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Heat Conduction Equation

» One dimensional (Plane wall)

» Steady state with no heat generation is

e (e ) =0

» \When A=constant, and

» K= constant, then

d2T
dx?

=0




Heat Conduction Equation

®» To infegrate this equation we will fixed the
boundary conditions af first

» At X=0 T =T, )
» X=L T = TZ \ :
d*T d (dT
a0~ (5) = =
= By first integrafion 20 XEL
dT
- (&) =6

» where C;: infegration constant




Heat Conduction Equation

» And by second integration

» 7T =0Cx+0C,

» Applying the Boundary condifions

»mBC1l T,=C%x0+C,->C, =T,
B.C2 T, =CL+T - C=-(,—Ty)

®» Then the temperature distribution equation
(T.D.E.) is

» T(x) = (T, — T1)%+ Ty




Heat Conduction Equation

or T(x) = (1-3) 1, +31, -
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Example 1. Wall of thickness 0.5m. The
temperature at one Side is
100°C and at other side is 20°. Find the
temperature distribution equation, and the heat
transfer per unit area. Thermal conductivity is
2W/m.°C




Example

» Solution: Plane Wall with boundary condifions
»BC.1 x=0 T =T, ="18028

»BC.2 x=L=0.5m T=T, =20°C

» We can repeat the solution

=~ =0 by double infegrafion, we gef

T=(T-T)2+T =(1-3)1, +IT,

-T=(1——)100+—20



Example

T,-T, _ ., 100—20

= /4 = 320W
Ax

» Find the temperature at mid point of the
wall

» At mid point x=0.25m
= Then T =(1-22)100+ =20

_(1_025 025, _ 600
- T_(1 0_5)1oo+0_520_606




Heat Conduction Equation

» Plane Wall with thermal conductivity function of
temperature

» k=k,+kT

» Where k, and k;are constant

d (, dT d aT\
- a(ka) ~ 0 ea((ko +k1T)E) =0

» By integrating (k, + le)% — (&
» (kO A le)dT — Cldx

» Second integrating (kOT + %leZ) = Cix + C,



applying the Boundary conditions that are
X=O T —_ T1 Clﬂd X:L T — TZ

1
<kOT1 == Elelz) —_ Cl X (0) + CZ —_ Cz

And (kOTz + %lezz) = C,L+C,

Then C, (k0T1 +%k1T12) And
%2 —T)) + %k1(T22 - T12))

C, =
. L

Finglly the T.D.E



» By rearranging the T.D.E
k,T* + 2k, T — 2(Cyx + C,)=0
» By using Rule equation we get that

—2k0i\/(2k0)2+8k1(C1X+C2)
20k,

-T:

» Example 2

4
A




lution: heat conduction through the wall

» Given data: wall thickness Ax=L=0.4m and thermal
conductivity k =k, + k4T

» k=24 0.05T. The boundary conditions are
» Af x=0m T=T, = 100°C,
Am T =T, =20°C




» By integrafion we get (2 + 0.05T) % = Cy
0.05T)dT = C,dx

» And second integration

» 2T+_T2:C1x+C2

O 100
= C,=(2x100+=2(100)?) = 450 0.05 92.66
0.1 84.90
(2(20 100)+= 005(202—1002)> 0.15 76.62
P = 1000 0.2 67.70
2 / e 0.25 57.98
» T =" (2ky)“+8k1(C1x+C5) 03 47.18
- 0.35 34.83
- T —2X2++/(2%2)2+8(0.05)(—1000x+450) 0.4 20
2(0.05)

_ —4+,/16+(180—400x) 120

0.1 100

Now to find the heat fransfer by conduction i2

40
20

Through this wall

0.6 0.4 0.2 0




daT daT
ol Q:-Aka — (g = _(ko ~+ le)E

®» By separation of variables

= [“qdx = — [ (ko + ky)dT

Ax

— (ko +%(T1 + Tz))

0.05 100—-20
_ (z +2% (100 + 20)) .

T,—T1

100-20

5

= 1000W /m?



Plane wall conduction with
heatl generation

» The wall with heat generation or heat source at
steady state, its differential equation of
temperature distribution is:

dT

ka) + g =0 where g is heat generation per

nit volume (some times is denoted ¢

Where the thermal conductivity is constant



solution this equation is by infegration, and that
red two boundary condition depending on the
lem.

