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1%/2" term — Lect. (Partial Derivatives)

Partial Derivatives
Alternative Symbols:

If z = f(x, y), then

0z of 0z af
—=—=z =f and
ax ax

Computations of Partial Derivatives

z=f(xy)
dz

3 = Dif ferentiate for (x), hold (v) as constant

E!z_

3y Dif ferentiate for (v), hold (x) as constant

Example: Find the values of ar aad af
ox E}Jr
S, y)=%* +3xp+y—1
Solution:

at the point (4,—5) if:

=
To find i

B we treat y as a constant and differentiate with respect to x :
S

& _ o, ..

e = (x*+3xy+y—-1)=2x+3y+0-0=| 2x+ 3y
ox  ox

. O ;
The value of rjf at (4.-5) 1s:
ox

=(2)(4)+3(—5)=8-15=—7

"
ra c ey i :
To find —— | we treat x as a constant and differentiate with respect to y:
oy

o _o

av oy

1 1
(x*+3x0+y—1D=0+3x+1—-0=| 3x+1]
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". The value of ?i at (4,-5) 1s:
ay

—(3)@)+1=12+1=13

Example: Find f, and £, if f(x.y)= W
' y+ceosx

Solution:
We treat f as a quotient with y held constant, we get:

X

oA
cx

a( 2y {."+C05x)i(2.1’)—2,1-‘£(.1’+cos.~r)
I ——"[ <) ] Ox ¢

y+cosx (y+cos :&:)2

_(y+cosx)(0)-2y(-sinx)  2ysinx

(v +cosx)’ (v +cosx)’
with x held constant. we get:
é %
” (y+cosx)—(2y)—2y—(y +cosx)
c 2y oy oy
ov| y+cosx (y+cosx)

_ (y+cosx)(2)-2y(1) 2y+2cosx—2y

(y+cosx)” (y+cosx)*

2¢cosx

i (v +cosx)’
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Example: Find :—’f and f_|— if f(x,»)=02x-3y)°
o f.:';‘

Solution:

%) 5 . , * ;

:—f =5 (2x-31) =32x -3 (2) = 6(2x—3y)°

Cx X 1

4 —

r:{ = (2x=3¥)’ =3@2x -3 (=3) =| —9(2x - 3y)°

ady oy

s af - e
H.W: Find — and — for the functions:
Ox v
L. f(x,y)=(xy—1)’ 2. f(x,y)=x"-xy+y’
; 7 3 X
3. f(x,p)=(x"-1)(y+2) 4. f(x.y)=—F-
x"+y)

> Functions of three or more variables:

The definitions of the partial derivatives of functions of more than two
independent variables are like the definitions for functions of two variables.
They are ordinary derivatives with respect to one variable, taken while the
other independent variables are held constant.

w= F(x,y,2)

ad
% = Differentiate for (x), holding both (y, z)as constants
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Example: Find {_:f if f(x,v,z)=xsin(y+ 3z2)

Oz

Solution:
g - L"‘I['nr'w.inlj y+ 12}] = "-'iﬁiﬂ( v+ 32)
8z &z~ 0 ez T

CzE

c
=x¢cos(yv+3z2)—(v+32)
Oz

=xcos(v+3z)3)=3xcos(v+3z)

Example: Find [, f and f_ 1t f(x,y,2) =xy+yz+xz
Solution:

-
b

: C
-Jf.T — -

X

(xy+yz+xz)=y+z

0
fi=—@y+tyz+axz)=x+z
E alj

c

..rf“: = '_\.' | {..}.‘:1: + J-‘z + _1‘2} — :I__r + X

CZ

H.W:Find f., f,and f. if f(x,p,2)=x—p> +2°
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Second — order partial derivatives:
When we differential a function f(x,y) twice, we produce its second —
order derivative. These denvatives are usually denoted by:

f _¢(d
-

——
%)l M)
= ™
M
Il
~
o

ox cx
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Example: If f(x.y)=x"y" +x*y . find —

Solution:
c ol F
Bi = T(x2y3 +x'y)=| 20 +4x°%y
c c e
Al =—(x"y +x'y) = 3x2yp? 4ot
ooy

