Inspection (Direct inversion) method

Sometimes by observing the coefficients in the given series U(z), it is possible to find
he sequence u,, as illustrated in the given examples.

Example 11 Find u,, if U(z) =1+ %z“ + i-z‘z + %z‘3 + o

Solution: Given that U(z) = Yo, (%)n z™" D)
Also by the definition of Z-transform U(z) = Y ou,z™" .2
.Comparing (Dand 2), we get u, = (-;—)n

Examplel2 Find u,, if U(z) =

(z -1)3
Solution: U(z) = — ?;)3 _ (ﬁ) P (1 _l)-3

4

10
~U(Z) =1+ ;+z—2+z—3+---
. (1 _x)..n — 1 + nx + n(n+1) xz + n(n+1)(n+2) x3 + s

2! 3!
(n+1)(n+2) 7
= U(2) = Xn=o "

Comparing with U (z) =2 u,z ", weget u, = ("+1)2(n+2)




2Z Z
2-1 22z-1

Examplel3 Find inverse Z-transform of 3 +
22 2

Solution: Given that U(z) = 3 +
z-1  22-1

. — 27-1 s O (K W = B
by =327 1] 42271 | 2] - 22 [

o
2

= u, = 36(n) + 2u(n) ‘é (1)n S g—— (%)nﬂ

2
g ] =0 0n) [ﬁ] =#(n); £~ [ﬁ] =a" where §(n) and

u(n) are unit impulse and unit step sequences respectively.

-3 -5
Examplel4 Find inverse Z-transform of 227% = :_] i3 ;:_,

-3 -5
Solution: Given that U(z) = 227° - 2_1 + Z_l

oy =227 g% 1] =271 [z“‘.ﬁ] +2™ [2—611.

o
2

1 n-6
= U, =26(n—2)—u(n—4)+(;) u(n—6)

» From Right shifting property Z7[z7*U(Z)] =



Direct division method

Direct division is one of the simplest methods for finding inverse Z -transform and can
be used for almost every type of expression given in fractional form.

4

=D L

Examplel5 Find the inverse Z-transform of

z
z2-3z+2

Solution: Given that U(z) =

By actual division, we get

z7 4327247273

22—32+192
z—3+2z71

3—=2z"1

721 =212"% + 14273
15272 — 14273

=2UZ)=2z"14+32"%+72"3+-
= Yo(2"-1)z™
Soup =2%=1



47242z
z%2-3z+1

Examplel6 Find the inverse Z -transform of 3

Solution: Given that U(z) = i

2z%—3z+1

24+ 4z"1 45272
2z% =3z + 1)422 + 2z

, by actual division, we get

47* — 62 + 2
8z —2
8z —12 + 4z~1
10 — 4z71
10 — 1527 ' 4+ 5272

11z71 =572

=U(z)=2+4z""+527% + -
= Yn=o(6 —2%"")z7"
% Uy =G =257

)



Partial fractions method

Partial fractions method can be used only if order of expression in the numerator 1s less
than or equal to that in the denominator. If order of expression in the numerator is

greater, then the fraction may be brought to desired form by direct division. Partial

: . U
fractions are formed of the expression =

— as demonstrated in the examples below.

’ . Z
Examplel7 Find the inverse Z -transform of — :
622 —5z+1
Solution: Given that U(z) = ——
6z<—5z+1
U(Z) 1 ie u,= 2"-3™
Uz 6z2-5z+41  (2z-1) (3z—1)
U(z) 2 3
= — o
z 2z—-1  3z-1
V4 Zz
= U(2) =—-—

zZ-= Z-=

Sy = (%)n-(-%)n - Z{a"} = — or Z~! LZ ] = aq™

Z—Qa —Qa

i-c- unz 2""__3‘7‘



. . 4 2 2
Examplel8 Find the inverse Z -transform of z =
2z2--3z+1
o . 2.2 2z(2z-1
Solution: Given that U(z) = 4f g 2R )
2z4-3z+1 (2z-1)(z-1)

(z) 2(2z+1)
z ( 2z-1)}z-1)
By partial fractions, we get

Uuiz) -8 S8l
z  2z-1 + z—1
-8 6
E U(Z) - Zz—zl _1
= =471 [ + 6271
z—— 71

= U, = —4 (5) +6(1)" -+ Z1 ;] =qa"

1.€. U,= —4 (i-)n + 6



1
1-z74)(2-2z71)

Examplel9 Find the inverse Z -transform of (

1
(1—z"1)(2—2z72)

Solution: Given that U(z) =

Multiplying and dividing by z2, we get

z? z?
U(Z) = z(1—-z=Y)z(2-z71) = (z—1)(2z-1)
U(z) z
z  (z- 1)(2z-1)

By partial fractions, we get

U(z) 1 1
z (Z 1) (2z-1)
= U(z) = z

(z 1) (22—1)

P Un =27 [(zil)] _%Z_l [i]

> up= O =2(3) vz [ =a

2

_ 1+
1.e. U= 1-— (;)



4z*—2z
z3-5z%+8z-4

4z*-2z  _ 2z(2z-1)
23-522482—4 (z—1)(z-2)2

Example20 Find the inverse Z -transform of

Solution: Given that U(z) =

LUz 2(2z-1)
Tz (z-1)(z-2)2
By partial fractions, we get

Uiz) 2 2 6
z z—=1 z-2 (z-2)2
2z 2Z 6z

= U(z) = 1 22" G2

(z—2)%

= u, =2(1)"-2(2)" + 3n(2)" 271 %a] =a"and Z™1 [ = ] = na”

(z—a)?

