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2.5 Linear First Order Differential Equations 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)                 General form of linear Equations 

where: 

𝑃(𝑥): The function adjacent to (𝑦) when the coefficient of 
𝑑𝑦

𝑑𝑥
 is equal to 1. 

𝑃(𝑥):  هو الدالة المجاورة لل𝑦  عندما معامل
𝑑𝑦

𝑑𝑥
 .1يساوي   

𝑄(𝑥): The right side function is free from (𝑦) and its derivatives when the coefficient 

of 
𝑑𝑦

𝑑𝑥
 is equal to 1. 

𝑄(𝑥):  هو الدالة في الجهة اليمنى والخالية من المتغير𝑦  ومشتقاته عندما معامل
𝑑𝑦

𝑑𝑥
 .1يساوي   

To Find General Solution for Linear Equation: 

let (𝑟) is an integrating factor; then multiply the general linear equation by (𝑟): 

(𝑟)
𝑑𝑦

𝑑𝑥
+ (𝑟)𝑃(𝑥)𝑦 = (𝑟)𝑄(𝑥) 

let: 

(𝑟)
𝑑𝑦

𝑑𝑥
+ (𝑟)𝑃(𝑥)𝑦 = (𝑟)𝑄(𝑥) =

𝑑

𝑑𝑥
(𝑟𝑦) 

∴ (𝑟)
𝑑𝑦

𝑑𝑥
+ (𝑟)𝑃(𝑥)𝑦 =

𝑑

𝑑𝑥
(𝑟𝑦) … … … … … … . (1) 

𝑎𝑛𝑑 (𝑟)𝑄(𝑥) =
𝑑

𝑑𝑥
(𝑟𝑦) … … … … … … … (2) 

from eq. (1): 
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(𝑟)
𝑑𝑦

𝑑𝑥
+ (𝑟)𝑃(𝑥)𝑦 = 𝑟

𝑑𝑦

𝑑𝑥
+ 𝑦

𝑑𝑟

𝑑𝑥
 

(𝑟)𝑃(𝑥) =
𝑑𝑟

𝑑𝑥
             →   𝑟𝑒 − 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 

𝑑𝑟

𝑟
= 𝑃(𝑥)𝑑𝑥     →        ∫

𝑑𝑟

𝑟
= ∫ 𝑃(𝑥)𝑑𝑥   

ln 𝑟 = ∫ 𝑃(𝑥)𝑑𝑥    نأخذ 𝑒  للطرفين             

∴ 𝑟 = 𝒆∫ 𝑷(𝒙)𝒅𝒙 … … … … … (3)      integrating factor for linear equation 

from eq. (2): 

(𝑟)𝑄(𝑥) =
𝑑

𝑑𝑥
(𝑟𝑦)       →   𝑟𝑒 − 𝑎𝑟𝑟𝑎𝑛𝑔𝑒𝑚𝑒𝑛𝑡 

𝑑(𝑟𝑦) =  (𝑟)𝑄(𝑥) 𝑑𝑥         →          ∫ 𝑑(𝑟𝑦) =  ∫(𝑟)𝑄(𝑥) 𝑑𝑥 + 𝑐   

𝑟𝑦 =  ∫(𝑟)𝑄(𝑥) 𝑑𝑥 + 𝑐     

∴ 𝑦 =
1

𝑟
(∫(𝑟)𝑄(𝑥) 𝑑𝑥 + 𝑐) … … … … … (4) 

 Sub eq. (3) and eq. (4) to get: 

∴ 𝒚 = 𝒆− ∫ 𝑷(𝒙)𝒅𝒙 (∫ 𝒆∫ 𝑷(𝒙)𝒅𝒙 ∙ 𝑸(𝒙) 𝒅𝒙 + 𝒄)   
general solution 

for linear equaion
 

Example (1): Solve the equation 𝒅𝒚 − 𝒚 𝒅𝒙 − 𝒙 𝒅𝒙 = 𝟎? 

