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Solved Problems :

1. Using Laplace transform, solve , (0) 0y y t y    .

Solution :
Given , (0) 0y y t y   

Taking Laplace transfrom on both sides,
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2. Solve 24 8 , (0) 2ty y y e y      and (0) 2y   .

Solution :

Taking Laplace transforms on the sides of the equation, we get
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Solving we get 1 1 1, ,
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3. Use Laplace transform to solve ty y e    given that (0) 1y 

Solution:

ty y e  

Taking Laplace transform on both sides of the equation, we get , (0) 0y y t y   
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4. Solve 
2

2 9 18d y y t
dt

   given that (0) 0
2

y y     
 

Solution :

9 18y y t   where
2

2

d yy
dt

 

Taking Laplace transform on both sides of the equation, we get
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Exercise :

1. Solve 24 8 , (0) 2ty y y e y      and (0) 2y  

2. Solve 4 sin , (0) 0y y wt y     and (0) 0y 

3. Solve 2 3cos3 11sin 3 , (0) 0y y y t t y       and (0) 6y 

4. Solve 2( 4 13) sin ,   0tD D y e t y     and 0Dy   at 0t   where dD
dt



5. Solve 2 2 3( 6 9) 6 ,   0tD D x t e x     and 0Dx   at  0t  .

6. Solve 23 2 2( 1),   (0) 2,   (0) 0x x x t t x x         .

7. Solve 3 4 2 ,  (0) (0) 1ty y y e y y       .

8. Solve 9 18 ,   (0) 0,   0
2

x x t x x       
 

9. 4 cos 2 ,  ( ) 0,    ( ) 0y y t y y       .

10. 2 32 ,   (0) 2,   (0) 3tx x x t e x x       .

Answers :
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Solution of Integral equations using Laplace transform
Theorem :

If ( )f t  is piecewise continuous in every finite interval in the range 0t   and is of the exponential order, then
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Problems :

1. Solve  2

0

2
t

y ydt t t  
Solution :

Given  2

0

2
t

y ydt t t  
Taking Laplace Transform on both sides
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2. Solve 
0

2 2cos ,     (0) 1
tdy y ydt t y

dt
   

Solution :

Given
0

2 2cos
t

y y ydt t   
Taking Laplace Transform on both sides
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
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3. Using Laplace Transform solve 
0

( )
t

ty y t dt e 
Solution :

Given
0

( )
t

ty y t dt e 
Taking Laplace transform on both sides,
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4. Using Laplace transform, solve 
0

( ) cos sin
t

x x t dt t t  

Solution :

0

( ) cos sin
t

x x t dt t t  

Taking Laplace transform on both sides,
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Solving Integral Equations using convolution

Theorem :

By the definition of convolution, we have 
0

( ) ( ) ( ) ( )
t

f t g t f u g t u du  
and by convolution theorem, ( ( ) ( )) ( ( )) ( ( ))L f t g t L f t L g t 

Problems :

1. Solve 2

0

1 2 ( ) 
t

uy e y t u du   ______(1)

Solution :

2

0

( ) 
t

ue y t u du   is of the form 
0

( ) ( )
t

f u g t u du  where 2( ) , ( ) ( )  tf t e g t y t 

Taking Laplace Transform on both sides of (1),

2

0

( ) (1) 2 ( ) 
t
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   

 
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21 2 ( )tL e y t
s

     (Definition of convolution)

21 2 ( ) ( )tL e L y
s

  (Convolution theorem)

1 12 ( )
2

L y
s s

     

2 2

1
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2 1( ) 1
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2
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1 2
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L y L y
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 


    
    


  

   
 

 

      

      

2. Using Laplace transform solve 
0

1 ( )sin( )
t

y y u t u du  
Solution :

Given
0

1 ( )sin( )
t

y y u t u du  
Taking Laplace transform on both sides,
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0

