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The Source-Free Parallel RLC Circuit

Parallel RLC circuits find many practical applications, notably in communications networksand filter
designs.

Consider the parallel RLC circuit shown in Fig.4.1. Assume initial inductor current lo and initial capacitor
voltage Vo,

1 (0 |
i(0)= I, = Ef v(t)dt (4.1a)
v(0) = V, (4.1b)

Since the three elements are in parallel, they have the same voltage v across them. Accordingto passive sign
convention, the current is entering each element; that is, the current througheach element is leaving the top
node. Thus, applying KCL at the top node gives

v 1t dv

E+Zf—wvdt+CE=U 42)
Taking the derivative with respect to t and dividing by C results in

v 1 0

it rea it = (43)

We obtain the characteristic equation by replacing the first derivative by s and the secondderivative by
s2. By following the same reasoning used in establishing Egs. (3.3) through(3.7), the characteristic
equation is obtained as

2 1 1 _
STt St = 0 (4.4)
The roots of the characteristic equation are

1 1

- 2 4.5
S12= ~9pcE |GRE T IC (4)
or
S12 = —a /aZ - wg (4.6)
where
1 1
“Z2Rc’ T UIC 4.7
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The names of these terms remain the same as in the preceding section, as they play the samerole in the
solution. Again, there are three possible solutions, depending on whether a > wo, @ = wo, Or @ < wo.
Let us consider these cases separately
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Fig.4.1 A source-free parallel RLC circuit.

Overdamped Case (a > my)

From Eq. (4.7), « > wo when L > 4R2(C. The roots of the characteristic equation are realand negative. The
response is

v(t) = Ae5it + A,eset (4.8)

Critically Damped Case (a = mo)

For a = wo, L = 4R%C. The roots are real and equal so that the response is

v(t) = (A + Ayt)e (4.9)

Underdamped Case (a < mo)

When a < wo, L < 4R2C. In this case the roots are complex and may be expressed as

where
wg = [w§ — a? (4.11)

The response is

v(t) = e (A, cos wyt + A, sin wgyt) (4.12)
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The constants A1 and A> in each case can be determined ffom the initial conditions. Weneed v(0) and
dv(0)/dt. The first term is known from Eq. (4.1b). We find the second term by combining Egs. (4.1)
and (4.2), as

A dv(0)

or
dv(0) (Vo + Rly)
dt _ _ RC (4.13)

The voltage waveforms are similar to those shown in Fig. 3.2 and will depend on whether the circuit is
overdamped, underdamped, or critically damped.

Having found the capacitor voltage v(t) for the parallel RLC circuit as shown above, we can readily obtain
other circuit quantities such as individual element currents. For example,the resistor current is iz = v/R and
the capacitor voltage is vc = Cdv/dt. We have selectedthe capacitor voltage v(t) as the key variable to be
determined first in order to take advantage of Eq. (2.1a). Notice that we first found the inductor current i(t)
for the RLC series circuit, whereas we first found the capacitor voltage v(t) for the parallel RLC circuit.

Example 5: In the parallel circuit of Fig. 4.1, find v(t) for t > 0, assuming v(0) = 5V,
i(0)=0,L=1H, and C = 10mF. Consider these cases: R = 1.92302, R =5/, and R = 6.25/.

Solution:

CASE 1 If R =1.9230,

1 1
2RC  2x1.923x10x10-3

1 1
VLC V1x10x10-3

=10

LIJO -
Since a > wy in this case, the response is overdamped. The roots of the characteristic
equation are

S12=—a*+ [a? —wi = —2,—50

and the corresponding response is
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v(t) = Ar1e7%t + A (1)

We now apply the initial conditions to get A1 and A..

v(0)=5=A4,+ A, 2)
dv(0) _ v(0) + Ri(0) _ 54+0 — 260
dt RC 1.923x10x1073
But differentiating Eq. (1),
(;—I: = —2A;e7 %t — 504,730t
Att =0,
—260 = —2A, — 504, (3)

From Egs. (2) and (3), we obtain Ay = —0.2083 and A, = 5.208. Substituting A1 and 4,
in Eq. (1) yields
v(t) = —0.2083e-2 + 5.208e-50 4)

CASE 2 When R = 5/(),

But differentiating Eq. (5)

1 1
@ =3RC = 2x5x10x10-3 _ 1°

while wy = 10 remains the same. Since @ = wy = 10, the response is critically damped.
Hence, s; = s, = —10, and

v(t) = (A, + A,t)e 10t (5)

