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Partial Derivatives

The chain rule for function of three variables:

If w= f(x,», z) 1s differentiable and x , y and z are differentiable function
of 1, then w 1s a dittferentiable function of 1 and:

dw of dx % cf dy 5 of dz
dit  cxdt cSvdt oz dt

w= f(x,7,2) Dependent variable

Fq intermediate variable

Independent variable

dw owdx dwdy Owdz
dt  dxdt oy dt 0Oz di
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: 5 G w) .
Example: Use the chan rule to find the derivative [{; ] of w=xy+z
!

_ . , (dw
with x =cost. y=sins, z =1 ., and determine the value of ( 7 J
t
atr=0
Solution:

dw _dwdx dwdy o ow dz

dt cxdr ovdt 0Oz dt

= f—-l{:i.jr + z)i (cost)+ Tr (xy + z]‘i [Sin.f) + TI
dt d

(xy+2z). i (7)
ox cy t Cz dt

= (v)(—=sint)+ (x)(cos) + (1)(1)
= (sin7)(—sinr) + (cost)(cosr) + 1
=—sint+cos’r+1

=cos2r+1

[ﬁ] =cos(0)+1=2
dr J,-q

H.W: Use the chain rule to find the derivative [JTHJ of w= ! + Y
(4] z prd

: - 1 : [ dw
with x =cos’ ¢, y=sin’7, z=- , and determine the value of | —

7 dt

atr=3
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Directional derivatives and gradient vectors:

Gradient vector:

The gradient vector (gradient) of f(x.y,z) atapomnt P(x,,»,.z

i ? ) lh
the vector:

i}

obtained by evaluating the partial derivatives of f at 2,

The notation V/ 1s read ( grad f°) as well as ( gradient /) and ( del ).
The symbol V' by itself 1s read (del)

The directional derivatives

If f(x.y,z) has continuous partial derivatives at P (x,.v,,z,) and uis
a unit vector, then the derivative of fat P, in the direction of uis:

(4

=(Vf)p-
s -]u,." : f}{ ‘

Which 1s the scalar product of the gradient of fat P, and u
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Example: find the denivative of f(x,y,2) = = ,‘L:‘I.‘: —z at P(L,LO)
in the direction of vector 4 =2i—37+ 6k

Solurtion:
A

W=

| -

4 =) +(=3)* +(6)* =4+ 9+36 =49 =7

F—37 c 2 3
A 2 3}+6'}:—f—jj+ﬁk

=
|A| 5 7 7 7

The partial derivatives of fat PP, are

%) ad
I.= ;f = (3.'3 —:-:_',’2 —Z) = 3x° —_1-*3

ox Ox

S [0 =M -1 =3-1=| 2

8y oy

o f(LL0) = —2)MM) =| >
eF 8.5 & 5

: :—E—E(l xy - —z)=| —]

(L0 =]
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The gradient of fat P, is:
Vf o) = Se(LLOYI + £, (LLO)j + [.(LLOYk = 2i =2 —k

The denivative of f at P, in the direction 4 is therefore:

(D”f)|{1.i,m = ?ﬂu_l._m i

2. 3.6
. %?’ el ]

2 3 6) 4
a3 )re2f-3 )+ af7)-7+

Example: {ind the derivative of f(x, )= xe' + cos(xy) at the point
(2.0) in the directionof v=3i —4;

b5 (4
77 |7

Solution: the direction of v 1s the unit vector obtained by dividing v by 1ts
length:
'I‘F
H=>
I

V= \/(3)2 +(—4)* =4/9+16=4/25=5

3i—4; 3. 4 .
= = i
5 3 5
o= =2 (xe* +eosan =| € -~ ysin(e)
cx Cx
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5 [o(2.0) =€ — (0)sin(2)(0)) =€’ -0 =| |

of _o. ., Y rsi
=——=—(xe' +cos(xy))=| xe' —xsin(xy)
oy oy

; A

f1 (2,0) = {2}(30} —(2)sm(2)(0)) = e — (2O =2)D)-0=]| 2

The gradient of fat (2 , 0) is:
V a0y = F(20)i + f,(2,0)j =i +2j

The denivative of fat (2 , 0) in the direction v is therefore:

(Dr:-fﬂ{lﬂ] : ?!I!llﬂl'”

—(i+2 j}.(%f—if}

5
3 4
—(1 2
(}[5J+( )( 5}
_3 8 -3
“s5 s s L
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Example: find the derivative of function f(x,y)=2xy—3y” at the point
P, (5, 5)1n the directionof 4=4i+3;

