )

            ( ) ( )

            sin  (0)

            sin  

            ( sin cos      sin  (
( ) 1

st

st st

st st

st

st ax
ax

L f t e f t dt

e f t dt e f t dt

e t dt e dt

e t dt

e es t t e bx dx
s a b

















 


 







 

 



 
       



 

 



 sin cos )a bx b bx

0

2 2

2 2

2

( sin cos ) (0 1)
1 1

1           (1)
1 1

1           ( 1)
1

s

s

s

e es
s s

e
s s

e
s







 






    
 

 
 

 


11. Find the Laplace Transform of 0 1
( )

0 1

te t
f t

t
  

 


Solution :

By definition,

 

0
1

0 1
1

0 1

1
( 1)

0
1(1 )

0

1

( ( )) ( )

            ( ) ( )

            0

            

            
1
1            1

1

st

st st

st t st

s t

s t

s

L f t e f t dt

e f t dt e f t dt

e e dt e dt

e dt

e
s

e
s





 


 

 







 

 



 
   

 




 

 





Laplace Transforms

227

Maths

Sathyabama University

3.2. Note :

1.
0

( 1) n xn x e dx


     (By definition)

( 1) !,   1,2,3,.....n n n   

( 1) ( ),   0n n n n    

12. Find 3 21L t
t

 
 

 
Solution :

   

   

3 2 1 2 3 2

1 31 1
2 2

1 5
2 2

5
2

1 ( ) ( )

31 11 22                    

1 13 12 2                    
2 2

3                    
4

L t L t L t
t

s s

s s

s s

 



  

 
   

 

   
 

 
  

 

4. First Shifting Theorem (First translation)

1. If ( ( )) ( )L f t F s , then ( ( )) ( )atL e f t F s a  
Proof :

By definition,  
0

0

( )

0

( ) ( )

( ) ( )

                   ( )

                   ( )

st

at st at

t s a

L f t e f t dt

L e f t e e f t dt

e f t dt

F s a





  


 



    



 







Hence ( ) ( )atL e f t F s a    

4.1. Corollary : ( ( )) ( )atL e f t F s a 
4.2. Note :

1.  
 

( ( )) ( )

                 ( )

                 ( )

at
s s a

s s a

L e f t L f t

F s

F s a


 

 





 

2.  
 

( ( )) ( )

                 ( )

                 ( )

at
s s a

s s a

L e f t L f t

F s

F s a

 

 





 
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4.3. Problems :

1. Find 2( )tL te
Solution :

 2
2

2 2
2

( ) ( )

1 1           
( 2)

t
s s

s s

L te L t

s s

 

 



     

2. Find 5( )tL t e

Solution :

5 5

1

6
1

6

( ) ( )

5!            

5!            
( 1)

t

s s

s s

L t e L t

s

s



 

 

   

   
 




3. Find 2( sin 3 )tL e t

Solution :
2

2

2
2

2

( sin 3 ) (sin 3 )
3                   

9
3                   

( 2) 9

t
s s

s s

L e t L t

s

s


 

 



    


 

4. Find ( cos 4 )tL e h t

Solution :

1

2
1

2

( cos 4 ) (cos 4 )

                     
16

1                     
( 1) 16

t
s s

s s

L e h t L h t
s

s
s

s


 

 



    



 

5. Find 3 2( sin 4 )tL e t
Solution :

 

3 2 2
3

3

3

2
3

2

( sin 4 ) (sin 4 )
1 cos8                    

2
1                    (1) (cos8 )
2
1 1                    
2 64

1 1 3                    
2 3 ( 3) 64

t
s s

s s

s s

S S

L e t L t
tL

L L t

s
s s

s
s s

 

 

 

 



   
 

 

    

 
     
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6. Find 2( sin 4 cos 6 )tL e t t

Solution :

 

 

2
2

2

2

( sin 4 cos 6 ) (sin 4 cos 6 )
1                                (2sin 4 cos 6 )
2
1                                (sin(4 6 ) (sin 4 6 )
2
1                                (sin10 sin
2

t
s s

s s

s s

L e t t L t t

L t t

L t t t t

L t


 

 

 





   

   2

2 2
2

2 2

2 )

1 10 2                                
2 100 4

1 10 2                                
2 ( 2) 100 ( 2) 4

s s

s s

t

s s

s s

 

 

     

 
      

7. Find  4 3 3(sin 3 cosh 3 )tL e t t

Solution:

   4 3 3 3 3

4

4

3 3

(sin 3 cosh 3 ) sin 3 cosh 3

3sin 3 sin 9 3cosh 3 cosh 9             
4 4

3sin sin 3 3cosh cosh 3 sin ,cosh
4 4

3 1 3 1             (sin 3 ) (sin 9 ) (cosh 3 ) (cosh 9 )
4 4 4 4

t

s s

s s

L e t t L t t

t t t tL

L t L t L t t

    

 

 

  

    
 

 
 

    



