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Laplace Transform Theorem (Properties)

Theorem 1: Linearity

The Laplace transform is a linear transform, by which is meant that:

(1) The transform of a sum (or difference) of expressions is the sum (or
difference) of the individual transforms. That is

L{f(r) £g(®)} = L{f ()} + L{g(t)}
(2) The transform of an expression that is multiplied by a constant is the
constant multiplied by the transform of the expression. That is
L{kf(6)} = kKL{f (1)}
Note: Two transforms must mot be multiplied together to form the
transform of a product of expressions — we shall see later that the
product of two transforms is the transform of the convolution of two
expressions.

Example 6 ) e .
@ L{2¢7 + £} = L{2e }+ L{f}=2L{e )+ L{t} = 5 + 5 = ﬁ

®) L{2sin 3t+cos 3t}=2L{sin3f}+L{cos 3t} =2 3 _, S _ S+ 6

52 +9 ' 52 49 5249
() L{4€*" + 3cosh4t} = 4L{e**} + 3L{cosh 4t}
1 s 4 3s
=45z 3 16" 5—z"2_16
752 — 65— 64
G —_—2)(Z — 16)
The working is straightforward. for
3
d i —_—2 = —_
(d) L{2sin3t + 4sinh 3t} = 2. 5~ o+ 4. 55
__ 6 , 12 _ 18(s>+3)
T s2+9 "s2—9  s4_81
5 S 652 — 45 — 20
e)r 4 — —
(e) L{se + cosh 2t} s—ats=—3 G —a)(Z — a)
3! 21 11! 1
MO L{f+2r? —ar+1} =5+2.5—-4. 5+

=;lz{s3 — 452 + 45 + 6}
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Theorem 2 The first shift theorem
The first shift theorem states that if L{f(t)} = F(s) then

L{e™™f(t)} =F(s+a)
Because L{e™f(f)} = ro e f(e~tdt = |  F()e C+D dt = F(s + a)
t=0

Thatis  L{e=%f(1)} = F(s + a)

The transform L{e~?f (t)} is thus the same as L{f (t)} with s everywhere
in the result replaced by (s + a).
2
2+ 4
2 2
(s+3)%+4 s2+65+13

For example L{sin 2t} =

then L{e**sin2t} =

Similarly, {2} = —3231 . L{t*"} is the same with s replaced by (s — 4).

s L{te) = 2 z
(s—4)
Exercise
Determine the following.

1. L{e%cosh3t} 2. L{2'sin3t} 3. L{dtet)
4, L{eZ‘cost} 5. L{e3tsinh2t} 6. L{ﬁf‘”}
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6. L{r}=3 R +4)

Theorem 3 AMultiplying by £ and t”
If L{f(t)} = F(s) then L{tf(®)} = —F'(s)
st _ =] de—st
Because L{tf(f)} = J::o tf (e > dt = J (O (— s ) dt

= _..i —st — __E'
= ~Gas )0 (e ™ dt = —F'(s)
. 2
For example, L{sin 2t} = Z 14
. . d 2 4s
c. L{tsin 2t} = — 3= m) :m
d — 9} —
and similarly, L{fcosh3f{} = — T (ﬁ) _ - 29) 5 ;"2(23)
— 2 _
_ s*+9
(s2 — 9)?
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Theorem 4 Division by t

' If F(s) - L{f(t)} then

L{@} = :[F (u)du
Example

e
t

Here, f(t) =sin(f) then F(s) =

5 and
s +1

sin(®)] _ 7 1 g ® o agn o a1
L{ . }—!u2+ldu—tan (u)L = -tan (s)=tan (s)

LA} = (1) ()

Example 2

Determine L{ﬂ}

L{1 — cos2t} =+ ad

s s24 4
Then, by Theorem 4

1 — cos2Z2t = 1 o
L{ t }_L:;{c_r_az+4}dg
(s ]

= [mo—gme o] 3 [ (G
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