EXAMPLES:
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Examplel Find the Z-transform of 2n 4 3 sin T

5a*

Linearity: Z{au,, + bv,} = aZ{u,} + bZ{v,}

Solution: By linearity property

Z{2n+3sin™ - Sa“} = 27(n} + 37 <’sin"—4"-} - 57{a")
= 27{n} + 37 sin";"} - 50*7(1)
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. Z{n} - (7—17"’ Lsin n9} T 22-27¢050+41° Z{1} = z-1
17
. € _pple B oy VW dak
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Example2 Find the Z—-transform of the sequence {4, 8,16, 32, ...

Solution: u,, = 2"**, n=0,1273...
Z{2n+2} — Z{zZzn}
=4z == [l <1 v z{a"} ==,

Example3 Find the Z—-transform of (n +1)?

Solution: Z{(n + 1)?} = Z{n* + 2n + 1}
= Z{n?} + 2Z{n} + Z{1}
224z 2z z

= (z—1)3 (z—l)2 + z—1

: Z(n?} = 222 7{n} =

z—-1)3’
Exampled4 Find the Z -transform of
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3 ‘ z(z—cos#
Solution: i. Z{cosnf} = = ( )
Z€=22c050+1

- Z{ncosn@} = —z= LZ(Z'COSG)

E 2_2zcos8+1 y
Z{nun} — —Zd—éZ{u,,}
—zzcoso+22-coso]
(z2-2zcos8+1)%

z3cos0@—-2z%+ zcos@
(z2=2zcos@+1)?
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T4 {sm (— + —)} = {sm — COS=— 4 COS —SIn —}
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Taking two sided Z— transform: Z{a"} = ¥>_ __ al®lz"

{a'"'} Yeta v Y alte ™
=[...+a3z3+azzz+az]+[1+5+—2+“—3+---]
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Example$ Find the Z-transform of u,, = {gn' z ; g

Taking two sided Z- transform: Z{u, } = Y- oo Up2 ™"

2, }-22;2" ‘"+ZS°3" A

R [1+ oSt
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-2_(2 )2_3(,) 7] < 12| and |3] < |7
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Z

#Z{u,,}zm, 3<|z| <2
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s Z-transform does not exist for u, = {3,, >0 the set 3 < |z] < 2 is infeasible.



Example6 Find the Z—transform of

1 . 1

L. "G, 0Sr<n TR o :
¥ = ¥ (n+r)! (n—r)!

Solution: 1. Z{"C,.} =X, "C, z7"
=14+ "C,z7 '+ "Crz7%+-+ "Cpz™"
=(1+z1)"

i, Z{"7C.} =32, "™,z
=14 "G, 27 4 20, 272 4 W30, 473 4
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=1+(n+1)z7" + = ~

= 14 (nm () + SR oy

+(—n—1)(—7;'—2)(—n—3) (_Z_l)_3 gy

=(1- z~1)—n-1

+ e



Example 7 Find the Z—transform of

i () i, —
n! " (n+r)! " (n-1)!
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Now Z {%} = ez
Also from left shifting property Z{u,,,} = z* [Z {fu,}—uy——=———=— - =
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. {(n+r)!} -7 [e o r—1)lz7 1
.
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i, Z{n r),} Y oy

1

Now Z{=} = ¢z

(n- r)'

Also from right shifting property, Z{u,_,} = z7%Z{u,} , k is positive integer
- Z{_l.} T3
” (n=r)! .
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e
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Example8 Find Z{u,,} if Z{u,} = —+ ——

o SR _ _z z

Solution: Given Z{u,, } = U(z) = T
From left shifting property Z{u,,,,} = z* ’Z {u} —up — ?l D
Now from initial value theorem u, = lim U(z)

= lim [Z + z2+1]

Z—00

1
=lim[ Jl-i-—-?'—]=1+0

z—oo | 1—— 1+z—2
Sy =1 2)
Also from initial value theorem u, = lim z[U(z)—u,]
Z—00

. z
= lim z . — 1]
Z—00 z—1 Z%+1

= Tmo 2z%—z+1 ] _
- (zZ+1)(z—1)]

Z -0
S = 2 ®
Using @and @ in (D, we get Z{u,,,} = z* [2—1 I 72““ 1 — g]
z(z%-z+2)

= Z{Uns2) = (z—1)(z2+1)



Example9 Verify convolution theorem for u, = nand v, = 1
Solution: Convolution theorem states that Z{u, * v,,} = U(2).V(2)
We know that u, * v, = 27 —0 UmVn—m
= Ym=om.1
=0+14+24+3+-+n=

nin+1)
2

= Z{un * Un} = Zn On(n;l) = [Zw 07’12 z "4 2?:0722-71]

=§wmn+zmn

_ 1[z(z+1) z ] [z(z+l)+z(z—1)] 1[ 2z2 ]
T 2l(z-1)3 ' (z-1)2 2 (z—1)3 (z—1)3

2
o Z{u, * vy} = — QD

(z—1)3

Also U(z) = Z{n} = and V(z) = Z{1} = 2%

z
...1)2

= U{z).V(z) =

'1)3

From (Dand (2) Z{u71 v} = U(2).V(2)



Examplel0 If u,, = §(n)—-8(n—1), v, = 26(n) + §(n—1), Find the Z-transform of
their convolution.
Solution: U(z) = Z{6(n) = d(n— 1D }L V(z) = Z{26(n) + 6(n— 1)}
Now Z{6(n)} =1land Z{6(n—1)} =z} “ Zf, Y = z7%Z{u,}
~U@Z)=1=z'andV(z) =2+2z1
Also Z{u, *v,} = U(2).V(2)
> Z2{u,* v} =1 =-2"YYR2+2zY)=2=-2"1=272

Inverse Z-Transform

Given a function U(z), we can find the sequence u,, by one of the following methods
» Inspection (Direct inversion)

» Direct division

» Partial fractions
e Residues (Inverse integral)
e Power-Series
e (Convolution theorem