To get A; and A, . we apply the initial conditions

u(0) =5 =4, (6)
dv(0)  v(0) + Ri(0) 540 — 100
dt RC T 5x10x10-3

But differentiating Eq. (5),

dv — 10t
E = (—10A4A, — 10A-t + As)e
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Att =0,

—100 = —104; + 4, (7)
From Egs. (6) and (7), A; = 5 and A, = —50. Thus,

v(t) = (5 —50t)e 10ty (8)

CASE 3 When R = 6.25/0),

1 1

= 2RC ~ 2x625x10x10-2 _ °

o

while wy, = 10 remains the same. As @ < w,, in this case, the response is underdamped. The
roots of the characteristic equation are

S12 = —a+ {az—w§=—81j6

Hence,
v(t) = (A; cos 6t + A, sin 6t)e 8¢ 9)

We now obtain A; and A,, as

v(0)=5=A4, (10)
dv(0)  v(0)+Ri(0) _ 540 — 80
dt RC T 6.25%x10x10-3

But differentiating Eq. (9),

22 = (—84A, cos 6t — BA, sin 6t — 6A; sin 6t + 64, cos 6t)e ™5
Att =0,
—80 = —84; + 64, (11)

From Egs. (10) and (11), 4; = 5and A, = —6.667. Thus,
v(t) = (5 cos 6t — 6.667 sin 6t)e 8¢ (12)

Notice that by increasing the value of R, the degree of damping decreases and theresponses differ. Fig.1 plots the three
cases.
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Fig.1: responses for three degrees of damping.

HW.5:InFig.4.1,letR =20, L =0.4H, C = 25mF, v(0) = 0, i(0) = 10mA. Find
v(t) fort > 0.

Answer: —400te-10tp(t)mV.

Example 6:Find v(t) for t > 0 in the RLC circuit of Fig.1.

Solution:

When t <0, the switch is open; the 300 04H i

inductor acts like a short circuit while the A M
capacitor behaves like an open circuit. The
initial voltage across the capacitor is the " <
same as the voltage across the 50 — 2 40 \=/ 1—>< VL= 0pF=="7

L
<
= p—

resistor; that is,

50
30+50

v(0) =

(40) =2x40 = 25V (1)

The initial current through the inductor is

40
30 + 50

i(0) = — = —0.54
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The direction of i is as indicated in Fig.1. to conform with the direction of I in Fig.4.1,
which is in agreement with the convention that current flows into the positive terminal of an
inductor. We need to express this in terms of dv/dt, since we are looking for v.

dv(0) _ _u(n)+m(n) _ 25-50x0.5 0 (2)

dt RC  50x20x1076

When t > 0, the switch is closed. The voltage source along with the 30 — 2 resistor is
separated ffom the rest of the circuit. The parallel RLC circuit acts independently of the
voltage source, as illustrated in Fig.2. Next, we determine that the roots of the characteristic
equation are

1 1 30 Q 04H
* =ZRC T 2x50%20x106 "0 [ 7N\ / \

1 1 sV (5) X S0Q S 20 uF =
o, :

VLC V04x20x10-° l |
S12 = —a a? — wj Fig.2 The circuit in Fig. 1 when t>0. The
parallel RLC circuit on the right-hand
= —500 + /250,000 — 124,9976 = —500 + 354 side acts independently of the circuit on
the left-hand side of the junction.

or

S; = —854,s, = —146

Since @ > w,, we have the overdamped response

v(t) = Aje 8% + A e 140t (3)
At t = 0, we impose the condition in Eq. (1),

v(0)=25=A,+4A, = A, =25-4A, (4)
Taking the derivative of v(t) in Eq. (3),

dv
= = —8544,7854 — 1464, 07146t

Imposing the condition in Eq. (2),

dv(0)
dt

0 = —8544, — 1464,

or
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0 = 8544, + 1464,

Solving Egs. (4) and (5) gives

A, =-5.156,4, = 30.16

Thus, the complete solution in Eq. (3) becomes

v(t) = =5.156e 854 + 30.16e 146t}

(%)

H.W. 6: Refer to the circuit in Fig.1. Find v(¢t) for t > 0.

Answer: 100(e-10t — e-25t),

N
L

4mF =

Fig.1
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Thank you very much

MSC. ZAHRAA HAZIM