( ) (1) ( )sin( )             ____(1)
t

L y L L y u t u du
 

   
 


Now the integral 
0

( ) sin( )
t

y u t u du  is of the form 
0

( ) g( )
t

f u t u du  where ( ) ( ), ( ) sin  f t y t g t t 

  (1) becomes

2

2

2

2

2

3

3

1 1
3

2
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1 1( ) ( )
1

1 1( ) 1
1
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1 1

1 1 2
2

11
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s
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s s
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 

  
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
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 

       
   

 

        

      

      

3. Using Laplace transform, solve 
0

( ) cos ( )
t

uf t t e f t u du  

Solution :

Given that 
0

( ) cos ( )
t

uf t t e f t u du   _____(1)

Taking Laplace transform on both sides of (1),

0

2

2

2

( ( )) (cos ) ( )

( ( ))
1

( ) ( ( ))
1

1 ( ( ))
1 1

t
u

t

t
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s L e f t
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s L e L f t
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s L f t
s s
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
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   
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
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 
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2

2

2

1 1
2 2

1( ( )) 1
1 1

( ( ))
1 1

1( ( ))
1

1( )
1 1

( ) cos sin

sL f t
s s

s sL f t
s s

sL f t
s

sf t L L
s s

f t t t

 

     
     





           

 

4. Solve the integral equation 2

0

( ) ( ) sin( )
t

y t t y t t u du  

Solution :

2

0

( ) ( ) sin( )
t

y t t y t t u du  

Taking Laplace transform obn both sides,

2

0

( ( )) ( ) ( )sin( )
t

L y t L t L y t t u du
 

   
 


3

3

3 2

2 3

2

2 3

2

5 3 5

1 1
3 5

2 4

2( ) ( ( ) sin )

2 ( ) (sin )

2 1( )
1

1 2( ) 1
1

2( )
1

2( 1) 2 2( )

2 2 4!
4!

1
12

L y L y t t
s

L y L t
s

L y
s s

L y
s s

sL y
s s

sL y
s s s

y L L
s s

y t t

 

  

 

     
    
 

  


  

       
   

 
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Exercise :

1. Solve
0

3 2 , (0) 0
t

x x x dt t x        

2. Solve
0

4 5 (0) 0
t

ty y y dt e y        

3. Solve
0

2 cos , (0) 1
t

x x x dt t x        

4. Solve 2

0

4 13 3 sin 3 , (0) 3
t

ty y y dt e t y        

5. Solve
0

( ) 4 3 ( )sin( )
t

x t t x u t u du  

6. Solve
0

( ) 2 ( ) cos( )
t

ty t e y u t u du  

7. Solve
0

( ) ( ) 2 ( ) 2
t

y u y t u du y t t   

8. Solve
0

( ) sin ( ) 
t

y t t u y t u du  

9. Solve
0

1 ( )sin( )
t

y y u t u du  

10. Solve
0

( ) cos ( )
t

uf t t e f t u du  
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Answers :

1.
21 (1 )

2
t tx e e   

2.
1 1 (cos 3sin )

2 2
t ty e e t t 

  

3.
1 (1 ) cos
2

tx t e t    

4.
2 7 33cos3 sin 3 sin 3 cos3

3 2
 ty e t t t t t t      

5.
3 sin 2
2

x t t 

6.  2( ) 1ty t e t 

7. ( ) 1y t 

8.
3

6
ty t 

9.
2

1
2
ty  

10. ( ) cos sinf t t t 
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Simulaneous differential equations

1. Using Laplace transform solve

sin

cos

dx y t
dt
dy x t
dt

 

 

given (0) 2x   and (0) 0y 
Solution :
Applying Laplace transform to the given equations

We get, ( ) ( ) (sin )
( ) ( ) (cos )

L x L y L t
L y L x L t

  
  

2

2

2

2

2

1( ) (0) ( )
1

( ) (0) ( )
1

1( ) (y) 2
1

2 3
1

sL x x L y
s

ssL y y L x
s

sL x L
s

s
s

   