4

2 2 2 2
4

2 2 2 2

3 3 1 9 3 1            
4 9 4 81 4 9 4 81

3 3 1 9 3 4 1 4           
4 ( 4) 9 4 ( 4) 81 4 ( 4) 9 4 ( 4) 81

s s

s s

s s
s s s s

s s
s s s s

 

 



           
 

     
       

8. Find (cosh cos 2 )L t t

Solution :

 1 1

2 2
1 1

(cos cos 2 ) cos 2
2

1                        ( cos 2 cos 2 )
2
1                        (cos 2 ) (cos 2 )
2
1                        
2 4 4

t t

t t

s s s s

s s s s

e eL ht t L t

L e t e t

L t L t

s s
s s





   

   

  
   

  

 

 

           

2 2

1 1 1                        
2 ( 1) 4 ( 1) 4

s s
s s


 
 
  

      
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5. Theorem

If ( ( )) ( )L f t F s , then ( ( )) ( ( ))dL tf t F s
ds




Proof :

Given ( ) ( ( ))F s L f t

differentiate both sides, w.r. to ‘s’

0

0

0

0

( ( )) ( ( ( )))

               ( )

               ( ( ))

               ( ) ( )

               ( )

( ( )) ( ( ))

( ( )) ( )

st

st

st

st

d dF s L f t
ds ds

d e f t dt
ds

e f t dt
s

t e f t dt

tf t e dt

d F s L tf t
ds

dL tf t F s
ds















 
  

 






 

 

 


 









(or) ( ( )) ( )L tf t F s   where ( ) ( ( ))F s L f t

similarly we can show that,

2
2 2

2

3
3 3

3

( ( )) ( 1) ( )

( ( )) ( 1) ( )

dL t f t F s
ds
dL t f t F s
ds

 

 

In general, ( ( )) ( 1) ( )
n

n n
n

dL t f t F s
ds

 

5.1. Problems :

1. Find 3( )tL te

Solution :

We know that ( ( )) ( ( ))dL tf t L f t
ds




Here 3( ) tf t e
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3 3

2

2

( ) ( )

1           
3

( 3)(0) (1)           
( 3)

1          
( 3)

t tdL te L e
ds

d
ds s

s
s

s




     
  

   




2. Find ( sin 3 )L t t
Solution :

2

2

2 2

2 2

( ( )) ( ( ))

( ( )) (sin 3 )

3             
9

( 9)(0) 3(2 )             
( 9)

6             
( 9)

dL tf t L f t
ds
dL tf t L t

ds
d

ds s
s s

s
s

s







     
   

   




3. Find 2( cos 3 )L t t
Solution :

 

2 2

2

2

2 2 2

( cos 3 ) (cos 3 )

1 cos 6
2

1 (1) (cos 6 )
2
1 1

2 16

1 1 ( 16) 1 (2 )
2 ( 16)

dL t t L t
ds

d tL
ds

d L L t
ds
d s
ds s s

s s s
s s




    
 


 

     
     

   

                  

                  

                  

                  

    
2

2 2 2

2

2 2 2

1 1 16
2 ( 16)

1 1 16
2 ( 16)

s
s s

s
s s

   
   

 
   
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4. Find 2( sin 3 )tL te t

Solution :

2
2

2

2
2

2

2 2
2

( ( sin 3 )) ( sin 3 )

( (sin 3 )

3
9

( 9)0 3(2 )
( 9)

t
s s

s s

s s

s s

L e t t L t t
d L t

ds

d
ds s

s s
s


 

 

 

 



   
 

       

  
  

 

                        

                        

                        

              2 2

6( 2)
(( 2) 9)

s
s




 
          

5. Find 2( sin 2 sin 3 )tL te t t

Solution :

 

2

2

2

2

( sin 2 sin 3 )
( sin 2 sin 3 )
1 ( 2sin 2 sin 3 )
2

1 (cos(2 3 ) cos(2 3 ))
2
1
2

t

s s

s s

s s

L te t t
L t t t

L t t t

L t t t t t

L



 

 

 



     

   



                        

                        

                       

                         2

2

2 2
2

2

2 2

cos cos5

1 (cos ) (cos5 )
2

1
2 1 25

1 ( 1) 1 (2 )
2 ( 1)

s s

s s

s s

t t t t

d dL t L t
ds ds
d s d s

ds s ds s

s s s
s

 

 

 



    

              

   
    

                       

                       

                       
2

2 2
2

2 2

2 2 2 2
2

2 2

2 2 2 2
2

( 25) 1 (2 )
( 25)

1 1 25
2 ( 1) ( 25)

1 1 25
2 ( 1) ( 25)

s s

s s

s s

d s s s
ds s

s s
s s

s s
s s

 

 

 

    
    

     
           

  
    

                       

                       

                    
   

2 2

2 22 2

1 ( 2) 1 25 ( 2)
2 ( 2) 1 ( 2) 25

s s

s s

      
     

   


