2(-1" = —

Z{(—=1)"} = — Putting @ = —1 in Resu

kz
z—1

Z{k} =

Z{k} = ¥ kz™" = kz,, ,z"

—k[1+ bt sttt
-'Z{k}—z

1 I



S. Recurrence formula for nP: | zZ{nP} =

d
—_ — p-1
zdzE{n }

Z{nP} =32 0 nPz~" | p is a positive integer k)
ZfnP~ 1} =3 nP 1z (2
Differentiating (2) w.r.t. z, we get
52?71} = T3 nP T (mn)z !
= —z7' Xn=onPz "
= :—ZZ{n”“} = —z"1Z{n?P} using (1)
= Z{nP} = —2z :—ZZ{n”“}
6. Multiplication by n Z{nu,} = —z—Z{u,,}

Z{nu,} =

dz

Xn=oNU,Z "

—Z Lnmg Up (—)Z27" 0
—Z im0 U %Z—"

—z ¥ 70— (Unz ™)
—Z—' Qr=ounz™)

e ;Z{un}




z
Z .
{n} Z— 1)
Z{n} = —z-‘%Z {n°} using Recurrence Result 5 or 6
d
= —z;Z{l}
= - %ﬁ using result 2
z
= Z{n} = =
z* 4+ z
Z{(n?) = ——
) =
Z{n*} = —z :—ZZ{n} using Recurrence Result 5 or 6
= - % (2-21)2 using Result 7
2y _ 2%+4z
= Zin“} = o
_(On<0y_ =z 0,n<0
Z{“(") = {1,n > 0} g [= {1,n >0

Z{u(n)} = Erou(m)z " =37

n=0

a

1 1 1 1
= 1+;+z—2+z_3+"'+;+"'

= Z{u(n)} =

-1

z
z

is Unit step sequence



0. | z{sm) ={

1,n=0
On=0

b=1

Z{o(n)} = Xn=ed(n)z™
=14+0+4+0+ -

= Z{6(n)} =1

Properties of Z-Transforms
1. Linearity: Z{au, + bv,} = aZ{u,} + bZ{v,}
Proof: Z{au, + bv,} = Yo-o(au, + bv,)z™"
= A Yp=oUnZ "+ b Xy vpz™"
= aZ{u,} + bZ{v,}
2. Change of scale (or Damping rule):
If Z{u,} = U(z),then Z{a "u,} = U(az) and Z{a"u,} = U (E)
Proof: Z{a "u,} = Yoo @ " up2z™"
= Yo Un(az)™ = U(az)

Similarly Z{a"u,} = U (%)

5(n) = {

1n=0
On=0

is Unit impulse sequence



Results from application of Damping rule

- az
| etnr= (z —a)?
Proof: Z{n} = —— = U(z) say

(2—1)? :
~Z{a™m}= U (i) —_a az

a (3_01)2 = z-a)?

e 2.4 2
1l az-+a°z
Zian 2) —
{a"n*} = a3
—
Proof: Z{n?} = (:_i; = U(z) say

~Z{a"m?*}= U (%) = Lz“&@ = AG4an)



(z-c0s 6) . ing
L. Z{cosno}zﬁ;, Z{ sinnf) = ——

74-27c050+1

Proof: We have Z {e""e} =7 {(e‘e)-'l} =7 {(619)-71. 1}

Now Z{1} =ﬁ

- L ol6
22f(e) " =Hn v zlemu) = V@)
.2
z-¢10
2(z-e'?)

- (2-e10)(z-¢!?)



_ z(z-cosB-Isinf)

™ io p— P23
= —— e = s + [sinf
22z (e¥+e~10)41

z (z-cosf-isinf el Le-if
i L v cosf =
z2%-2zcos+1

) Z{e-me} - z(z—cosf) . zsinf
N T z%-27c0s0+1  z2-2zc0sf+1
2(z—cosb) . zsin@

= - ] C} e — O ———
Z{cosnf = i sinnf} T w—

« Z{ cosnf} = SAP0RE) .0

z%=2zcos0+1

zsin#

— 0
z2-2zcosf+1 S

and Z{ sinnf} =



azsin@

iv. z(z—acosB) :
n o n o
Z{ a"cosnB} Z{ a" sinn6} R P

z22-2azcosB+at’

