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REAL AND COMPLEX NUMBERS

Polar Coordinates

Let r and @ be polar coordinates of the point (x,y) corresponding to a
nonzero complex number z = x + iy

Since, x =rcosf ,y=rsind

z=r(cos@ +isinB)|,  polar form of number z
For example,
_ T s |4 =7 N ek 1
1+i=42 [cns (1) + isin (Z)] =12 [ms (T) + i sin (T)l

The number @ is called an argument of z, (also called, 'phase ' and ' angle')

@ is the directed angle measured from the positive

x-axis to a point p and called (argument of z) and is 71 z=x+iy

denotedby: arg ; 6 =argz r (x, )

Hence the angles will be measured in radian and /] X% 6

- : > X
| positioned in the counterclockwise sense)tan 8 = % o/




Important identity
1. arg(z1z;) = arg(z;) + arg(z)
2. arg(z,/z,) = arg(z,) — arg(z,)

Question : Find the value of (iz )
iz=1(1) [cns ;+ i sin g] r(cos@ + isin@)

l_'_l

L z

iz =r[cns(9+g)+ isin(9+;)]

iz has an important applications in Optics i.e. (circular polarization).
Example:
0, =arg(l1+i) ,0,=arg(—1—-i)= tanf, =tanf, =1...PLOT!!




Question : Use Cartesian coordinate system representation of z , simplified the
multiplication of two different complex numbers.

212, = (0 + 1) 00 + 12) = (o = yaya) +ixa +y2x) 1,
1+iD)(2+3i))=2+5i—3=-1+5i z,
Z1Z2
z; =(1+)->x =Ly, =1, n=v2, 6, =45°, : zy
-13 o 0
tan 5 or 6, = 56.31°, °
'f' Zy
For the final results —1 + 5i, will be '
Z1Z7 z,

r=51 ,0= tan‘l—% 6 =101.31°




Exponential Function Agakad) Ay A2

The polar formis  z =r(cosf +isinf) ,

Where |e’® = (cos@ +isin@)|, is FEuler’s formula , and

exponential function)

NOTE:

(1) zy2, = ryr,etf1+62)

(2) “1 11 ,i(6,-65)

e (complex



Question : Relate trigonometric function with complex exponential function

ABall ALY ) gall g Aaall Ao M galt s Jay )

Proof: e~ = cos® —isin®

e =cosf +isinf ..(1)

e = cosf —isinf ..(2)

Adding (1) and 2) : e +4+e7% =2cosf = |cosf = -

subtracting (1) and (2)

e = cos@ +isinf ..(1)

e =cos@ —isinf ..(2)

ef—e

2

—-i0
io

el® — e 9 = 2isinf - sind =



Powers of complex numbers

zn = r“ei”BL (n=0,%+1,42,...) , where (Em)n = ein®

Or |(cosf +isin@)" = cosnf + isinnf = cos¢ + isin |,
(n=0,+1,+2,..) (de Moivre's theorem!)

Where |¢p = no

Roots of complex number z

1 1 0+2knr 0+ 2km
zﬂ=rn[ms—+ [ sin ———|, k=012 ...n—1

n n

Example

1. Solve the equation z* + 1 = 0, or in other words

1
2. Find z for the equation z = (—1)3
3. Find the third roots(QNLY) of the equation z* + 1 = 0




Solution

. 1
72 = —1,= (-1)3,

x=-1lLy=0r=yx‘+y*=r=1

E=tan_1q)= 6=, n=3 k=012
X

1** root |k = 0} z, = (1) [ms

T+ 2(0)m .. mm+2(0)T
; + 1 sin

1
=3 + 10.866 = 0.5 + i0.866

2 oot |k = 1

mn+2mr = w4+ 2m
Ez=[EDS + 1sin 3 ]
=cosm+isinm =—1+0i
3™ root |k = 2|,
m+4n @ 0 w4+ 4n
33=[c05 + 1sin 3 ]
5T 5T

= €05 —- + isin? = 0.5 — 0.866i
The 3" root k =2 was (0.5 ,—0.866)




Examples

1. Find one value of arg( z) when

1+ivV3 '

a)z = b) z =—

\6
ﬁ, C)Z=(\(§_l)

Solution:

~2 -2 1-iV3  (=2)(1-+3i)
1+iV3 ' 1+i/3 1-iW/3  1+3

=—2+2«f§i —;—+:—\/§i

4

a)z=

T |

=—0.5

V3=0.866—6= . LY Ay
B = 0 = arg(z) = tan (;)—tan

-0.5

L= -

B | et

y

g =tan"! (—/3) = B = 180° — 60° = 120°

i

b) —z—=2i'

i i —242i  i(-2+20)
= * =
—z—20 -2-2i -2+2i 8




[ _ —2i+2

—z — 21 8
i 1—-i 1 1
~z-21i 4 a4 4
x=-,y=-1=0=tan! (1/4) stan~1(—1) = —45°=315°= —Z2=2"
4 4 1/4 T 2
C) z=(\/§—i)ﬁ

x =43
—_ — -1 }' — —1( 1)_ o
y=-1, 6=tan (;)-tan — Z)=-30

V3

nd =660 =-30°x6 =—180°=360°—180°=nm



