Laplace transform of standard functions:
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s+ a

where s+a>0 or s>—a
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2. Provethat L[e™]=—— where S>a
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Proof:
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2.1. Linear property of Laplace Transform
Lo L(F®)£g®) = L(f (1) =L(g(t)
2. L(Kf(t) = KL(f (1)

Proof (1) : By thedefn of L.T



L[ f(t)] Te‘s‘f(t)dt
LIFO£g0)]= [ [t O+ 9]

:T S ()dt+ j e %g(t)dt

L[f®]£L [g(t)]

Hence L[ f (1) = g(t)]= L[ f(1)]+L[g(t)]
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L[Kf (t)]=KL[f(®)]
By the defn of L.T

L[Kf (t)] = Te‘“ Kf (t)dt

=K j e f (t)dt
0

=KL[f(®)]

Hence L[Kf (t)] = KL[ f (t)]

2.2. Recall
1. 2sin Acos B =sin(A+ B) +sin(A—B)
2. 2cos Asin B =sin(A+ B) —sin(A— B)
3. 2c0s Acos B =cos(A+ B) +cos(A—B)
4. 2sin Asin B =cos(A—B)—cos(A+ B)
5. sin? A= 1ZC0S2A

2
6. cos? A—iTCOSZA
7. sin3A=3sin A—4sin’® A
8. C0s3A=4cos’ A—3cos A
9.  sin(A+B)=sin AcosB +cos Asin B
10.  sin(A—B) =sin Acos B —cos Asin B
11.  cos(A—B)=cos AcosB +sin Asin B
12.  cos(A+B)=cos Acos B—sin Asin B



3.1 Problems :

1 Find Laplace Transform of sin’t

Solution :

L(sin’t) = L(—l‘COSZt]

2

= % L(1—cos2t)

_1f1 s
2ls s?+4

2. Find L(cos’t)
Solution:

we know that cos3A=4cos® A—3cos A

hence  cos® A= Ecos A+ Ecos 3A
4 4
L(cos’t) = % L(3cost + cos3t)
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=— +
4(s?+1 s?+9

3. Find L(sin3tcost)
Solution:

we know that sin Acos B :%(sin(A+ B) +sin(A-B))

hence  Sin3tcost = %(Sin 4t +sin 2t)
L(sin3tcost) = % L(sin 4t +sin 2t)
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4. Find L(sintsin 2tsin 3t)
Solution :

we know that sintsin 2tsin 3t = sint%(cost —C0s 5t)
= lsintcost —i(sint0035t)
2 2
= lsin 2t —i(sin 6t —sin 4t)
4 4

L(sintsin2tsin3t) = % L(sin 2t +sin 4t —sin 6t)
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5. Find L(1+e™ —5e*)

Solution :

L[1+e™ -5e* |=L[1]L[e™ [+5L[e" |

6.  Find L(3+e® +sin2t—5cos3t)

Solution :

L(3+e™ +sin2t—5co0s3t) =3L(1) + L(e®) + L(sin 2t) —5L(cos 3t)
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7. Find L(sin(2t+3))

Solution :

L(sin(2t +3)) = L(sin 2t cos 3+sin 3cos 2t)
= cos3L(sin 2t) +sin3L(cos 2t)

=c0s3

——+sin3—
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8.  Find L(sin 4t +3sinh2t—4cosh5t+e™")

Solution :

L(sin 4t +3sinh2t —4cosh5t +e™)
= L(sin 4t) + 3L (sinh2t) — 4L(cosh5t) + L(e™)
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9. Find L((1+1)%)
Solution:

L((A1+1)%) =L(1+2t+t%)
= L(1) +2L(t) + L(t?)
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_ sint O<t<~z
10.  Find the Laplace Transform of f (t) =
0 t>n
Solution:
By definition,
L(f (1) = [e*f (t)dt
0
= [e'f()dt+ [e £ (t)dt
0 T
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11.  Find the Laplace Transform of f (t) = e O<t<l
0 t>1

Solution :

By definition, L (f(t))=[e~ f (t)dt
0
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3.2. Note :
1 I'(n+1) :Ix”e‘xdx (By definition)
0

