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3 – First order : linear  

It is found in two forms 

1-  
𝒅𝒚

𝒅𝒙
 + P(x). y = Q (x) 

The P(x) and Q(x) are function for (x) 

The solution is  

ρ = 𝑒∫ 𝑃(𝑥)𝑑𝑥             

ρ.y = ∫ ρ Q(x)𝑑𝑥 + c 

2-  
𝒅𝒙

𝒅𝒚
 + P(y) . x = Q (y) 

The P(y) and Q(y) are function for (y) 

ρ = 𝑒∫ 𝑃(𝑦)𝑑𝑦          

ρ.x = ∫ ρ Q(y)𝑑𝑦 + c 

Ex. 1.: Solve the differential equation:- 

𝒙
𝒅𝒚

𝒅𝒙
+ 𝟑𝒚 = 𝒙𝟐 

Solution 

𝑥

𝑥
 
𝑑𝑦

𝑑𝑥
+

3𝑦

𝑥
=

𝑥2

𝑥
 

𝑑𝑦

𝑑𝑥
+

3

𝑥
𝑦 = 𝑥 

Let 𝑃(𝑥) =
3

𝑥
   ,   𝑄(𝑥) = 𝑥 

𝜌 = 𝑒∫ 𝑃(𝑥)𝑑𝑥 

𝜌 = 𝑒∫
3
𝑥

𝑑𝑥 = 𝑒3ln 𝑥 = 𝑥3 
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=∫ 𝜌 𝑄(𝑥)dx + ρ . y 

c 

𝑥3. 𝑦 = ∫ 𝑥3. 𝑥 𝑑𝑥 + c 

𝑥3. 𝑦 = ∫ 𝑥4 𝑑𝑥 + 𝑐 

𝑥3. 𝑦 =
𝑥5

5
+ 𝑐 

𝑦 =
𝑥5

5𝑥3
+

𝑐

𝑥3
 

y = 
𝑥2

5
+ 𝑐𝑥−3 

Ex. 2.: Solve the differential equation:- 

𝒙
𝒅𝒚

𝒅𝒙
− 𝟑𝒚 = 𝒙𝟐 

 

Solution 

𝑥

𝑥

𝑑𝑦

𝑑𝑥
−

3𝑦

𝑥
=

𝑥2

𝑥
 

 

𝑑𝑦

𝑑𝑥
−

3𝑦

𝑥
= 𝑥 

 

Let 𝑃(𝑥) = −
3

𝑥
   ,   𝑄(𝑥) = 𝑥 

𝜌 = 𝑒∫ 𝑃(𝑥)𝑑𝑥 

𝜌 = 𝑒∫
−3
𝑥

𝑑𝑥 = 𝑒− 3ln 𝑥 = 𝑥−3 

ρ . y =∫ 𝜌 𝑄(𝑥)dx + c 

𝑥−3. 𝑦 = ∫ 𝑥−3. 𝑥 𝑑𝑥 + c 

𝑥−3. 𝑦 = ∫ 𝑥−2 𝑑𝑥 + 𝑐 

𝑥−3. 𝑦 =
𝑥−1

−1
+ 𝑐 
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𝑥−3

𝑥−3
𝑦 =

−𝑥−1

𝑥−3
+

𝑐

𝑥−3
 

 

𝑦 = −𝑥2 + 𝑐𝑥3 

 

H.W.: Find a general solution of each the following equations:- 

1)   
 𝐝𝐲   

𝐝𝐱
  + 2y = e-x   

2)  2
 𝐝𝐲   

𝐝𝐱
 - y = 𝒆

𝒙
𝟐 ⁄         

3)  x 
𝐝𝐲

𝐝𝐱
  +  3y = 

𝐬𝐢𝐧 𝒙

𝒙𝟐
                      

4)  (x – 2y) dy + y dx = 0  

                     

4 -  First order: Exact    

The general formula of the equation M(x,y) dx + N(x,y) dy = 0     

If  
𝝏𝑴

𝝏𝒚
 = 

𝝏𝑵

𝝏𝒙
  then the equation is Exact  

If the equation was Exact the solve: 

