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Singularity Functions 

 

A basic understanding of singularity functions will help us make sense of the response of 

first‐order circuits to a sudden application of an independent dc voltage or current source. 

Singularity functions (also called switching functions) are very useful in circuit analysis. 

They serve as good approximations to the switching signals that arise in circuits with 

switching operations. They are helpful in the neat, compact description of some circuit 

phenomena, especially the step response of 𝑅𝐶 or 𝑅𝐿 circuits . 

 
 

 
The three most widely used singularity functions in circuit analysis are : 

1. the unit step function. 

2. the unit impulse function. 

3. the unit ramp function. 
 

 

 

1) Unit step function 
 

 
The unit step function is undefined at 𝑡 = 0, where it changes abruptly from 0 to 1 (shown 

in Fig.4.1). It is dimensionless, like other mathematical functions such as sine and cosine. 

In mathematical terms, 
 

 

 

Singularity functions are functions that either are discontinuous or have 
discontinuous derivatives. 

The unit step function u(t) is 0 for negative values of t and 1 for positive values of t. 
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If the abrupt change occurs at 𝑡 = 𝑡0 (where 𝑡0 > 0) instead of 𝑡 = 0, which is the same as 

saying that 𝑢(𝑡) is delayed by 𝑡0 seconds, as shown in Fig.4.2(a), the unit step function 

becomes 

 

We use the step function to represent an abrupt change in voltage or current, like the changes 

that occur in the circuits of control systems and digital computers. For example, the voltage 
 

 

If we let 𝑡0 = 0 then 𝑣(𝑡)is simply the step voltage 𝑉0𝑢(𝑡). A voltage source of 𝑉0𝑢(𝑡) is 

shown in Fig.4.3 (a); its equivalent circuit is shown in Fig.4.3 (b). It is evident in Fig.4.3 

(a) that terminals a-b are short circuited (v = 0) for t < 0 and that v = V0 appears at the 

terminals 
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Fig.4.3 (a) A voltage source of 𝑉0𝑢(𝑡) (b) its equivalent circuit. 

for 𝑡 > 0. Similarly, a current source of 𝐼0𝑢(𝑡) is shown in Fig.4.4 (a), while its equivalent 

circuit is in Fig.4.4 (b). Notice that for 𝑡 < 0, there is an open circuit (𝑖 = 0) , and that 𝑖 = 

𝐼0 flows for 𝑡 > 0. 
 

Fig.4.4 (a) A current source of 𝐼0𝑢(𝑡) (b) its equivalent circuit. 

 
 

2) Unit impulse function 

 
The derivative of the unit step function 𝑢(𝑡) is the unit impulse function (or delta function) 

𝜹(𝒕) , which we write as 

 

 
 

Impulsive currents and voltages occur in electric circuits as a result of switching operations 

or impulsive sources. Although the unit impulse function is not physically realizable (just 

like ideal sources, ideal resistors, etc.), it is a very useful mathematical tool. 
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The unit impulse may be regarded as an applied or resulting shock. It may be visualized 

as a very short duration pulse of unit area. This may be expressed mathematically as 

 

where 𝑡 = 0− denotes the time just before 𝑡 = 0 and 𝑡 = 0+ is the time just after 𝑡 = 0. For 

this reason, it is customary to write 1 (denoting unit area) beside the arrow that is used to 

symbolize the unit impulse function, as in Fig.4.5. The unit area is known as the strength 

of the impulse function. When an impulse function has a strength other than unity, the area 

of the impulse is equal to its strength. For example, an impulse function 10𝛿(𝑡) has an area 

of 10. Fig.4.6 shows the impulse functions 5𝛿(𝑡 + 2), 10𝛿(𝑡) , and 

−4𝛿(𝑡 − 3) . 

  Fig.4.5 The unit impulse function.         Fig.4.6 Three impulse functions. 

 
To illustrate how the impulse function affects other functions, let us evaluate the integral 

 

 

This shows that when a function is integrated with the impulse function, we obtain the 

value of the function at the point where the impulse occurs. This is a highly useful 
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property of the impulse function known as the sampling or sifting property. The special case 

of  Eq. (4.8) is for 𝑡0 = 0. Then Eq. (4.9) becomes 

 
3) Unit ramp function 

 
Integrating the unit step function 𝑢(𝑡) results in the unit ramp function 𝒓(𝒕) ; 

 

The unit ramp function is zero for negative values of t and has a unit slope 

for positive values of t. 
 

Fig.4.7 shows the unit ramp function. In general, a ramp is a function that changes at 

a constant rate. 

The unit ramp function may be delayed or advanced as shown in Fig.4.8. For the 

delayed unit ramp function, 

 

We should keep in mind that the three singularity functions (impulse, step, and ramp) are 

related by differentiation as 
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Example 6: Express the voltage pulse in Fig.1 in terms of the unit step. Calculate 

its derivative and sketch it. 
 

