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1.8. Differentiation (definition and rules) 

- Definition of derivatives 

𝒅𝒚

𝒅𝒙
= 𝒍𝒊𝒎

∆𝒙→𝟎

𝒇( 𝒙 + ∆𝒙) − 𝒇(𝒙)

∆𝒙
 

   

Example 1: if y=𝒙𝟐𝒇𝒊𝒏𝒅 
𝒅𝒚

𝒅𝒙
   𝒃𝒚 𝒖𝒔𝒊𝒏𝒈  𝑫𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏  

 𝒐𝒇 𝒅𝒆𝒓𝒊𝒗𝒂𝒕𝒊𝒗𝒆𝒔.  

Solution/ / 

�̅� = 𝐥𝐢𝐦
∆𝒙→𝟎

𝐟( 𝒙 + ∆𝒙) − 𝒇(𝒙)

∆𝒙
 

�̅� = 𝐥𝐢𝐦
∆𝒙→𝟎

( 𝒙 + ∆𝒙)𝟐 − 𝒙𝟐

∆𝒙
 

�̅� = 𝐥𝐢𝐦
∆𝒙→𝟎

( 𝒙𝟐 + 𝟐𝒙∆𝒙 + ∆𝒙𝟐) − 𝒙𝟐

∆𝒙
 

�̅� = 2𝑥 

Exercise 1:if y=𝑥3𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
   𝑏𝑦 𝑢𝑠𝑖𝑛𝑔   

𝐷𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠.  
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Rules of derivatives 

�̅� =
𝒅𝒚

𝒅𝒙
.  𝒚 ̿ =

𝒅𝟐𝒚

𝒅𝒙𝟐
 

 

8.  Chain Rule: if    y=f(u) , u=g(x) 

𝒅𝒚

𝒅𝒙
=

𝒅𝒚

𝒅𝒖
∗

𝒅𝒖

𝒅𝒙
 

    

9.Parametric Equation: if    X=f(t) , y=f(t) 

𝐝𝐲

𝐝𝐱
=

𝒅𝒚
𝒅𝒕
𝒅𝒙
𝒅𝒕
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10. Implicit Differentiation 

𝒙𝟐𝒚 − 𝒙𝒚𝟐 = 𝒚                                  𝑰𝒎𝒑𝒍𝒊𝒄𝒊𝒕    

Explicit    Y=𝒙𝟐 + 𝟐𝒙 + 𝟐 

Derivatives of trigonometric function 91. 

1. 
𝒅

𝒅𝒙
(sinu )=cos u.

𝒅𝒖

𝒅𝒙
 

2. 
𝒅

𝒅𝒙
(cosu )=-sin u.

𝒅𝒖

𝒅𝒙
 

3. 
𝒅

𝒅𝒙
(tanu )=se𝒄𝟐𝒖 .

𝒅𝒖

𝒅𝒙
 

4. 
𝒅

𝒅𝒙
(cot u )=-cs𝒄𝟐𝒖 .

𝒅𝒖

𝒅𝒙
 

5. . 
𝒅

𝒅𝒙
(sec u )=sec 𝒖. 𝐭𝐚𝐧 𝒖 .

𝒅𝒖

𝒅𝒙
 

6. 
𝒅

𝒅𝒙
(csc u )=-csc 𝒖. 𝐜𝐨𝐭 𝒖 .

𝒅𝒖

𝒅𝒙
 

Example 1: Find   
𝒅𝒚

𝒅𝒙
. 𝒚 = 𝟐𝒙𝟒 + 𝟓𝒙𝟐 + 𝒙 + 𝟏𝟗  

Solution// 

𝒅𝒚

𝒅𝒙
= 𝟖𝒙𝟑 + 𝟏𝟎𝒙 + 𝟏 

Example 2: Find       
𝒅𝒚

𝒅𝒙
. 𝒚 = (𝒙𝟐 + 𝟏)𝟓  

Solution// 
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𝒅𝒚

𝒅𝒙
= 𝟓(𝒙𝟐 + 𝟏)𝟒 ∗ 𝟐𝒙 = 𝟏𝟎𝒙(𝒙𝟐 + 𝟏)𝟒 

Example 3: Find       
𝒅𝒚

𝒅𝒙
. 𝒚 = [(𝟓 − 𝒙)(𝟒 − 𝟐𝒙)]𝟐  

Solution/ 

𝒅𝒚

𝒅𝒙
= 𝟐[(𝟓 − 𝒙)(𝟒 − 𝟐𝒙)]𝟏((𝟓 − 𝒙) ∗ (−𝟐) + (𝟒 − 𝟐𝐱) ∗ (−𝟏) 