1- wall is of constant thermal conductivity k and heat
generation(source) g, its thickness L and one surface is
at T, and the other surface at T;. It Is wonted fo find
the temperature distribution through this wall.

ZT g

. . . . d _ g
The differential equation used is R

Boundary conditions are
At /x=0 T=T, and at x=L T =T,



» By first intfegrating (%21
ar _  gx o —
- E wa i + C]_ ,"—l-—’-: '

7= 10+, T.D.E
» Where C; and C, are integration constants
» Ffom B.C. 1 where x=0 T=T,

e
o=l 0+ 6o G =T,



» From B.C.2 wherex=L T =T,

_ gL
To) + 2

» The TD.E whichis T=-%4¢x+C,
2k

L=+ ([T =Ty +T,

To prove that this equation is write substituting the x
alues at boundary locations, it gives the same
alues of temperatures as in B.Cs



» To find the heat flux at each surface we will use the

B, dT
following: g = kdx

(4T d gx . _ 2
= g0 = ( "‘dx)x=o‘ ks (E(L—x) + (T, — T) S+ T,)
p 1 _ (gL | k(TL-T,)
(2001 )_ - (20
. dT _ (8L | TL-To\ _ gL k(Tp—Tp)
=4 (_kdx)sz_ k(2k+ L )L_z L

» We find the total heat transferis equal to heat generation

2 . ) GL . k(T.—T,) jL  k(Tp—T,) JL 1L .
oL = laol + |l = (5 + 72+ (T -2) =5+ T =4t



» To find the location and magnitude of the
maximum temperature in the wall, we will derive
the T.D.E by x and equal it to zero:

-T=2'lk(Lx—x2)+(TL—T0)f+TO

> = (L-220)+ (T, —T,)7=0

substituting this T.D.E we will find the maximum
mperature.




» Fxample: A plane wall of thickness 30cm and its
terial is of thermal conductivity 12W/m.° C the
at generation in the wall is 3 x 10*W/m3. The wall
surfaces temperatures are 20°C and 40°C. Find the
temperature distribution equation (T.D.E), location of
maximum temperature and its valuve. The heat
transfer from each surface per unit area.

» Solu’non pane wdll L = 30cm, k=12W/m .° C,
X 10*W /m3 the temperatures are T, = 20°C,
40°cC.

®» Properties: The properties are constant.

sgumption: the condition is steady one-dimension
ith heat generation.



» Analysis: The differential equation for plane wall with
t generation and steady state is

»BC.l x=0 T=T, B.C.2 x=L T=T,
-T—g(Lx x2)+(TL—T) +T,

(0.3x — x2) + (40 — 20)—+20

= T =/1250(0.3x — x%) + == + 20

» This is the T.D.E



0.3

Chart Title

0.2

70
60
50
40
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kK=12W/m.K
qa :
D¢ q=311[]4wfm3

T=20C

qL

T=40 C

0.05
0.10
0.15
0.1767
0.20
0.25
0.3

20
38.958
51.667
58.125
59.028
58.333
52.291

40



®» o the location of the maximum temperature

= _ 42} 1 2%
T =1250(0.3x — x*) + -~ + 20

ar 20
— 1250(0.3 — 2x) o — 0

20

» 2x =03+ = 0.3533
0.3x1250

03533

» = =0.176/m=17.6/Ccm

20(0.1767)
0.3

£ 1250(0.3 x 0.1767 — (0.1767)?) + + 20

» Now to find heat flux at x=0m and x=0.3m



g, = (_k%)m — 12 [— = 1250(0.3 =2 X 0) + =

= —5300W/m?

aT
- g, = (_ka)m = _12 [— — 1250(0.3 — 2 x 0.3) +—
= 3700W /m?

» We can see that heat generation is equal o the
heat/flow from the two surfaces

" + 3700+5300 30000W 104w
» That g = 2 = = =3 x

L 0.3 m3 m3




2- Heat generation in a wall of

the same surface temperature

®» | et us take a wall of thickness 2L and thermal
conductivity k. The heat generation in the wall is
gW /m3. The temperatures of the two sides are
T,. Find T.D.E
» The Differential equation is 4T
dx? k
®» The boundary conditions are
Y=+l T=T, x=0 <=0
dx

Thaxr =T, at x=0



= by integration Tn—ka“%N:
2l T.

