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Engineering mathematics
second stage
Dr.Ammar Nomi

Derivatives

The derivative of the function y = f(X) is the function y’'= f'(X) Whose value at each X is
dy f(x+Ax)

define by rul =f(x) === Iim "= f'(x
efine by rule y = (x) dx ax—>0  AX y &
’5( The Rules for Derivative
1 d

If y=b :>d—y=0 where b is constant y=a4:>—y:0

dx dx

2

ify=x" :>ﬂ:nx”‘1 N any number y=Xx"2 :>ﬂ=—2x_2_1=—2x_3

dx dx

3 hoh d_y_ n—1 1

If y=Dbx :>dx—b.nx y=43/x :ﬂ:41 s __ 4

dx 3 3'3 X2

4 dy du  dv 2 4 dy 3

If y= —=—+— =2X"+8-5x" = —=4x+0-20x

y=u V) = T d i

511 y=bu()]" :Si:b.n[u(x)]“_l.ji y =3(2x% —x+4)’ :gi(’=3.7(2x2—x+4)6.(4x—1)

6 y=u(x)v(x) = OI—yzu(x).ﬂJrv(x).d—u y = (X" +1)(x-3)*
dx dx dx

:‘%=(x2 FD2(x=3)]+(x—3)2(2x)

du dv (x2 +1)2
) ﬂ_v(x).&—u(x).& y= 7 5 2
V0 T T P o2 &)
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Trigonometric Functions

Derivative

Hyperbolic Trigonometric Function

dy

y =sin(u) = = cos(u).u’

y=cos(u) = dy =—sin(u).u’
dx

y=tan(u) = dy =sec?(u).u’
dx

d—y=—cscz(u).u’
X

y =cot(u) =
dy

dy

y =sec(u) = d—=sec(u)tan(u).u'
X

y=csc(u) = Y —csc(u)cot(u).u’
X

d—yzcosh(u).u’
dx

y=sinh(u) =
y =cosh(u) =
y=tanh(u) =

= _sech?(u).u’
i (u)

d—y:—cschz(u).u'
dx

y=coth(u) =
y=sech(u) =

y=csch(u) =

ﬂzsinh(u).u’
dx

dy

dy =—sech(u)tanh(u).u’
dx

dy =-—csch(u)coth(u).u’
dx

Partial derivatives

The partial derivative is used in vector calculus and differential
geometry. In Mathematics, sometimes the function depends on two
or more variables. Here, the derivative converts into the partial
derivative since the function depends on several variables. We will
learn about the definition of partial derivatives, their formulas,
partial derivative rules such as chain rule, product rule, quotient rule
with more solved examples.
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Partial Derivatives

Function of Two or More Independent Variables and Their Derivatives:

A (f) e f(XY) 2 A0 (y) 2 e 133 (X)Y) Oafitse G iy Al (F) 4
Bl 1Sa any <l (y) el (X) ) Aplly LS (a5 (X) 2nls5 il ey

0 i . . s Y| e s P ST e Tatae s
L) ST () 3o ) 30 () 8 ) il 5 () I sl (x,y) A0 o ]

G (ol A0 AY) il el i i O il 2 Flawdly BEEY) dlee o3
A o AV il Jrai g aaly i L5

Example 1:  Find () and (3—5) if f(x,y) =x%—xy+y>2.

SLI.(Z—D=2x—y and (Z—i)—x+2y

Example 2. Find £, fy, fu. fu if f(x,y,u,v) = ’;Zii
2 2y
Sol. fx = U242 fy = u24p2
@ +v)(0) - (2 +y)(u)  —2u(x? +y?)
fu - (uz + vz)z - (uz + 172)2

@ +vH)(0) - (x*+y)(2v)  —2v(x* +y?)
ﬁ? - (uz + v2)2 - (uZ + UZ)Z

Example 3: Find £, ;. fz. fiw if f(x,y,2,w) = x?e*Y*3% cos(4w).
Sol. fx = 2xe?* cos(aw) ,  f, = 2x%e?*% cos(4w)

f, = 3x%e®*3 cos(4w) and fir = —4x*e®*3 sin(4w)

Example 4: Find f,, f, if f(x,y) = e™® cos 2x.

a_f) — a2V g
Sol. (ax = f, — —2¢~“Y sin 2x
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Partial Derivatives

(Z—f/) = f, = —2e %Y cos 2x

Example 5: Find £, f,, f; if f(x,v,2) =/x2 +y% +z2.

D)= fo=2x? +y? 2y5 I
sl (G) = A=y @0 = s
af) 1, 2 — Y

— | = =—(x*+ +z 2*(2):

<6y Iy 2( Y ) Y VX2 +y2 + 72
af) L2 2. 22 z
—|=f,==(x*+y*+2z°)2 x(22) =

(z f 2( Y ) Jx2 +y2 4 72

The Chain Rule

t o GELEN AL Al x il s w=F(X) o ! X (8 Blansdd AL dls yw <l 1) (1)
D2 ol LElia Mnie

ow _ of ox
ot  0x ot

A e claiie Al w3l Gl y 5 X Cpliiae (popaia A& Al w=f(Xx,y) <uls 13)(2)
Qigs\tdgzms\M\@g&mmdgmgﬂuijmsuufy}fxsfzm
Do et i gt (8 BELIDU AL Alla wy ()55 Baimd y=y(t) 5 X=X (L)

ow afax+afay
ot 0dxdt dyot

Example: Use the chain rule to find the derivative of f(x,y) = xy with
respect to (t) along the path x = cost,y = sint. what is the value of the
derivative at t = m?

Sol.
ow _ofox of dy
gt 0dx ot dyot
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Partial Derivatives

= (y) (=sint) + (x) (cost)

= —sin’t + cos?t
1 1
=—3 (1 —cos 2t) + > (1 + cos 2t)

= cos 2t

el =cos2m =1
S |t= = COS2m =

A e leide AlAl s3] ) 5 X 5y eX Miise Gy paie & Al w=f(X,Y,Z) <l 13)(3)
) t Jiisall el 8 SEEMAE JIsaz5y s X QS f) 5 f) 5 f el
bl \giidio g ¢ (8 GUELEDU AL Al wy ¢ 585 aind 7=7(1) 5 y=y(t) 5 X=X(1) O

ow _0fox 9f dy of oz
dt  0xdt dJyodt 0zot
Example: Use the chain rule to find Z—V: ifw=x?>+vy%+2z%,x=e'cost
,y =elsintand z = et
Sol.
dw _0fdx_0f dy of oz
ot 0x ot 0dyot 0zt
= (2x)(e*cost — etsint) + (2y)(e'sint + etcost) + (2z)(e")
= 2e%tcos?t — 2e?tsintcost + 2e?'sin?t + 2e?tsintcost + 2e?t
= 2e%tcos?t + 2e2tsin?t + 2e?t
= 2e?*(cos?t + sin’t + 1)

oaw_
=

4e?t
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