Solution:

e

A= {@)? +3)* =\16+9=425=5

4+3) 4. 3.
5 -
Ja = Ef = i{2:-:;.*—3:.:2) =| 2¥
cx Ox

s [(53)=(2)3) = 10

- N ﬁ
F= o = = (2xy—3y°)=| 2x=6y
E = =i ! -
oy oy

s f1(5.5) =(2)(5) = (6)(5)=10-30= —20

The gradient of fat (5, 5) 1s:
v:f|tﬁ.5j = "{\" (3.5)i + f. {5,5)_}' =107 — 2{)}

The derivative of f"at (5, 5) in the direction A4 is therefore:

(D, )55y = VS

(:_1.5_'.1."
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= (10i— ZDJ)LEH—E J

&'
= {l{]}(i] +(— 2{}}(3 ]
5
_ 40 60 20
T —
H.W:

1. find the derivative of the function f(x, v.z)= xy+ yz + zx .at the point
P (1,-1.2) in the direction of 4=3i + 67— 2k

2. find the derivative of the function g(x, v,z) = 3e" cos vz .at the point
P,(0,0,0) in the direction of 4=2i+ j—2k

Tangent planes and normal lines:

The tangent plane at the point P,(x,, v, ,=z,) on the level surface
S (x, v, z)=C ol a differentiable funcuon { 1s the plane through P, normal

The normal line ol the surface at P, 1s the line through P, parallel to T-ff'|F

The tangent plane and normal line have the following equation:

Tangent plane to f(x,yv,z)=C at P/(x,.v,.z,
S (P )X —X,)+ [, (P )Y —J’,,}+ [-(PsNz—2,)=0

Normal line to f(x,v.z)=C at P/(x,.v, .z, ):
x=x,+f(p,) y= +ftplf7:=:mtﬁuuﬂ
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Example: find the tangent plane and normal line of the surface
f(x.v,2)=x"+y* +2z—-9=0 at the point P,(1,2,4)

Solution: the tangent plane 1s:

.f;l.‘(p{} )(‘T == ‘T{‘:) = fl (.)Uu )(1' = J?-EJ } + f;‘ (.!DCJ )(: o E{J } = 0

of @ , 1 5
j 8 9 Ll +yv +z—9)=2x
T ox  Ox
(B =/.(024)=2) D)= 2
; 3 . a ,
i Z% = ; (x" +y +z—9)=2p
(B =f,1,2,4)=2)2)=| 4
~r 5] ;
J - zgz_(l‘z +y +z-9)=1
T 0z Oz

[AF)=[.124)=| ]

.. The tangent plane is:

2(x-D+4(y-2)+(z-4)=0

or
2x—2+4y—-8+z-4=0
2x+4y+z-14=0
2x+4y+z=14
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The normal line 1s:
X=X, +fr(pa)r ; i :J-"?o + f:r(po)r 3 £=2q +=f;(pﬂ )f

x=1+2¢ y=2+4¢ z=4+t

-] 2

Example: find the tangent plane and normal line of the surface
Jlx,y,2)y= x* + _1': + 27 =3 at the point P (1.1.1)

Solution: the tangent plane is:

0

TP XX —2,)+ 1, (2, Y —,)+ 1, (P, N2—2,)

= -1

C; [ 2 ) >
f‘_ = 'f‘ :—{_1'_ =+ +2_) =2x
g & = )

X CxX

(B = £:ALD =W =] 2
fy =L =2

=—(@*+y*+28) =2y

dy Oy

f‘l(}i:r)=f1(l-.l,l)={2}ﬂ)= 2
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®) 3 5
T if i (x~+ vy~ +z%)=2z
= 0z Oz

L) = i) =21 =| 2

.. The tangent plane is:

2x—D+2(y -1 +2(z=1)=0

or
2x—2+42y=2+2z=2=0
2x+2y+2z—-6=0
2x+2y+22=6
x4+ p+z)=6 ———= x+y+z=3
The normal line 1s;

X=X, +./f..'c(pﬂ)r : }'r=.1'.-:.'r +./_.r{pﬂ.]'r : -

¥ =12t y=1+2 z=1+2¢

H. W: find the tangent plane and normal line of the surface

J(x:9:2)= x4+ 2xy —j..-': +z? =7 at the point P, (1,—1,3)
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Extreme values and saddle points:

Derivative test:

To find the local extreme values of a function of a single, we look for
points where the graph has a horizontal tangent line. At such points, we
then look for local maxima, local minima, and points of inflection. For a
function f(x,yv) of two variables, we look for points where the surface
z = f(x,v) has a horizontal tangent plane. At such points, we then look for

local maxima, local minima, and saddle points (more about saddle points
in a moment). Local maxima correspond to mountain peak on the surface
z = f(x,y) and local minima correspond to valley bottoms. At such points

the tangent planes. when they exist are horizontal.

