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SECOND-ORDER SYSTEMS 
In this section, we shall obtain the response of a typical second-order control system 
to a step input and impulse input. Here we consider a servo system as an example of 
a second-order system. 
 

Servo System. The servo system shown in Figure (1a) consists of a proportional 
controller and load elements (inertia and viscous-friction elements). Suppose that we 
wish to control the output position c in accordance with the input position r. 
The equation for the load elements is 
 
 
 
 
 
 
Figure (1a) 
 
 
 
 
 
where T is the torque produced by the proportional controller whose gain is K. By taking 
Laplace transforms of both sides of this last equation, assuming the zero initial conditions, we 
obtain 
 
                                                    
 
 
the transfer function 
 
 
 
 

 

Figure (1b) 

 

 

 

Figure (1c) 

 

 

 

The closed-loop transfer function is 

 



Step Response of Second-Order System. 
The closed-loop transfer function of the system shown in Figure 1(c) is 
  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                         figure 2 

 

 

 

the closed loop transfer function is 

 

This form is called the standard form of the second-order system. 

 

 



The dynamic behavior of the second-order system can then be described in terms of 
two parameters ζ and ωn.  

 
 

1- If 0 < ζ < 1, the closed-loop poles are complex conjugates and lie in the left-half s 
plane. The system is then called underdamped, and the transient response is 
oscillatory. 

2- If ζ = 0, the transient response does not die out (critical stable). 
3- If ζ = 1, the system is called critically damped. 
4- If ζ > 1 the system is called overdamped. 

 
 

(1) Underdamped case (0< ζ <1): In this case, C(s)/R(s) can be written  
 
 
 

The frequency ωd is called the damped natural frequency. 

 For a unit-step input, C(s) can be written  
  

The inverse Laplace transform can be obtained easily if C(s) is written in the 
following form: 

 
 

 

Referring to the Laplace transform table, it can be shown that  

  

 

 

 

 

 



 
 
 
 
 
 
 
 
 
It can be seen that the frequency of transient oscillation is the damped natural 
frequency ωd and thus varies with the damping ratio ζ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The error signal for this system is the difference between the input and output and is 
 
 
 
 
 
This error signal exhibits a damped sinusoidal oscillation. 
At steady state, or at t = ∞, no error exists between the input and output. 
 



    If the damping ratio ζ is equal to zero, the response becomes undamped and 
oscillations continue indefinitely. The response c(t) for the zero damping case may 
be obtained by substituting ζ = 0, yielding 

 

ωn represents the undamped natural frequency of the system.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



(2) Critically damped case (ζ = 1): If the two poles of C(s)/R(s) are equal, the system is 
said to be a critically damped one. 

 
For a unit-step input, R(s) = 1/s   and C(s) can be written 
 
 
 
 
 
The inverse Laplace transform is 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 



(3) Overdamped case (ζ > 1): In this case, the two poles of C(s)/R(s) are negative   
real and unequal. For a unit-step input, R(s)=1/s and C(s) can be written         
 

 
 
  
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Definitions of Transient-Response Specifications 
1.  Delay time, td 

2.  Rise time, tr 

3.  Peak time, tp 

4.  Maximum overshoot, Mp 

5.  Settling time, ts 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.  Delay time, td : The delay time is the time required for the response 
to reach half the final value the very first time. 

2.  Rise time, tr: The rise time is the time required for the response to rise 
from 10% to 90%, 5% to 95%, or 0% to 100% of its final value. For 
underdamped second- order systems, the 0% to 100% rise time is 
normally used. For overdamped systems, the 10% to 90% rise time is 
commonly used. 

3.  Peak time, tp: The peak time is the time required for the response to 
reach the first peak of the overshoot. 

4. Maximum (percent) overshoot, Mp : The maximum overshoot is the 
maximum peak value of the response curve measured from unity. If 
the final steady-state value of the response differs from unity, then it is 
common to use the maximum percent overshoot. It is defined by 

 
 
 



 
 

 
 

5. Settling time, ts: The settling time is the time required for the response  curve 
to reach and stay within a range about the final value of size specified by absolute 
per-centage of the final value (usually 2% or 5%). The settling time is related 
to the largest time constant of the control system. 
 
Rise time tr:                                            Thus, the rise time tr is 

 

 
 
 
 
 
 
 
 
 
 
Peak time tp: 
 
 
 
Maximum overshoot Mp : 
 
   
 
 
 
Settling time ts : 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
By comparing with 
 
  
  𝝎𝝎𝒏𝒏 = �𝑲𝑲/𝑱𝑱 
 
 
Determination of the values of K and Kh :  The maximum overshoot Mp is 
given by Equation 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 























Q1: For the system shown in figure (1)
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Figure (1)
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(1) obtain the maximum over shoot, settling time for approximately  5% error,
rise time and peak time when the input is a step function             

(2) sketch the output response for step input.     







Q2: (A) Define two of the following statements, (1) transient response, (2) steady state
response, (3) impulse response                            

(B) For the system shown in figure (2) which employs derivative of feedback in addition to
unity feedback 
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Figure (2)
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(1) Determine the value of K so that the damping ratio ( ζ = 0.5 )       
(2) Find the rise time, settling time with approximate 5% error, damped natural frequency, and maximum

overshoot. Use the damping ratio ( ζ = 0.5 )
(3) Sketch the output  c(t) when the input r(t) is unit step function





Q3: For the system  shown in figure (3), 
(1) Find the value of km which gives step response of damping ratio (ζ=0.4)    
(2) Obtain maximum over shoot, settling time with approximately 5% error, damped 

natural frequency,  rise time,  and peak time for damping ratio (ζ=0.4).      
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Figure (3)
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