= From B.C.2 where Z—Z =0atx=0 kﬁ»«i”
»0=0+C > C =0

®» The differential equation becomes

- % —%x and by integrating this equation we get

-7 9, BC.Ix=+L T=T
_—? 2 c . X__ - 1w




gL’ gL’
»The TDEis T=-9,9% 7
‘o 2k 2k v

y dividing eq.(1) by eqg.(2), we get that

e = (1-%) 3)




Conduction Equation for
Cylindrical wall

» Heqat conduction equation for cylindrical wall
with no heat generation becomes

(r) =0 e 2)

If we take long cylinder with inner radius of r;
with temperature at that surface is T;, and outer
radius of r, with temperature T,. To find the T.D.E
through this cylindrical wall, we take the eq.(2)



d dT

—(r—) = 0 and the boundary conditions are:
dr dr

B.C.1 at r=r; T=Tl

» BC2 atr=r =1

» By integrating the differential equation we get
dT dT  C;

N TE 0 Cl B dar B T

» By second integrating it becomes
» T — Cllnr ~+ CZ

» BV substituting the B.Cs, we get
i — Cllnri ~+ CZ Clﬂd TO — Cllnro + C2




» By subtracting the first equation from the second,
we geft that:

» By substituting the values of C; and C, in the T.D.E
T —_ CllnT' + CZ



» T =_Clnr+C,

-T=TO Tl

Inr +T; — e T‘lnn

Inte Ine
Ty i
T,—T; _ To-Tiy T
» T — Ti = lnrol (lnr o lnr,) ln_r—ol r—l
T'l rl
In_- . |
e T.D.E through cylindrical wall with no
In-2

eat generation.



» Example: Find the temperature at the mid-point of
pipe with inner diameter of 20cm and outer
diameter of 50cm. The temperature at inner surface
is 125°C and at outer surface is 25°C. If the thermal
conductivity of pipe material is 1T0W/m.° C, Find the
heat fransfer from the tube surface per 10m long.

» Solytion: Pipe with no heat generation. |Iis
specifications are

®» ). =20cm = 0.2m,r; =0.1m & T; = 125°C,

D, =50cm =05m , r,=0.25m & T, =25°C, k
= 10W /m.° C pipe length 1=10m




® | s needed to find the temperature at the mid-

point of the wall, and the heat transfer from the
pipe if its length is 10m.

» At the mid-point the radius become
ri+r0:O.1+O.25

m = » = 0.175m

Ar 0.25-0.1

U
"
|

= 0.1+ 0.075 = 0.175m

In— 0.175
Ny i i r—125 — 010 _ g1
T/—T; In2 PERIDS o 025
l 0.10
= 125 — (100 x 0.61) = 63.9°C
Q =—itlo = 125725 _ 68572 = 68.572kW

2Lk r; 2mxi0x10 01




Conduction In cylindrical
wall with heat generation

The differential equation of temperature

distribution through cylindrical wall with heat
generation is



» Solid cylindrical pipe of radius R with heat

generation per unit volume GW/m? and
constant thermal conductivity k W/m.° C

» Boundary conditions are

»B3.C.] EL at =0
dr
T =Ty at  r=R '
: : d (.dr\ _ _ gr
tegrating E(TE)_ ~
gr* ar _ _gr , G
__Zk-l_C1 B dr_ 2k+r

y applying B.C.1 C; =0
Then the equation becomes



» 4T _ _ 97
dr 2k

» By the second infegration we get that

iy T.D.E




» |t s T.D.E in cylindrical wall with heat source
» At the center of cylinderwherer=0 T =T,




» [0 calculate heat tfransfer from the surface
of the cylinder per length.

-tk (-5),, -




» Example: Solid pipe of diameter 20cm and its outer
surface temperature is 25°C. The thermal
conductivity of its material is 20W/m.° C. The heat
generation is 10°W /m3. Find the temperature at the
center, and heat transfer from the cylinder ouiside
surface.

» Solution: Solid pipe with heat cylinder.
=20cm, R=10cm=0.1m, the heat generation
| = 10°W /m3, T = 25°C

Properties: Constant thermal conductivity
k=20W/m.° C.