Solution: The type of pulse in Fig.1 is called 
the gate function. It may be regarded as a step 
function that switches on at one value of 𝑡 and 
switches off at another value of 𝑡. This gate 
function switches on at 𝑡 = 2𝑠 and switches off 
at  𝑡 = 5𝑠. It consists of the sum of two unit 
step functions as shown in Fig.2 (a). From the 
figure, it is evident that 
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Fig.2 (a) Decomposition of the pulse in Fig.1,  (b) derivative of the pulse in Fig.1. 

 

 

 

 

H.W. 6: Express the current pulse in Fig.1in terms of the unit step. Find its integral and 

sketch it. 
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Example 7: Express the sawtooth function shown in Fig.1in terms of singularity 

functions. 

Solution: 

There are three ways of solving this problem. The first 

method is by mere observation of the given function, 

while the other methods involve some graphical 

manipulations of the function.  

 

 

 

 

METHOD 1 By looking at the sketch of 𝑣(𝑡) in Fig.1, it is not hard to notice that the 

given function 𝑣(𝑡) is a combination of singularity functions. So we let 
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METHOD 2 A close observation of Fig.1 reveals that 𝑣(𝑡) is a multiplication 

of two functions: a ramp function and a gate function. Thus, 

𝑣(𝑡) = 5𝑡[𝑢(𝑡) − 𝑢(𝑡 − 2)] = 5𝑡𝑢(𝑡) − 5𝑡𝑢(𝑡 − 2) 

= 5𝑟(𝑡) − 5(𝑡 − 2 + 2)𝑢(𝑡 − 2) = 5𝑟(𝑡) − 5(𝑡 − 2)𝑢(𝑡 − 2) − 10𝑢(𝑡 − 2) 

= 5𝑟(𝑡) − 5𝑟(𝑡 − 2) − 10𝑢(𝑡 − 2) 

the same as before. 

 

METHOD 3 This method is similar to Method 2. We observe from Fig.1 that 

𝑣(𝑡) is a multiplication of a ramp function and a unit step function, as shown in 

Fig.4. Thus, 

𝑣(𝑡) = 5𝑟(𝑡)𝑢(−𝑡 + 2) 

If we replace 𝑢(−𝑡) by 1 − 𝑢(𝑡),then we can replace 𝑢(−𝑡 + 2) by 1 − 𝑢(𝑡 − 2) 

. Hence, 

𝑣(𝑡) = 5𝑟(𝑡)[1 − 𝑢(𝑡 − 2)] 

which can be simplified as in Method 2 to get the same result. 
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Solution: 

The signal 𝑔(𝑡) may be regarded as the sum of three functions specified within the 

three intervals 𝑡 < 0, 0 < 𝑡 < 1, and 𝑡 > 1. 

For 𝑡 < 0, 𝑔(𝑡) may be regarded as 3 multiplied by 𝑢(−𝑡) , where 𝑢(−𝑡) = 1 for 𝑡 < 

0 and 0 for 𝑡 > 0. Within the time interval 0 < 𝑡 < 1, the function may be considered 

as −2 multiplied by a gated function [𝑢(𝑡) − 𝑢(𝑡 − 1)]. For 𝑡 > 1, the function may 

be regarded as 2𝑡 − 4 multiplied by the unit step function 𝑢(𝑡 − 1) . Thus, 

𝑔(𝑡) = 3𝑢(−𝑡) − 2[𝑢(𝑡) − 𝑢(𝑡 − 1)] + (2𝑡 − 4)𝑢(𝑡 − 1) 

= 3𝑢(−𝑡) − 2𝑢(𝑡) + (2𝑡 − 4 + 2)𝑢(𝑡 − 1) 

= 3𝑢(−𝑡) − 2𝑢(𝑡) + 2(𝑡 − 1)𝑢(𝑡 − 1) = 3𝑢(−𝑡) − 2𝑢(𝑡) + 2𝑟(𝑡 − 1) 

One may avoid the trouble of using 𝑢(−𝑡) by replacing it with 1 − 𝑢(𝑡) . Then 

𝑔(𝑡) = 3[1 − 𝑢(𝑡)] − 2𝑢(𝑡) + 2𝑟(𝑡 − 1) = 3 − 5𝑢(𝑡) + 2𝑟(𝑡 − 1) 

Alternatively, we may plot 𝑔(𝑡) and apply Method 1 from Example 7. 

H.W. 7: Refer to Fig.1. Express 𝑖(𝑡) in terms of singularity functions. 

 

 

 

 

 

 

 

 

Answer: 𝟐𝒖(𝒕) − 𝟐𝒓(𝒕) + 𝟒𝒓(𝒕 − 𝟐) − 𝟐𝒓(𝒕 − 𝟑) .  
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Solution: 
 

 

 

 

 

 

 

 

Answer: 𝟖𝒖(𝒕) + 𝟐𝒖(𝒕 − 𝟐) + 𝟐𝒓(𝒕 − 𝟐) − 𝟏𝟖𝒖(𝒕 − 𝟔) − 𝟐𝒓(𝒕 − 𝟔) 

 

 

 

 

Answer: 28, −𝟏. 
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