  


   






   

                                     ____(1)

Also
2( ) ( )

1
ssL y L x

s
 


    _____(2)

2
2

2

2

2
2

2 2

3

2

(2 3)(1) ( ) ( )            ____(3)
1

(2)     ( ) ( )                      ____(4)
1

(2 3)(3) - (4) ( 1) ( )
1 1

2 2                               
1

                     

s ss s l x sL y
s

sL x sL y
s
s ss L x
s s
s s
s


   



  



  
 





2

2   ( )                         ____(5)
1

sL x
s




Substituting (5) in (2), we get

2 2

2 2 2 2

3

2 2

2

2 2

2

2 ( 1) 2 ( 1)( )
1 1 ( 1)( 1)

3                                    
( 1)( 1)

( 3)                                    
( 1)(1 )

( 3)                             ( )

s s s s s ssL y
s s s s

s s
s s

s s
s s

sL y

  
  

   

 


 

 

  


 2 2       ____(6)

( 1)(1 )s s 
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From (5), 1
2

2
1

2 2

2
1

  2cosh

( 3)
(1 )( 1)

sx L
s

t

sy L
s s





    


 
    

Consider
2

2 2 2

2 2 2

( 3)          ____(7)
(1 )( 1) 1 1 1

3 (1 )( 1) (1 )( 1) ( )(1 )(1 )

s A B Cs D
s s s s s

s A s s B s s Cs D s s

 
  

    

          

Put 1, 4 (2)(2)
        4 4 1

s A
A A

 
   

Put 1, 4 (2)(2)
        1

s B
B

  
 

Put 0, 3
       3 1 1
       1

s A B D
D

D

   
  
 

Comparing the coefficient of S,

0
0

A B C
C
  

 

Substituting the values of A, B, C, D in (7) we get

2

2 2 2

1 1 1
2

( 3) 1 1 1
(1 )( 1) 1 1 1

1 1 1
1 1 1

sint t

s
s s s s s

y L L L
s s s

y e e t

  

 


  

    

                    
   

Hence the solution is 2cosx ht  and sint ty e e t    

2. Solve
dx ax y
dt
dy ay x
dt

 

 

given that 0x   and 1y   when 0t 

Solution :

Applying Laplace transform we get
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( ) ( ) ( )
( ) ( ) ( )

( ) (0) ( ) ( )
   ( ) (0) ( ) ( )

L x aL x L y
L y aL y L x

sL x x aL x L y
sL y y aL y L x

  
  

   
  

Given that (0) 0,     (0) 1x y 

( ) (0) ( ) ( )
   ( ) (0) ( ) ( )

( ) ( ) ( )
   ( ) 1 ( ) ( )

( ) ( ) ( )
   ( ) ( ) ( ) 0              ____(1)
   - ( ) ( ) ( ) 1            ____(2)

(1) ( ) (2) ( ) (

sL x x aL x L y
sL y y aL y L x
sL x aL x L y
sL y aL y L x
s a L x L y
s a L x L y
L x s a L y

s a L y s a

   
  

  
  

  
  

  

     2

2

) 1

( )
( ) 1

s a

s aL y
s a

    


 
 

Also by (1)
2

1( )
( ) 1

L x
s a


 

1
2

1
2

1
2

1
2

1
( ) 1

1     
1

     sin

   
( ) 1

     
1

     cos

at

at

at

at

x L
s a

e L
s

e ht

s ay L
s a

se L
s

e ht



 





 



 
     

    


 
    

    


3. Solve 2 sin 2dy x t
dt

   and

2 cos 2 ,     (0) 1,       (0) 0dx y t x y
dt

   

Solution :

Taking Laplace Transform on both sides

( ) 2 ( ) (sin 2 )
( ) 2 ( ) (cos 2 )

L y L x L t
L x L y L t

  
  


