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Part I/ Three-Phase Circuits (polyphase)
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Figure 1. Single-phase system with two-wire type

(c) Phasor

(b) Voltage waveform

(a) Basic ac generator

Figure 2. A basic single-phase generator

A Polyphase system is a system in which the AC sources operate at the same frequency but different
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Figure 3. Three-phase four-wire systJem
Balanced Three-Phase Voltages _
Balanced phase voltages are equal in magnitude and are out of phase with

each other by 120°.
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(a) Basic 3-phase generator
Figure 4. Three sets of coils are used to produce three balanced voltages




e There are two phase sequences, abc and acb

e abc is similar to bca and to cab.

e The phase sequence is the time order in which the voltages
pass through their respective maximum values.

e The default sequence is the abc unless otherwise stated.

Three-phase voltage sources connections
The connection could be a star (YY) or delta(A), but the star is more relevant one
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Figure 5 Three-phase voltage sources: (a) Y-connected source, (b) A-connected source

The phasor diagram and phase sequences

,\1200 vV, = VP E
120° <

- V., = V,/—120° -
‘_/ vmr ’ pL \’ﬂ.b
~120° Veo = V,/—240° = V,/+120°
vhu
(a)
\
’_\1200 ch = Vp 00
_ Ve = V,/—120° -
\v'! = — © = © ¥
v | Vo = V,/=240° = V,/+120 Vib
vcu ch.
(b) (b)
Figure 6. Phase sequences for Figure 7. Phase sequences for A -connected source
Y-connected source (a) abc or positive sequence,
(a) abc or positive sequence, (b) acb or negative sequence

(b) acb or negative sequence



For only balanced three phase systems
Van + Vbn + V = O

‘chl - |Vbn‘ - ‘Vm'l

cn

Van + Vo + Vo, = 7, /0° + ¥, /—120° + V,/+120°

= V(1.0 — 0.5 — j0.866 — 0.5 + j0.866)
=0

Example 1

a. If Eqq = 277 VZ0°, what are Egp and Ec?
b. If Egpr = 347 V£—120°, what are Ez4' and Ec¢'?
c. f Eccr = 120 VZ150°, what are E44- and Egp'?

Sketch the phasors for each set.

Answers

a. Egg =277 VZL—120°% Ecc = 277 VZL120°
b. Esxr = 347V Z0% Ece = 347 VZ£120°

c. Eqaqa = 120V .L30°% Epp = 120 VL—90°

Three-phase load
Three-phase load can be either wye-connected or delta-connected
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Figure 8. a Y-connected load. Figure 9 a A-connected load.

For a balanced wye-connected load, | For a balanced delta-connected load,

Z] — Z': — Z3 — ZY Zﬂ‘ — Z,b — ZC — Z_\
Y-to-A Transformation A-to-Y Transformation
7.7, + 7,7+ + 7,7, 7,75
ZA — Zl —
7, Z,+Zz+ Z¢
7.2, + 7,725+ 7,75, Z.,Zc
ZB — Z2 =
Z, Z,+2Lpg+ L
7.2, + 7,7+ 7,7, ZsZ
Ze = 7=
7, Z,+Zp+ Z¢

For a balanced load only ZA=3ZY




Example 2
Determine the phase sequence of the set of voltages

Un = 200 cos(wt + 10°)
Up, = 200 cos(wt — 230°), V. = 200 cos(wt — 110°)

Solution:
The voltages can be expressed in phasor form as

V,, =200/10°V, V,, =200/-230°V, V., =200/—110°V

We notice that V,,, leads V,, by 120° and V_,, in turn leads V,,, by 120°.
Hence, we have an ach sequence.