𝑑𝑓(𝑥, 𝑦) = 0 

∫ 𝑑𝑓(𝑥, 𝑦) = ∫ 0 

f(x,y) = c 

M(x,y) dx + N(x,y) dy = 
𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 = 𝑑𝑓 

Ex. 1.: Show that differential equation:- 

 

(𝒙𝟐 + 𝒚𝟐)𝒅𝒙 + (𝟐𝒙𝒚 + 𝐜𝐨𝐬 𝒚)𝒅𝒚 = 𝟎    is exact and solve it? 
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Solution 

𝜕𝑀

𝜕𝑦
= 2𝑦 ,    

𝜕𝑁

𝜕𝑥
= 2𝑦 

𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
       Exact D.E. 

To find f(x,y) such that  

𝜕𝑓

𝜕𝑥
= 𝑥2 + 𝑦2 ,      

𝜕𝑓

𝜕𝑦
= 2𝑥𝑦 + cos 𝑦 

f(x,y) = ∫ 𝑀(𝑥, 𝑦)𝑑𝑥 + 𝐾(𝑦) 

𝑓(𝑥, 𝑦) = ∫(𝑥2 + 𝑦2)𝑑𝑥 + 𝐾(𝑦) 

𝑓(𝑥, 𝑦) =
𝑥3

3
+ 𝑥𝑦2 + 𝐾(𝑦) 

To find K(y) 

𝜕𝑓

𝜕𝑦
= 2𝑥𝑦 + 𝐾′𝑦 = 2𝑥𝑦 + cos 𝑦 

𝐾′(𝑦) = cos 𝑦  تكامل 

K(y) = siny 

𝑓(𝑥, 𝑦) =
𝑥3

3
+ 𝑥𝑦2 + 𝑠𝑖𝑛𝑦 

f(x,y) = c 

𝑥3

3
+ 𝑥𝑦2 + 𝑠𝑖𝑛𝑦 = 𝑐 

 

Ex. 2.: State the type of D.E. (y sec2x + secx tanx) dx + (tanx + 2y) dy = 0 

Solution 

M = ysec2x + secx tanx 
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𝜕𝑀

𝜕𝑦
= 𝑠𝑒𝑐2𝑥 

N = tanx +2y 

𝜕𝑁

𝜕𝑥
= 𝑠𝑒𝑐2𝑥 

𝜕𝑀

𝜕𝑦
=

𝜕𝑁

𝜕𝑥
             Exact D.E. 

𝜕𝑓

𝜕𝑥
𝑑𝑥 +

𝜕𝑓

𝜕𝑦
𝑑𝑦 = 𝑑𝑓 = (𝑦𝑠𝑒𝑐2𝑥 + 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥)𝑑𝑥 + (𝑡𝑎𝑛𝑥 + 2𝑦)𝑑𝑦 

𝜕𝑓

𝜕𝑥
= 𝑦𝑠𝑒𝑐2𝑥 + 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥 

df = ∫(𝑦𝑠𝑒𝑐2𝑥 + 𝑠𝑒𝑐𝑥𝑡𝑎𝑛𝑥) 𝑑𝑥 

f(x,y) = y tanx + secx + K(y) 

𝜕𝑓

𝜕𝑦
= 𝑡𝑎𝑛𝑥 + 0 + 𝐾′(𝑦) = 𝑡𝑎𝑛𝑥 + 2𝑦 

𝐾′(𝑦) = 2𝑦 

K(y) = ∫ 2𝑦𝑑𝑦 

K(y) =
2𝑦2

2
 

f(x,y) = y tanx + secx + 𝑦2 

f(x,y) = c 

y tanx + secx + y2 = c 

 

H.W.: Solve equation   
𝒅𝒙

𝒙𝟐𝒚
+

𝒅𝒚

𝒙𝒚𝟐
= 0 

 

 

 