» Assumption: Steady state heat conduction

» Analysis: the temperature at the center of the

cylinder
=T, ~Tp ="~
5 2
7 =220 | 95 = 3750

(20)
» The Neat transfer from the surface

® (Jp=mx1x(0.1)2x 105 = 10007W




Heat generation in hollow
cylinder

» A hollow cylinder of inner radius r; and outer radius 7.
The temperature at inner surface is T; and at outer
surface is T,. Thermal conductivity of the pipe
material is k, and the heat generation per volume 4.

» The/differential equation is

r=r; T=TL' ‘



» By infegrating differential equation first integrating

; N 2k T
» By second integrating

» T =—"-+Cylnr+ G, (T.D.E)

g”’”iz
C ] Ti:_4k +C1lnri+62 (])

= Fro

= AFdB.C2 T,=-%5 1 ¢inr, + G, (2)



» By subtracting eq.(2) from eq.(1) we get

o 2 )
gri | gr
T, = — =+ 4}3 + CiInr; — C;Inr,

» Ti — TO::;k (7,.02 e Tiz) — Clln:—z

» From this we get that




of T.D.E

-T=—4k+C1lnT+C2
» T
_gr gk(rg_nZ)_(Tl To)l griz %k(rg—rlz) (T;—Tp) .
T 7



. . lni_
- —fk(’rz —1#) + lfk(roz —1f) = (T; — To)lé+ T;

final form of T.D.E

» [o find the location and magnitude of maximum
temperature:

LT L (- ) - (T - T)]i_o

rln

=7 ;(ro ) = (T = To)| }

By substituting in T.D.E we can find the max. temp.



» Example: Cylindrical pipe of inner radius 20cm and
outer radius 50cm. The temperature of inner surface
IS 50°C and of outer surface is 10°C. Thermal
conductivity of the pipe material is 10W/m.° C. The
heat generation in the pipe wall is 4x10*W /m?. Find
the equation of temperature distribution through
the/wall of the pipe and find the tfemperature at the
id-point of the wall. The location and magnitude
f the maximum temperature and also the heat flux
t Inner and outer surface.




» Solution: Hollow pipe r; = 20cm = 0.2m,

>, =50cm = 0.5m,
» the thermal conductivity k=10W/m.° C.
» The heat generationis § = 4 x 10*W /m3.
»BC.l At r=r;=02m T; =50°C, and
wBC2at r=r,=05m T,=10°C.

» Assumption: The thermal conductivity is constant
and heat generation is also constant

®» Analysis: the differential equation for temperature in
cylindrical wall with heat generation is

d(TdT)— gr
dr \' dr/) k

By double integration for this equation and
ubstituting the boundary condifion:



»7r. =02m T; =50°C, r,=05m T, =10°C

. . In—
—L (2 —r)+|L (- 12) - (1, - 1) m—_ + T,

l

4x10%
» = ———=(r? - (0.2)?)
4 I r
+ [44211"0 (0.52 — 0.22) — (50 — 10)] ZZE + 50

0.2

r
= —1000(r* — (0.2)%) + 185.53lnﬁ + 50

» [0 /find the tfemperature at mid-point of the wall
__ T+, 0.2+0.5

= = = 0.35m
2 2




r
T = —1000(r* — (0.2)*) + 185.53In - + 50

® T, = —1000((0.35)% — (0.2)%) + 185. 531n0—35 +50 = 71.33°C

®» [0 find the location of maximum temperature

. 1/2
= {%k [ik (12 —r?) — (T; — To)] ﬁ}

1/2
2 10 [4210 (0.52 — 0.22) — (50 _}

4%x10% =
» /= (0.3045m

max = —1000((0.3045)% — 0.22) + 185.53In
= 80.71°C

0.3045

+ 50



» To find the heat flux at the inner surface and outer
surface, we use:

dT
» Y




- qT‘=T‘i

- _10{ 4x10% (2 < 0 2) + [4><10 (O 52 _ . 22) N (50 N 10)]
— —1281.37W
) .. |
® Qr=r, = —k {_:;k (27,) + [:;k (roz - riz) o ln(r—(’)}
. 10{ ax10° = (2% 0.5) + [‘m“ (0.52 — 0.22) — (50 — 10)]

8943.73W

}

OZln(

05)

)




Heat Conduction in
Spherical Body

» Hollow Spherical body without heat generation

2 E) — If k=constant then

A'I'T'ZTL' T=Tl
AN cir=1r, T=T,




: : : d [ odT\ _
» [he differential equation E(r 5) =0

® [t can be infegrated first infegration

» rZ—=( or —=Cr?