Solve: 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)                 general form of linear equaion 

𝑑𝑦 − 𝑦 𝑑𝑥 − 𝑥 𝑑𝑥 = 0    } ÷ 𝑑𝑥           →          
𝑑𝑦

𝑑𝑥
− 𝑦 − 𝑥 = 0        

𝑑𝑦

𝑑𝑥
− 𝑦 = 𝑥        
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∴ 𝑃(𝑥) = −1,    𝑄(𝑥) = 𝑥 

∴ 𝑦 = 𝑒− ∫ 𝑃(𝑥)𝑑𝑥 (∫ 𝑒∫ 𝑃(𝑥)𝑑𝑥 ∙ 𝑄(𝑥) 𝑑𝑥 + 𝑐) 

𝑦 = 𝑒− ∫ −𝑑𝑥 (∫ 𝑒∫ −𝑑𝑥 ∙ 𝑥 𝑑𝑥 + 𝑐) 

𝑦 = 𝑒𝑥 (∫ 𝑒−𝑥 ∙ 𝑥 𝑑𝑥 + 𝑐) 

𝑢)ان يحل بطريقة اما ان تكامل ضرب دالتين ملاحظة:  ∙ 𝑑𝑣) فهنا سوف نجري التكامل  طريقة الجدول. او

𝑢)ة طريقالب ∙ 𝑑𝑣). 

∫ 𝑒−𝑥 ∙ 𝑥 𝑑𝑥  use (𝑢 ∙ 𝑑𝑣) to solve integral 

∫ 𝑢 ∙ 𝑑𝑣 = 𝑢 ∙ 𝑣 − ∫ 𝑣 ∙ 𝑑𝑢   

 𝑙𝑒𝑡  𝑢 = 𝑥      →        𝑑𝑢 = 𝑑𝑥   

 𝑑𝑣 = 𝑒−𝑥 ∙  𝑑𝑥   →      𝑣 = −𝑒−𝑥 

𝑦 = 𝑒𝑥 (−𝑥 ∙ 𝑒−𝑥 − ∫ −𝑒−𝑥 ∙ 𝑑𝑥 + 𝑐) 

𝑦 = 𝑒𝑥(−𝑥 ∙ 𝑒−𝑥 − 𝑒−𝑥 + 𝑐)  

𝑦 = −𝑥 − 1 + 𝑐𝑒𝑥  

Example (2): Solve the equation �́� − 𝟑𝒚 = 𝟔? 

Solve: 

𝑑𝑦

𝑑𝑥
+ 𝑃(𝑥)𝑦 = 𝑄(𝑥)                 general form of linear equaion 

∴ 𝑃(𝑥) = −3,    𝑄(𝑥) = 6 

∴ 𝑦 = 𝑒− ∫ 𝑃(𝑥)𝑑𝑥 (∫ 𝑒∫ 𝑃(𝑥)𝑑𝑥 ∙ 𝑄(𝑥) 𝑑𝑥 + 𝑐) 

𝑦 = 𝑒− ∫ −3 𝑑𝑥 (∫ 𝑒∫ −3 𝑑𝑥 ∙ 6 𝑑𝑥 + 𝑐) 

𝑦 = 𝑒3𝑥 (∫ 𝑒−3𝑥 ∙ 6 𝑑𝑥 + 𝑐) 

𝑦 = 𝑒3𝑥(−2 𝑒−3𝑥 + 𝑐)          →       𝑦 = −2 + 𝑐 𝑒3𝑥 

طريقة الجدول ب وبالإمكان حلها ايضا

 موضحة ادناه:ال
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Problems: 

H.W: Solve the equations: 

1) �́� +
𝑦

1 − 𝑥
= 𝑥2 − 𝑥                              𝐀𝐧𝐬𝐰𝐞𝐫: 𝑦 = (1 − 𝑥) [−

𝑥2

2
+ 𝑐] 

2) (𝑥 − 𝑦) 𝑑𝑥 + 𝑥 𝑑𝑦 = 0                       𝐀𝐧𝐬𝐰𝐞𝐫: 𝑦 = 𝑥 (− ln 𝑥 + 𝑐) 

3) �́� + 𝑦 = 𝑒𝑥 ,    𝑦(0) = 2                      𝐀𝐧𝐬𝐰𝐞𝐫: 𝑦 =
1

2
 (𝑒𝑥 + 3𝑒−𝑥) 