I'n+1)=nl, n=123,.....
'(n+)=nl’(n), n>0
12.  Find L(i+t3/2]
NG
Solution :

L(LHW] = L(t™?) + L(t*%)
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4, First Shifting Theorem (First translation)

1 If L(f(t))=F(s) then L(e ™ f (1)) = F(s+a)
Proof:

By definition, L[ f(t)]= Te'“ f (t)dt
L[e®f(t)]=

e e f (t)dt

e ' (t)dt

Ot 8§ O——38

=F(s+a)

Hence L[e ™ f(t)|=F(s+a)

4.1. Corollary : L(e* f (t)) = F(s—a)

4.2. Note :

Lo L) =L[f®]...,
= [F(S)]sas+a
=F(s+a)

2. LEe*f)=L[f®] ..

= [F (S)]sas—a
=F(s—a)
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4.3. Problems :

1. Find L(te*)
Solution:

L(te*)=[L(t)]

S—>s5-2

_(ij __1
- Sz sas—z_(s_z)2

2. Find L(t%™)
Solution:

L(t%™) =[ L(t°

¢
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- (s+1)°

3. Find L(e™sin3t)

Solution:
L(e™sin3t) =

L (sin 3t)
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4. Find L(e ' cosh4t)

Solution :

L(e™* cosh4t) =

L(cosh4t)
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5. Find L(e*sin?4t)

Solution ;
L(e* sin® 4t) =

L(sin® 4t)_ .,

L (1— cos8t ]
2 s—>5-3

==(L(1) - L(cos8t))
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6.  Find L(e™"sin 4tcos6t)

Solution:
L(e * sin 4t cos6t) = L(sin 4t cos 6t)
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:%(L(Zsin 4tcos6t)),
:%(L(sin(4t+6t) +(sin 4t - 6t))
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7. Find L(e"(sin®3t+cosh’3t))

Solution:
L (e*(sin®3t+cosh®3t) ) = L(sin®3t +cosh®3t)
_ L(Ssin 3t—sin9t  3cosh3t+cosh 9tj
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E L(sin3t)—= L(sm ot) +— L(cosh 3t)+= (cosh 9t)}

s—>s—4

1 9 3 _s-4 1 s-4
(s— 4)+9 T A4(s—4)7+81 4 (s-4)°-9 4(s-4)7-81

3 9 3 S 1 S
(Z 19 45481 4 5°-9 4% —811%_4
3
4

8.  Find L(coshtcos2t)

Solution :

t -t
L(coshtcos2t) = L((e +Ze ]cosZt]

= % L(e' cos2t+e " cos2t)

= %[ L(cos2t), . ,+L(cos2t)
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5. Theorem

If L(f(t)) = F(s).then L(tf (t)) Z%(F(s))

Proof:
Given F(s)=L(f(t))

differentiate both sides, w.r. to ‘s’

d d
g5 (F ) = (LT (D)

- %@e‘“ } (t)dt]
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(or) L(tf (t)) = —F'(s) where F(s)=L(f(t))

similarly we can show that,

, d°
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Ingeneral, L(t" f (t)) = (-1)" ds"

F(s)

5.1. Problems :

1. Find L(te*)
Solution:

We know that L (tf (1)) = % L(f(t))

Here f(t)=¢e"



L(te*) = L(e3‘)
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2. Find L(tsin3t)

Solution :

L(tf () =—— L(f 1)
L(tf (1)) = —— L(sm 3t)
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3. Find L(tcos?3t)

Solution :

L(tcos?3t) = ;—d L (cos? 3t)
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-1d
- 70|—(L(l) +L(cos6t))

_-1 d( LS ]

2 ds s* +16
_—_(—_1+(32+16)-1—s(25)]

2 | s? (s* +16)?

_ -1 16-s°
21 s? (s?+16)

_1(1, s*-16
2\ s*  (s*+16)?
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4. Find L(te ™ sin3t)
Solution :
L(e* (tsin3t)) = L(tsin3t) ..,
= {ﬁ(L(sin 3t)}
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5. Find L(te™ sin 2tsin 3t)
Solution :

L(te ™ sin 2tsin 3t)

= L(tsin 2tsin3t)

=~ L(t(cos(2t - 3t) - cos(2t +3t))),
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