There are four possible of connections:

Source Load
Y Y
Y A
A Y
A A

Balanced Y-Y Connection

Figure 10. A balanced Y-Y system, showing the source, line, and load impedances



Figure 13. Balanced Y-Y connection.
Zy = Zs + Z( + ZL

For abc (positive sequence)

\'!cm - Vp E

Vi, = V,/—120°, V., =V,/+120°

The line-to-line voltages or simply line voltages are related to the phase voltages.
For example,

\Fc?b = \;cm + \/rnb = V,(m o \/rbn = Vpﬁ o Ip —120°
: 1 V3 o
= I';)(l + 7 +J ) ) = \/glpf?’()
Z,=Z,=7.=7
\/b(_‘ = \’Ibn o \’Ic‘n = \/§Ip{ —90° 8 i ¢ o

Iy=1,+1,+1.=0

\/C‘(l = ‘]CH - \](m - \/§I)i —-210°
f Vv = IVliq'éAN
Vv = IVlé(é_‘IN -120°)
Vf_ - ‘\/ng VCN =|V| i((ﬁAN _2400)

Vis =Viw =V =V |[N3£(4, +30°)
Vac =Vay —Ven = ‘V{V| \5‘( (¢1\ —120°+30°)
Ve cd = Vi CN ’/AN = |VA3\-' ‘ ‘/gé(é‘m' —240°+ 300)

[:r) = |\(,(m‘ = ‘\an‘ = ‘\/Cﬂ‘
Vi = [Vap| = [Vie| = [Ved

The line voltages sum up to zero as do the phase voltages.

Van+Vbn+Vcn=0 (for balanced load only)
and
Vab+Vbc+Vca=0 (for balanced load only)



Wye connected line voltage magnitudes
Vab — \/5 van
Vbc = ’\/5‘ vbn

m Vca =‘\/§' vcn

Ph hi
| s Line-to-line (line) voltages lead phase
‘\x;’ Ve voltages by 30 degrees for CCWV rotation

Rotation V=V 230 Vie=V,_/-90° V=V, /-210

Figure 11. The relation between line and phase voltages
The line currents are equal to phase currents in Y- connection and their sum is
equal to zero in a balanced system.

A% V, \I(m{ —120°
L=_" L=_"= =1,/-120°
Zy T 7y Zy
Ven \/anﬂ

=" =———=1,/-240°
ZY Zy L

L+1,+L =0

,=—(,+1,+1)=0

\;m\-’ = Zﬂlﬂ =0



" The Single-Phase Equivalent
An alternative way of analyzing a balanced Y-Y system is to do so on a “per phase’
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Figure 13. A three-phase Y-Y system.
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Figure 14 A single-phase equivalent circuit



"Example 3
Calculate the line currents in the three-wire Y-Y system of Fig.15

520
a J A

e 110,/0° V

]
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D10+j8£2

110,/-240° V e e 110,/-120° V
10+,8Q

5-/20
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Figure 15. Three-wire Y-Y system

00

solution:
VQ‘H
I, =
Zy
where Zy = (5 — j2) + (10 + ;8) = 15 + j6 = 16.155/21.8°. Hence,
110/0°
= 6.81/—-21.8° A

I, =
16.155/21.8°

I, =1,/—120° = 6.81 /—141.8° A

I.=1,/-240° = 6.81/—261.8° A = 6.81/98.2° A

Sketch the phasor currents




Example 4
For Fig. 16, Ean = 120 V£0°.
a. Solve for the line currents.
b. Solve for the phase voltages at the load.
c. Solve for the line voltages at the load

020 +j020
= AN L

()
02Q+;020Q 1,
L — g20+j020
ANV S
() Zy=60+;80
Figure 16 Y-Y connection.
Solution:
a. Reduce the circuit to its single-phase equivalent as shown in Fig. 21

A 020+j020 a

N Zero impedance n
Figure 21 Single-phase equivalent.
Since the neutral conductor carries no current, its impedance has no effect on
the solution
- Ein 120£0°
a

= = 11.67AZ—-5291°
Zt 0.2 +j0.2) + (6 +/8) ?