Le. u,= 2-2""1 4+ 3n.2"



Method of residues (Inverse integral)
By using the theory of complex variables, it can be shown that the inverse Z-transform

is given by u, = széc U(z)z" 'dz = sum of residues of U(z)

where c is the closed contour which contains all the insolated singularities of U(z)in
the region of convergence.
Method of residues is one of the most efficient methods and can be used to find the

inverse Z- transform where partial fractions are tedious to find.

Example2l Find the inverse z-transform of -

3 z247z+10
Solution: U(z) = TS
Now u, = ﬁ§ U(z)z" 'dz
B xd n-1
= 2mi §C zz+7z+loz az
I SR
T 2mi Y z247z+10
- a
T 2mi Jc (z+2)(z+5)
There are two simple polesat z = —2 and z = —5
- . o (-2)"
Residue at z = —2 is given by llm (z + 2) (z+2)(z+5) 2
Residue at z = —5 is given by ]im (z + 5) 2t =L 5)”
(z+2)(z+5) -3

. u,= sum of residues = 3 ( 5) {( 2) (-— 5) }



z%42
(z=1)(z%+1)

Example22 Find the inverse z-transform of
zt+z
(z—-1)(z?+1)

Now u, = Léc U(z)z" 'dz

Solution: U(z) =

244z
. e — n‘l
Un = 2mi ’c (z—l)(zz+1) dz
1 zZ(z+1)

T 2mi Yo (z-1)(z+i)(z—0)

There are three simple polesatz =1, z=—iandz =i
n
Residue at z = 1 is given by i = z (z+1) = _
z=1iggivenby lim(z ~1) -1+
3 - . : z™z+1) N 7 1
Residue at z = —i is given by zl.l..n_li(z + i) T 2( i)
e - z™"(z+1) _ _ 1.5

Residue at z = i is given by Ll_l:r}(z i) (z—l)(z-i-i)(z—i) ==k

* Un=sum of residues =1 —~ - (=) — : r=1== {(-l)" +1i"}



Example23 Find the inverse z-transform of e

(z-1)?
PR o Z(EFT)
Solution: U(z) = e
o A n-1
Now u, = — $. U(z)z"'dz
1 z™(z+1)

= = —
Un 2mi ’c  (z—-1)3

Here z = 1 is a pole of order 3

2 SN 3.n B
Residue at z = 1 is given by %lin} :zz (z 1()2 Zl)(:ﬂ)
P 2= N

= Llim<- [z"(z + 1)
21 z»1dz? '

DR e P n n—1
_z!y_rf}az [(n+ 1)z" + nz"]

= %lin} [(n+ Dnz""! +n(n—1)z"?]
P Z—

= [n?+n+n?—-n]=n?
" U, = Sum of residues = n?



Power series method
In this method, we find the inverse Z - transform by expanding U(z) in power series.

Example 24 Find u, if U(z) = longz1
-1

: : o) o ke LRI b (P PRt kS z
Solution: Given U(z) = long = log( . ) = log1 == log(l +z)
~U(z) ==log(1+y) Putting = =y

e VYR Y
=IFTFT=I TS o =
» log(1 + x) =x—x2 -l-x3 —’: + oo
e s e i o i ST T L
=U(z) = z+222 3z3+4z'f g dha=

=U(z) =0+ Z?;,%z‘"
Comparing with U(z) = Yo u,z™ " . we get
0 forn=20
=1

-1)" .
(n) ,otherwise




 Convolution theorem method
Convolution theorem for Z-transforms states that:

If U(z) = Z{u,}and V(z) = Z{v,}, then Z{u,, *v,} = U(2).V(2)
= Z7U(2).V(2)] = u, v,

7?2

Example2s Find the inverse z-transform of using convolution theorem.,

(z—-1)(2z-1)

Solution: Let U(z) = Z{u,} = (;—])and V(z) = Z{v,} = —= l(l-l')

(2z-1) 2

Clearly u, = (1)" and u, = -;-(%)n 2 [Z_La] =a"

Now by convolution theorem Z~*[U(2).V(2)] = u, * v,



=2 [(2—1;(222—1)] = (1)" * (%)n+1

— n
We know that u,, * v, = )% o UmVn—m

" ;zn=o(1)m (;-)n-i-l—m
=(§)n+l+(§)n+(§)n_l+ #5
’1+ +( gy )]

4 —e)"“)l

v Sn ='1f_r(1 —-7r")



Exercise 4A

; 2% n<0
1. Find the Z—transform of u,, = {3,,' s
2. Find the Z—transform of u, = :
(n—p)! .

3. Find the inverse Z—transform of u, = D)

4. Solve the difference equation y, ., + 4y, + 3, =3,y =0,y;, = 1
using Z—-transforms

Answers
2Z

' zz—szrls’
2. Zz Pez

ni gL ‘TR

3 1—cosT—tsm?

1 5 3
4. yo = =3% == (=3)* + = (=1)*

3<|z] <5