Frogh B.C.1 T, =2 + ¢, (1)

frbm B.C.2 T, = 2 + C, (2)

To

substituting eqg.(2) from eq.(1)



o
|
o3
|

o (1 1 )
i — Cl S
i To i To

;=3 e then

substituting ¢; & C, InT.D.E we get




==
i (l_ll)o
BT AT = (T —To) 7 or
(i 7s)
— (T_T")/— w TD.E

(To—1'1) B (i_i)

T'i To




» Example: hollow spherical wall of inside radius 0.3m
and ovutside radius is 0.7m. Thermal conductivity of
its material is 12W/m.° C. The temperature of inner
surface is 300°C and temperature of outer surface is

50°C. Find the T.D. E. and find the temperature

itude at 4, 2 and % of the thickness of the

Determine also the heat transfer form the

rical shell.

.  spherical shell of r,=03mandr,
0.7m with T; =300°C and T, =50°C and
=12W/m.° C.

Assumption: one-dimensional heat conduction with
constant thermal conductivity.




» Analysis: the differential equation is di (rz d—T) =0

r dr

®» The solution of this equation

» LT _ (%_%)
(To~T4) (%-%)
o (T—300)" (ﬁ_%) _, (T-300)_ (%‘%)

(50—300) (£_0_17) (-250) (1.90476)

» At/ of the shellr=0.4m T = 190.62°C
» At '% of the shellr=0.5m T = 125°C
AT %4 of the shell r=0.6m T = 81.25°C



0.8

(Ti_7b)

1

41tk

0.6

(

i LAY
T'iT'o

Chart Title

0.4

(300-50)

1

1 1

471TX12

0.2

(

0.3 0.7

350
300
250
200
150
100

50

)

= 19792W

find the heat transfer from the spherical shell

Q =

300
190.62
125
81.25
50

0.3
0.4
0.5
0.6
0.7



Heat conduction in solid
Sphere with heat generation

» Solid sphere with outer radius R and constant
thermal conductivity k. The heat generation in
the sphere is gW/m3. To find the temperature
distribution through the solid sphere. The

oundary conditions are

dT
At r=0 ;=0, atr=R T =T,.

» [he differential equation of temperafure
distribution is




dr 3k dr 3k
» By infegrating this equation we get that

_ i C, FromB.C.2 wherer=R T=Tg
6k

_ 3R

Z_E'l'TR



1.D.E

(1)




» o find the heat flux at the outer surface of the
ere, we do that:

_ _gpary g d(_gr*  gr?

= qr = kdr)r_R_ dr( 6k+6k+TR)
_ o _2dr _9R 2

= Ar = ( 6k)r—R 5 Wy

= O = Aqg = 47R*> £ = 2R3




Heat Conduction in a Hollow
sphere with heat generation

» Hollow sphere with inner radius r; and outer radius

1,, thermal conductivity of its material is k and the
heat generationis g. It is to find the temperature
Istribution equation.

2 dT) gTz
a3 k

» The differential equation is % (r -

» The Boundary conditions are:
B.C.1 at r=r; T = Ti B.C.2 =, T = TO
y integrating the equation we get:



T o T
ar _ _gr G | i
B+ and by second integrafion
.o 2
S 1 o T.D.E.
6k T

2
»BCl T,=-SL+24¢, (1)
mRC2 T, =-9% %, (2)

y subtracting eq.(2) from eq.(1) we get:



— Ti—TO:§(T02 2)+C1(__i)

To

= a=olEed - - =)

Tl To

» By subs’ri’ru’ring in eq (]) we get:

A if (l_i) [6k (5 =1) = (T = T, )]
» T |

7 _i12_<111)[%(r02 _riz)_(Ti_To)]%

1 1
Tl To

T = (r —1r})+——

[£ (2 —r2) - (- 7)] 2

rl To

(1;) &0 ~]) - @ -1 (5 ~7) + T