Therefore,

I, =11.67A£—17291° and I.= 11.67 A£67.09°

b. Voo =1, X Zyy = (11.67£—52.91°)(6 + j8) = 116.7 V.£0.223°
Thus,
Vi = 116.7VL—119.777° and V., = 116.7V.L120.223°

c. Vap = V3V,,£30° = V3 X 116.7£(0.223° + 30°) = 202.2 V.£30.223°

Thus,
Vpe =202.2VL—89.777° and V. =202.2V.L150.223°




‘Star- Delta Connection

Consider the Y- A connection in Fig. 17

_ Vg _ Ve Vs
lAB - Z—a lB(" = Z—, 7

A A A
Or v
Vs = V3V,/30° = V5, Vie = V3V, /—90° = V;,
Vc‘u = \/3’}){ + 1500 — V(-_v‘

_V(m + ZAIAB + vbn =0

- van o vbu - Vm‘.z VAB

I = = =
AB 7oA 7 Z
I, = Lip = Iey, I, = Igc — Ly, I =1Icy — Ipe Lyg
Siﬂce ICA = [AHC. 72400, 3(0°
I, = Ly = Loy = L1 — 1/-240°) v
= Lyg(1 + 0.5 = j0.866) = Lz V3/=30°
]L = \/§1p
I = | = L] = 1] Lo L = VEI,z-300
Figure 23 phasor diagram of the line and
I = Hanl = [Tnrl = [T phase currents in a A connected load
P |AB| | B(| | (A|

The set of line currents lags the set of phase currents by 30°.




IHA - IAB - ICA
=1, /0" — 1, /120°
= V31, /30",

IbB - IBC - IAB
=1, /—120" = 1, /0"
= V3I, /=150,

ICC - ICA - IBC
=1, /120° — 1, /—120°
= V31, /90"

VB(‘

1 s| XD
IB(‘ = I& ‘C('?i_w —120°)
I{‘.-[ = Ig. i(ﬁﬁ_w —240°)

as ey =1y \/?_”-':(ﬁ?j_w —30°)
Iy =1Ipe—1;p= I@. "E‘{({é:a —120°-30°)
le=1c,—1pe = ]g& '\E*’-{{Q;H —240°-30°)

lc(_‘

(b)

Figure 24 Phasor diagrams of the line and
phase currents in a A connected load.

(a) The positive sequence.

(b) The negative sequence




Example 6 )

A balanced abc-sequence Y-connected source with V,, = 100/10°V
is connected to a A-connected balanced load (8 + j4) () per phase. Cal-
culate the phase and line currents.

Solution:
This can be solved in two ways.

B METHOD 1 The load impedance is
Z, =8 + j4 = 8.944 /26.57° ()
If the phase voltage V,, = 100/10°, then the line voltage is

Vi =V V3/30° = 100V3 /10° + 30° = V4

or

Vap = 173.2/40° V

The phase currents are

v, 1732/40°
Z, 8.944/26.57°
Ipc = Lip/—120° = 19.36/—106.57° A
Ica = Lig/+120° = 19.36/133.43° A

The line currents are
I, = LisV3/-30° = V3(19.36)/13.43° — 30°
= 33.53/-16.57° A

I, =1,/—120° = 33.53/—136.5’?0 A
I.=1,/+120° = 33.53/103.43° A

= 19.36/13.43° A

B METHOD 2 Alternatively, using single-phase analysis,
V. 100,/10°
|

* T Zy/3 2.981/26.57°

as above. Other line currents are obtained using the abc phase sequence.

= 33.54/—-16.57° A




“Example 7

Suppose Vab=240 V15 or the circuit of

' |
Fig.25 e Lo +
a. Determine the phase currents. ji3Q v
b. Determine the line currents. LU ab
c. Sketch the phasor diagram. L 100 /1' P30
o——" Y AN b
N i3 100

lb('

Figure 25 balanced delta load

Solution:
Vi, 240£15°
a. I, = = — = 23.0AZL—1.70°
Zab 10 +j3
Thus,

I = 23.0AZ—121.7°and L, = 23.0 A£118.3°
b. L, = V3L,;,£—30° = 39.8 AL—31.7°
Thus,
I, = 39.8A/—151.7°and I, = 39.8 A£88.3°

c. Phasors are shown in Figure 24-15.