Local extreme are also called relative extreme.
Local maxima
(no greater value of fnearby)
i

-
yo -

Local minimum -
{no smaller value
of fnearby)

o

Critical point: an interior point of the domain a function f(x.y) where
both f, and /. are zero or where one or both f, and f

¥

do not exist 1s a critical point of [
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Saddle point: a differentiable function f(x.y) has a saddle point at
critical point (a.b) if in every open disk centered at (a.bh) there are
domain points (x, y)where f(x.v) > f(a.b)and domain points (x,y)
where f(x,v) < f(a,b) the corresponding point (a, b, f(a,b)) on the
Surface z = f(x,y) is called a saddle point of the surface

Second derivative test for local extreme values:
Suppose that /(x. v) and its first and second partial derivative are

continuous throughout a disk centered at (a.b) and that:

/. =0 and fy, =0 =—=> solve these equation to find the value of
(x,v)=(a,b) === (critical pomi)

Then:
Lif f <Oand f_f, - fm.E >0 at (a,b)=> then fhas a local

maximum at (a,b)

2.if f >0and [ f, - f_n.z> 0 at (a.b) => then fhas a local

minimum at (a.b)

3.0F f. 1, —fn_g <0 at (a,b) => then fhas a saddle point at (a.b)

4.1f [ 1, —fﬂ.l =0 at (a,b)=> then the test inconclusive at (a.b).

In this case we must find some other way to determine the behavior of f
at (a.b)
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Example: find the extreme values of the function
flx.y)=xy—x*—1" =2x-2v+4

Solution:
. C c -
M -,_f =—(xw—x?—p' =2x-2y+4)=| y-2x-2
ox ox
cof c
S, = j}i = —(xy— P J'Z —-2x—-2y+4)=| x—-2y—
: cy Oy

——> Solve these equation to find
(x,y) — (a,b)

—2
= = h=— }J:-} Crnitical pomnt (—-2,-2)

= = ) — 2% —2) =—2
S5t = =D

. 8*f o6 of. @&
=L = : x=2y—-2)=
.fj,‘l C‘:}_:‘J,Z a"b’ ((-_}-v) ap (V "I.-’ )

o f o c f c
- = = y=2x=2)=1
f-' cvox 51 ) oy ¢ )

E f-q1l(_2.—2): l

Sty =S’ =(2U(2)—(D* =4-1=| 3
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JasWad [ —fxf >(0 ==> .. f has a local maximum at (-2,-2)
The value of fat this point 1s:

f(=2-2)=(-2)(-2) = (-2)" = (-2)" = (2)(-2) - (2)(-2) +4
=4-4-4+4+4+4= 8§

Example: tind the local maxima. local minima, and saddle point of the

function

f(x,v)=x>+3xp+3y> —6x+3y—6
Solution:

. of @ 5 5
Je=—=—(x"+3xy+3y  —6x+3y—06)=| 2x+3y-6

X &x
of @, 5 p

fo=—=—(x"+3xy+3y" —6x+3y—-6)=| 3x+6y+3

i (?f_'i-’ (’_,:1.' '

— [ -3 2-. g + 3 == ﬁ' = 0
? g s A GJ P }:::::- Solve these equation to find
= ———> 3x+ WA

J; (x,y) =>(a,b

x=15 =>a=15 . )
y=—8 => h=-8 === Critical point (15,-8)
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aeF of 8 .. _
. T 2x4+3v—6)=2
ox’ [“\“ ( ox = ox B 2 )

S (15,—8) =| 2

. f‘\'.\' =

52 f 8 .8 8
.f?1:1'=(.‘ ‘{_'— . (.f;f_)—_(%\‘i—ﬁ‘] +:;)—6

aov: &y &y &y

. f1n(15.-8)=| 6

a2 f of o |
1 — Y = —_— 2‘_1* + 3 .‘. i C — 3
Ix ovox Ei'p (c'h ) v ( ‘ )

* tf\il'(15,_8)= 3

ST — fao® =@2N6)—(3)* =12-9=| 3

So>0and f_ [, -l,f'_n.‘j' >0 ==> .. f has a local mmimum at (15,—R)
The value of 1 at this point is:
f(15-8)=(15)" + (3(15)(-8) + 3)(-8)" ~ (6)(15) + (3)(-8) = 6
=225-360+192-90-24-6=| —63

H._W: find the local maxima, local minima, and saddle point of the
functions:

L. f(x,)=x"+xv+1° +3x-3y+4

2. f(x, ) =x*+xv+3x+2y+5

3. f(x,9)=2x% +3xy +4p* —=5x+ 2y

4. f(x,y)=2xp—x*> -2y +3x+4
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