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Matrices

| Linearly Dependent & Linearly Independent Functions

If Y1, Y25 Y3300 ), are functions gf xthen y,, Yy, V3sees ¥, are linearly dependent

if w(yl,yz,y,,...,y~)= 0 where

N o e Vm

! B ome I
W()'vyz’yav"’yn)= l .2 ’ .

yl(m—l) y:n-l) . y:m—l)

if w(y,, Vs Vases y.);t 0 then y,,¥;, V3s5+e V,, are linearly independent.

Example
¥yt =t

x 2

w1, ;) =,:, ¥ | = 2xe* - xe* = xe*(2-x)# 0

- So, yl-and Yy, are linearly independent.

&

> y, =4e", y,=2¢"
4" 2e”

.. [=8e* -8 =0
4e* 2e*

w(¥,¥;) =

So, y, and y, are linearly dependent.
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Eigen Values & Eigen Vectors

Let A be an 72 x » matrix, a real or complex number A is called an Eigen value of
A if det(A — A7)=0 and with [4— AI]|X =0 then X is called an Eigen vector with
respect to A where I is the identity matrix.

Example

Find the Eigen values and Eigen vectors of A if

1 -1
1 3
<a)A=[1 2],' <b>A=[ ] . ~Gpd=l0 L 3
=k =% g " o o —1

Solution ' o
(a) To find Eigen values, we have det(A—/lI )=-0 then

Il_'1 2 leo0= @-2AN2-2)+2=0 = —2—A+224+X +2=0

—1 —2—-A

— 24+A1=0 = A{(r+1)=0 = 4,=0,4,=-1

For 4, =0 — 1 - *1 =0
) —1 —2]x,
x,r +2x, =0 = x;=—2x,-
. F > -
Let x, =1 = x,=—2=>'l‘heEigenvectorfor21=Ois[ l]
i =s | = SE%|_s
—1 =1,
2x;, +2x, =0 = 2x..=—2x2 = x=—Xx,

—1
Let x, =1 —> x; =—1 —> The Eigen vector for A4, =—1 is[l]

(b) To find Eigen values, we have det(4 — A7)= 0 then
1—A 3 2
=0 1— —6=0 1— 2 —6=
|2. '1—,1| = (1—-4) 6. = 24+ A2 —6=0
= A*—-2A—-5=0 —
= A4,=1+-6, 4, =1—-/6
To find the Eigen vectors, we have [A—/T.I ]X=0_

_ —/6 3 |=1_
For A, =1+/6 = [2""_;/3][::2]_0

—/6x, +3x, =0 = —/6x,=—3x, = x, =

3
Je 2
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3 |
Let x,=1 = xl=%.6_-=>'l‘heEigcnvectorforll=l+«/gis|:F:|

o J6 3 Ix" e
For 4, =1-/6 = [2 6 xz]—0~
-3

«/gx,+3x2=0 = -\/gx,=—3x2 =5 .7c,=—‘/—g-x2

. -3
Let x, =1 = x,=_—J§ = meEigmvmrfmA=l—Jgk[_?]

(¢) To find Eigen values, we have det(A— Al )= 0 then
D e <1 B
0 1-2 1 |=0> (1—,14
0 0 -1-4

=0

1-A 1 0
+1
0 -1-2] |0 —-1-A4

= —(1-1)@1+1)=0
= A4,=1, 4, =1,and 4, =-1 :
To find the Eigen vectors, we have [4—ar ]X=0

0 -1° 07 x
ForA,=1 = .|0- 0 1 |x|=0
0 0 -2]x

-x,=0,x=0,-2x,=0
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(74 5
The Eigen vector for 4,, =1is| 0
0
Each choice of @ gives us an Eigen vector associated with 4 =1.
2 -1 O)x
For ,=—1 = |0 2 1]x,|=0
0 0 Ooflx)
2%, —x,=0'> 2x, =k
2x,+x,=0:%x£lx?/
Letx,=1=>x=2 = x=—4

, 1
The Eigen vector for 4; =—1is| 2
—4
Exercises

Find the Eigen values and Eigen vectors of the following matrices
1 0 1 0
1, s —3,
D o _.3] | Ans. [o] [1]

0 O 3
2) 0 0] Ans. 0, any non-zero vector

2 [ 5] w51 ]
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