A1 =39.8 AL88.3°

I, =23A/118.3°

30°
A.-*‘
120°

I, =23A/-17°

I, = 39.8 AZ—151.7°
I,, = 23 AZ—121.7° I, =398 AZ-31.7°




Example 8

For the circuit of Fig. 26, Eag = 208 VV£30°.
a. Determine the phase currents.

b. Determine the line currents.
I(I

—b. a
I
90
A%
9 QO ab
Ejp :
J 12 Q /I('(g I(!’b . -
j12Q
90 j1zQ
. @ W\, Y Y\ b
i I,

Figure 26 A Y-A connection

Solution:

a. Since this circuit has no line impedance, the load connects directly to the
source and V,;, = E g = 208 V£30°. Current I, can be found as

[ _Var _208230° _ 208£30°
¥ g 9+ji2 15245305

= 13.9AZ£-23.13°

Thus,
Ipe = 139AZ£—143.13° and I, = 13.9 AZ£96.87°
b. I,= \/51(,,,4—30° = V3(13.9)£(—=30° — 23.13°) = 24 A/—53.13°
Thus,
I, =24 AZ—173.13° and I.= 24 AZ66.87°




“Example 9

For the circuit of Fig. 27, the magnitude of the line voltage at the generator is
207.8 volts. Solve for the line voltage Vg, at the load.

P 0.1Q+;0.10Q )

+ I[!’ —_— +

Ean 79 9047 v

i j120 / | YA

= La 120 -
90 j120

C ___ﬂ‘/\/ﬁ\/\‘ Y Y\ b
C B - lf)r

ab

I 0.10+;0.10Q — I,
— % 0.10+/0.10
\/A\/\V/\ — Y Y\

Figure 27 A Y- A circuit with line impedances.

Solution:
Since points A-a and B-b are not directly joined, Va,# Eag.
Use the single-phase equivalent as in Fig. 28.

0.,1Q0+70.1Q
A ] a

I(I
+ 32 F
E.y = 120 VL0° @ o

a j4Q

N n
Figure 28 Single-phase equivalent

Phase voltage at the source is 207.8/V/3 = 120 V. Choose E 4y as reference:
Eav = 120 V.Z0°.

Zy =Zy3 =09 +j12)3=30Q +j4Q.
Now use the voltage divider rule to find Van:

V,, = (%) % 120200 = 116.7V.£0.223°
3.1+ jd.1

Thus,
Vu = \/§V(,,IA30° = \@(116.7 V)£30.223° = 202.2 V.£30.223°




Balanced Delta-Wye Connection

A balanced -Y system consists of a balanced A -connected source feeding a
balanced Y-connected load. Consider the circuit in Fig. 31

\Tm’l = V;JZ@« th' = V;Jf —120° a la-— A
V,, = V,/+120°

To obtain the line currents, apply Veo (e 2 Vo
KVL to loop aANBba in Fig. 31, L zy
writing ) 9 = .

7V£u‘; + ZY[m - ZYI,’: =0

or

2,0, — 1,) = V,, = V, /07 Figure 31 A balanced A-Y connection

Thus,
V,/0°
]“ - I;, = ZY
But I, lags I, by £120° since we L -1, = L( — 1/-120°
: ' 1 /3 -
assumed the abc sequence; that is, _ Ia(l N j\, ) — 1,V3/30°
Ip = 122-120° Then, 2 2

V,/V3/=30°
I =

a

Zy
I, =1,/—-120°1, = Ia{+l20°,

Another way to obtain the line currents is to
replace the delta-connected source with its Figure 32 Transforming a A -
equivalent wye-connected source, as shown in connected source to an

Fig. 32 equivalent Y-connected source

Thus, the equivalent wye-connected source has the phase voltages
V

vV, =2 /—30°
an \13

V 7 %

V, = ——/—150° V., = —=/+90°
b ,\’3]." e \/ 3.-_"

Therefore, we can use the equivalent single-phase circuit shown in Fig. 33
1

[t}
—_—

Vn” 30 /-IJ) 7
V3 l\T ’

Figure 33 The single-phase equivalent circuit.

