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1.1. Discrete Fourier Transform

Figure below illustrates the time domain representation of a 1,000-Hz
sinusoid with 32 samples at a sampling rate of 8,000 Hz; the bottom plot
shows the signal spectrum (frequency domain representation), where we
can clearly observe that the amplitude peak is located at the frequency of
1,000 Hz in the calculated spectrum. Hence, the spectral plot better displays

frequency information of a digital signal.
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The algorithm transforming the time domain signal samples to the frequency domain
components is known as the discrete Fourier transform, or DFT. The DFT also
establishes a relationship between the time domain representation and the frequency
domain representation. Therefore, we can apply the DFT to perform frequency

analysis of a time domain sequence.

1.2. Discrete Fourier Transform Formulas

Now, let us concentrate on development of the DFT. Figure below shows
one way to obtain the DFT formula.

x(t) This portion of the signal is used for
A DFT and spectrum calculation
I

x(n) X(IN+1)=x(1) l :
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Now let us conclude the DFT definition. Given a sequence x(n), 0 <n <N -1, its
DFT is defined as:

N-1 N-1
X(k) = Z.\'(n)e jAekniN | — Z.\'(n)lfo\'.". fork=0,1,..., N—1.
n=0 n=0)

Above equation can be expanded as

X(k) = x(0) Wi + x(1) WE' + xQWR +... +x(N — Yy,
fork=0,1,..., N—1,

Where the factor Wy (called the twiddle factor in some textbooks) is defined as:

P 27 st LT
Wy =e "IN = cos| — ) —jsin[ =—).
N N

The inverse DFT is given by

N- N-1
2 1
x(n) = Z X(ReP™IN = =3 X)Wy, forn=0,1,...,N 1.
=0
Similarly
_\'(n)_N(X(O)W\.O"+A(I)wv +XQWRP + ...+ XN = g™ “").
forn=0,1,.... N— 1.
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Example

Given a sequence x(n) for 0 <n< 3, where x(0) =1, x(1) =2, x(2) = 3, and x(3)
= 4, Evaluate its DFT X(K).

Solution
3 3
X(k) = Z x(n) I'Vf" = Zx(_n)e Lz o
n=0 n=0
Thus, fork=0
3
X(0) = Z x(n)e™ = x(0)e 7 + x(1)e ™ ° + x(2)e ° + x(3)e
n=0
= x(0) + x(1)+ x(2) + x(3)
=1+24+3+4=10
fork=1
3 e 5 P - 3
X(1)= Z.\'(n)e 2 = x(0)e™ + x(1)e F + x(e ™ + x(3)e T
n=>0
= x(0) — jx(1) — x(2) +jx(3)
=1—/2-3+j4=-2+;2
fork=2
3
X(2) = Z.\'(n)e 7™ — x(0)e 7 + x(1)e ™7™ + x(2)e 2™ 4+ x(3)e P7
n=0

= x(0) — x(1) +x(2) — x(3)
=1-2+3-4=-2
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and fork=3

X3)= Zx(n_)e L x(0)e™ + x(1)e L x(2)e 7 & x(3)e 5
n=0
= x(0) +jx(1) — x(2) — jx(3)

=1+42—-3—jd=-2—j2

The calculated N DFT coefficients X(k) represent the frequency components ranging
from 0 Hz (or radians/second) to fs Hz (or ws radians/second), hence we can map

the frequency bin k to its corresponding frequency as follows:

R

W =

— (radians per second),

4

or in terms of Hz

where w; = 27 f.

We can define the frequency resolution as the frequency step between two
consecutive DFT coefficients to measure how fine the frequency domain

presentation is and achieve

Aw = % (radians per second),
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or in terms of Hz, it follows that

Af :,T (Hz).

1.3. Fourier Series Coefficients of Periodic Digital Signals

The Fourier series coefficients of periodic digital signals are used to represent these
signals in the frequency domain. For periodic signals, the Fourier series provides a
decomposition into a sum of sinusoidal components, each characterized by a
frequency, amplitude, and phase. Let us look at a process in which we want to
estimate the spectrum of a periodic digital signal x(n) sampled at a rate of f; Hz with
the fundamental period To = NT, as shown in Figure below

x(n) x(N+1)=x(1)
'
SRS SRR
x(0)g T T L >
0 [« N
T,=NT x(N) = x(0)

According to Fourier series analysis, the coefficients of the Fourier series

expansion of a periodic signal x(t) in a complex form is
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l "
a =— [ x(neFidy — 00 < k < o0,
0 JTy

Where,
k is the number of harmonics corresponding to the harmonic frequency of kfy.
wo = 21 /To and fo = 1/T, are the fundamental frequency in radians per second and
the fundamental frequency in Hz, respectively.
The signal has a fundamental period To = NT, where:

« N: The number of samples in one period.
« T: The sampling interval (time between consecutive samples).

The integration over one period using a summation by substituting t= nT. We obtain

N-1
_I'lran
YV xwe P, —w<k<om

n=l)

1
(’/\-:E

Since the coefficients c are obtained from the Fourier series expansion in the
complex form, the resultant spectrum c, will have two sides. There is an important
feature of above Equation in which the Fourier series coefficient c is periodic of

N. We can verify this as follows:
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N-1 . N—1
_ o pedin ] N
ChaN = — x(n)e ~ = — x(n)e " ~Ne :
JV 1'\'
n=\) n=\

Since e 7™ = cos(2mn) — jsin (2@n) = 1, it follows that

Cik+N = Ck-

Example/ The periodic signal

x(r) = sin (2711)

Is sampled using the rate f; = 4 Hz.
a. Compute the spectrum cy using the samples in one period.
b. Plot the two-sided amplitude spectrum |ck| over the range
from -2 to 2 Hz.

Solution

a. From the analog signal, we can determine the fundamental frequency

Wo 2m

o =27 radians per second and, and f, = Pl 1Hz the fundamental

x(n) = x(nT) =sin(2anT) = sin (0.57n)
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period To = 1 second. Since using the sampling interval T =1/fs = 0.25
second, we get the sampled signal as

x(n) = x(nT) =sin(2anT) = sin (0.57n)

and plot the first eight samples as shown in Figure

x(n)
; L ox(
x(0) x| A
0 '  3 i !
x(3)
> . &

Choosing the duration of one period, N = 4, we have the sample values as

follows

x(0) =0; x(1)=1; x(2) = 0; and x(3) = —1.
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b.  The amplitude spectrum for the digital signal is sketched in Figure

l | 3 I I
W=y Z"'(‘ [cA =8
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As we know, the spectrum in the range of -2 to 2 Hz presents the information of the
sinusoid with a frequency of 1 Hz and a peak value of 2|c1| = 1 which is converted
from two sides to one side by doubling the spectral value. Note that we do not double

the direct-current (DC) component, that is, cO.
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