By Damping rule, replacing z by-f; in (Dand (4), we get

- 0 ;
Z{a"cosnf} = zzf(;;?: ezai’ and Z{a"sinnf} =

Right Shifting Property
For n > k, Z{u,_;} = z7%Z{u,} , k is positive integer

Proof: Z{uty—1} = Yo Un-12~"
- u_kzo + ul_kz-l e are +u_lz—k+l + uoz—k + ulz‘("“) + uzz-(k+2) .
=0 +upz™ +uy 270 4 upz 3D 4o v U, =0forn <0
= Ynk=0 Un-kZ "
= Z;.;:o umz-k-m

— y—Kk V00 -m
=2 2m=0 umz
n

azsinf@

z2-2zcosf+a®

5 S Y

=z7%Z{u,}



Left Shifting Property
If k is a positive integer Z{u,, .} = z [Z{u,,} - Uy — ﬂ ... “"‘1]
Proof: Z{u, 1k} = Xn=o Un+kZ ™"

— ok @
= 2" Yin=0 Un+kZ
= zMwpz™* + uy 4270 +uy 272 4o

—(n+k)

= z¢[ug + wyz7t + upz 2 + o w1z * D 4y 2k
—z%|ug + u,7‘1 + Uz 4 e w2z KD

—_— K[\ —n
— & | n= Oun Zn Oun ]
Y o -n -
= Z n=0UnZ =~ — n Ou z7"]
N k — —&—tt—2 ————— uk—l
= [Z{u"} Uo z z2 z““1]

In particular for k = 1,2,3
Z{uy 41} = z[Z{u,} — up)
Z{ups2} = z* [Z{un} T ~L



Initial Value theorem:
If Z{u,} = U(z), then u, = lim U(z)

Z—00

uy = lim z[U(z)—u,]

u, = lim z° [U(z)—uo —%]

Z—00

Proof: By definition U(z) = Z{u,} = Yh—oUnz "

— R TR W W S T &),
=§U(7) = Uy + > +zz+z3+ s \D)
e P W Ma  Us
..uo_lzl_l}goU(z)—;l_.n;[uo+2+22+Z3+ ]
=U+0+0+0+-=u,
Again from(3), we get

=M Moy Bao
U(z)=u, = - +zi+zi¢+
= z[U(2)—upl =uy + 2+ 5+
= limz|[U(z)=u,] = lim [u1 +u—2+3‘.—f_+ ] = 1l
Z—00 Z—00 V4 Z
Similarly u, = lim z° [U(z)—u0 -
200 Z

Note: Initial value theorem may be used to determine the sequence u,, from the given
function U(z)



Final Value theorem:
If Z{u,} = U(z), then limu,, = Iin} (z=-1)U(2)
n—oo Z—
Proof: Z{u, ;1 —u,} = 2o o(Upsy —Uy)z™
= Z{up41} — Z{up} = Xnco(upsq —up)z™

= z[Z{u,} — uol — Z{u,} = Xio(Upsy — )27
By using left shifting property for k = 1
= (z = 1DZ{uy} — up = Lpzo(tnsy — up)z™"
or (z=1DU(2) =uy = Yn=o(ttysy —uy)z™™ v Z{u,} = U(2)
Taking limits z — 1 on both sides

lim (z = DU(2) = up = Lnzo(tns1 — Un)
or lzl_rp1 (z=1U(2z)—uy = Li_r.lgo[(u1 —ug) + (U —wy) + -+ (U —uy)l
= li_r}:o[unnl — Uy
:zl.i;n (z=-1)U(z) = uwn
or lzl_rfl1 (z=1)U(z) = Li_r&un

Note: Initial value and final value theorems determine the value of u,, forn = 0 and
for n — oo from the given function U(z).



Convolution theorem
Convolution of two sequences u,, and v, is defined as w, * v, = Y00 UmVn-m
Convolution theorem for Z-transforms states that

If U(z) = Z{u,} and V(z) = Z{v,}, then Z{u, *v,} = U(2).V(z)

Proof: U(2).V(z) = Z{u,}.Z{v,}
- [z:o=0un n] [Zn 0 Vn n]

[u0+ $ 4ty ] [vo e +.'7.’%+l
= (upvy) + (uovl + ulvo)z + (uyv, + ulvl + uzvo)z—z 2+ ove
= Yo o(Ugly + Uy Vpey + UpVpy + -+ + U V)2 "

= Y=o Dm0 Ui Vi )2

= U(2).V(2) = Z{¥m=0 W Vn-m) oy et V=201
= U(2).V(2) = Z{u, * v,} W U KUy = 0o Ui Vo