V,/V3/=30° Vv =1,

Zl V;ﬁ.\f - V,'{_.\.-' ff 120°, v(;\' - V.-k.\-'a_’f F120°




Example 11

A balanced Y-connected load with a phase impedance of 40 + j25 () is
supplied by a balanced, positive sequence A-connected source with a line
voltage of 210 V. Calculate the phase currents. Use V_, as a reference.

Solution:
The load impedance is

Zy =40+ j25 = 4?.1?@ Q
and the source voltage is
V. = 210/0°V
When the A-connected source is transformed to a Y-connected source,

Vﬂb
V.. = f—30°= 121.2/-30°V
etn _\/§

The line currents are
\'J 121.2/-30°

=== =257/-62°A
Z,  47.12/32°

I, = L,/—120° = 2.57/-178° A

I = 1,/120° = 2.57/58° A

which are the same as the phase currents.




Balanced Delta-Delta Connection

Consider the A-A connection in the circuit shown in Fig. 34

Ia
a —
V‘_ a +_ +_ Vab
Ib
) -
C — +
N b
Vbt‘ IL'
—

Figure 34 A balanced A-A connection.

For abc sequence:
vab - vp 0°
Ve =V,/—120°, V., =V,/+120°

The line voltages are the same as the phase voltages.
Assuming there is no line impedances,

ch’) - VAB? Vbc' - VBC* V('u - VC‘A
The phase currents are
o VAB o Vc;b o VBC o Vh('
IAB_Z _Z’ IB(’_‘_Z _Z
A A A A
V(.“/\ Vr'u
Iea = 7 - 7
A A

The line currents are
I, = Lip — Ica, I, = Ipc — Ly, I. = Ica — Ipc

Each line current lags the corresponding phase
current by 30°and the magnitude of

I, = V3I,

An alternative way of analyzing the circuit is to convert both the source and the load
to their Y equivalents




Example 12

A balanced A-connected load having an impedance 20 — j15 () is
connected to a A-connected, positive-sequence generator having
Vau = 330 E V. Calculate the phase currents of the load and the line
currents.

Solution:
The load impedance per phase is

Zy =20~ j15=25/-36.87° Q)

Since V,p =V, the phase currents are

Vas 330E
L= = = 13.2/36.87° A
APz, 25/-36.87

IBC = IAB{ _1200 — 13.2 _83130 A
Iea = Lip/+120° = 13.2/156.87° A

For a delta load, the line current always lags the corresponding phase
current by 30° and has a magnitude \/3 times that of the phase current.
Hence, the line currents are

I, = 1,;V3/-30° = (132/36.87°(V3/~30°)
= 22.86/6.87° A
I, =1,/-120° = 22.86/-113.13° A
I =1,/+120° = 22.86/126.87° A




| Summary of phase and line voltages/currents for balanced three-phase

systems.?
Connection Phase voltages/currents Line voltages/currents
Y-Y Van =V, /0° V= V3V, /30°
V,, = V,/—120° Vie = Vi /—120°
Ve, = V,/+120° V.. =V,/+120°
Same as line currents I,=V,/Zy
I, =1,/-120°
I.=1,/+120°
Y-A Voo =V, /0° Var = Vag = V3V,/30°
Vi = V,/—120° Ve = Ve = Vo / —120°
Ve = V,/+120° Vo = Vea = Vo /+120°
Lig = Vap/Zy I, = IAB\/gf —30°
Igc = Vpo/Zy I, =1,/—120°
Ica = Veu/Zy I.=1,/+120°
A-A V=V, 0° Same as phase voltages
Ve = V,/—120°
Vo =V,/+120°
Lig = Va/Zn I, = IAB‘\/§£ —30°
Ipc = Vi /7 I, = Ia{ —120°
Ica = Vo /ZA I.=1,/+120°
A-Y Vo =V,/0° Same as phase voltages

Ve = V,/—120°
Ve =V,/+120°

Same as line currents

V,/—30°

[,=——7—
\V3Zy

I, =1,/-120°

I.=1,/+120°

! Positive or abc sequence is assumed
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