8° 8 ( 5

X cxX X

Bx*y* +x) =6x%y

5]
¥

c 5
L |=—(3x*y* +xH) =607 +4x°
ox

a2 5 {8 )
s i[g = g{zx_ﬁ +4x°y) = 6xy” +4x°
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Example:

Find f,. if f(x,y.2) = 1— 2% + &°y.
Solution:
fy = —4xyz + x?
T = —4yg + 2x
Fyy = =42

o

Fopoeg =4,

Example: Find f,, . f,, . f,, and f_ if f(x,y)=xcosy+ ye

Solution:
%) c o :
"i - a—(-"{:os v+ve')=| cos y+ ye'
ox v
c ad
TfZE{XCOSl1’+_1‘€x): — ysin _]'+yx
oy oy
2
c Z(a c
fx_x = { :“—{ﬁi]:—{cosj._'_:"ex):_Tex
ax” cx \ ox
j .
' 6 3d(c c :
A 3 =i i =—(—xsiny+e')=—xcosy
»y 61'2 (:""I' E}T (‘-}1-
4 g &4, .
~Z -~ -
c o c . ) i
i &{ = _\—(?f}: T(—xsm‘r +e")=—siny+e"
xcdy ox\ oy ox
o2 a(e o .
f_: f — i :—(c05;1,!+ 1’ex}:—8111 1.'+€x
¥ o &véex v\ éx ay ’ ’ :

HW:Find .., f,, , [, and £ if f(x,y)=x+y+xy
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The chain Rule for functions of two variables:

z = f(u, v)
u=gx,y)andv = h(x,y)

az dJz Jdu d7 dv 0z 09I du + az dv
ax au Ix v ox’ Ay au Ay av ay’
2z A

due v

du
olx

Example:

Ifz=u*— v andu = ™, v = sin(x* — y?), find 9z/dx and 9z/9y.

Solution:

dz/du = 2u

dzlov = —3v7,
dz

) = 2u(2e™ ) — 3y [2x cos(x” — y7)] = 4ue™ ¥ — 6x” cos(x’ — ¥°)
X

= 2u(=3¢%7) — 3[(~2) cos(s® — )] = —6ue™ Y + 63 cos(’ — y).
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Example:

Ifr=x>+ y5z3 and x = uve”, y = w — v,z = sin(uvsz), find 9#/9s.

Solution:

ds  du

i v S u v o5 u V A}

or ar ox ar dy ar 9z
— = 5
as dx as dy ds dz ds

= 2x(2uve®) + 5y*z°(—v?) + 3y°z%(2uvs cos (uvs?)).
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Example: Use the chain rule to find the derivative of w = xy with respect
to t along the path x =cos?, y =sint . what 1s the derivatives

T
value at 1 = —
2

Solution: we apply the chain rule to find as follows:

da.‘
dw _ ow dx dx ow dy
dr ox dt oy dt
6(9.:}?) O(TV) d
ost)+ int
= dr( ) ( )

=(¥)(—sint)+ (x)(cos?)

= (sinf)(—sinf) + (cost)(cos’)
= —sin’ ¢ +cos> ¢

—cos 2t
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Example: Use the chain rule to find the derivative of w=x~+ v~ with

dw ; .
respect to 7 a5 ) with x =cosf, y=sin/
ar

: : ; ., dw .
Solution: we apply the chain rule to find A as follows:

lt
dw ow 5-{1'+f‘u‘ dy
dt oxdr  ov dr
3 2 2 d 8, 3. g d
=_—(x"+y7).—(cosr)+_—(x" + 37 ).—(sin¥)
X dr oy ot

= (2x)(=sin¢) + (2v)(cosr)
=(2cosi)(—=sin7)+(2sinr)cosr)
=—-2cos/sin’ + 2sin/cos/

=4

For check:
- - = * £l
w=x"+ vy  =cos“t+sin“7=1
dw

Sy ——=0
di

H.W: Use the chain rule to find the derivative of w= x~ + v~ with

dw : 2 .
respect Lo ¢ [ ? .with x =cosrt +sin7. v =cost—sint
I
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