 

Example 4: Find       
𝒅𝟒𝒚

𝒅𝒙𝟒
. 𝒚 = 𝟑𝒙𝟒 + 𝟐𝒙 + 𝟏𝟗  

Solution/ 

 𝒅𝒚

𝒅𝒙
= 𝟏𝟐𝒙𝟑 + 𝟐 

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝟑𝟔𝒙𝟐 

𝒅𝟑𝒚

𝒅𝒙𝟑
= 𝟕𝟐𝒙 

𝒅𝟒𝒚

𝒅𝒙𝟒
= 𝟕𝟐 

Example 5: Find    
𝒅𝒚

𝒅𝒙
. 𝒊𝒇 𝒚 = 𝒖𝟐 + 𝟐𝒖 + 𝟏 𝒂𝒏𝒅 𝒖 = √𝒙𝟐 + 𝟏  

Solution// 

𝒅𝒚

𝒅𝒖
= 𝟐𝒖 + 𝟐  .      

𝒅𝒖

𝒅𝒙
=

𝟏

𝟐√𝒙𝟐 + 𝟏
∗ 𝟐𝒙 



Mathematics I                                                      

 

42 
 

𝒅𝒚

𝒅𝒙
=

𝒅𝒚

𝒅𝒖
∗

𝒅𝒖

𝒅𝒙
= (𝟐𝒖 + 𝟐) ∗

𝟏

𝟐√𝒙𝟐 + 𝟏
∗ (𝟐𝒙) 

𝐝𝐲

𝐝𝐱
= (𝟐√𝒙𝟐 + 𝟏 + 𝟐)

𝒙

√𝒙𝟐 + 𝟏
 

Example 6: Find       
𝒅𝒚

𝒅𝒙
. 𝒊𝒇 𝒚 = 𝟐𝒕𝟑 − 𝟔𝒕 𝒂𝒏𝒅 𝒙 = 𝒕𝟐+2t  

Solution// 

𝒅𝒚

𝒅𝒕
= 𝟔𝒕𝟐 − 𝟔   .

𝒅𝒙

𝒅𝒕
= 𝟐𝒕 + 𝟐 

𝒅𝒚

𝒅𝒙
=

𝒅𝒚
𝒅𝒕
𝒅𝒙
𝒅𝒕

=
𝟔𝒕𝟐 − 𝟔

𝟐𝒕 + 𝟐
=

𝟑(𝒕 − 𝟏)(𝒕 + 𝟏)

(𝒕 + 𝟏)
= 𝟑(𝒕 − 𝟏) 

Example 7: Find       
𝒅𝒚

𝒅𝒙
. 𝒈𝒊𝒗𝒆𝒏  𝒙𝟐𝒚 − 𝒙𝒚𝟐 + 𝒙𝟐 + 𝒚𝟐 = 𝟎  

Solution// 

𝒙𝟐
𝐝𝐲

𝐝𝐱
+ 𝒚(𝟐𝒙) − 𝒙𝟐𝒚

𝒅𝒚

𝒅𝒙
− 𝒚𝟐 + 𝟐𝒙 + 𝟐𝒚

𝒅𝒚

𝒅𝒙
= 𝟎 

𝐝𝐲

𝐝𝐱
[𝒙𝟐 − 𝒙𝟐𝒚 + 𝟐𝒚] = −𝟐𝒚𝒙 + 𝒚𝟐 − 𝟐𝒙 

𝒅𝒚

𝒅𝒙
=

−𝟐𝒚𝒙 + 𝒚𝟐 − 𝟐𝒙

𝒙𝟐 − 𝒙𝟐𝒚 + 𝟐𝒚
 

Example 8: Find       
𝒅𝟐𝒚

𝒅𝒙𝟐
. 𝒚 = 𝒙𝟐 𝐬𝐢𝐧 𝒙  

Solution// 
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𝒅𝒚

𝒅𝒙
= 𝒙𝟐 𝒄𝒐𝒔 𝒙 + 𝐬𝐢𝐧 𝒙 ∗ 𝟐𝒙 

𝒅𝟐𝒚

𝒅𝒙𝟐
= 𝒙𝟐 ∗ (− 𝐬𝐢𝐧 𝒙) + 𝐜𝐨𝐬 𝒙 ∗ 𝟐𝒙 + 𝐬𝐢𝐧 𝒙 ∗ 𝟐 + 𝟐𝒙 ∗ 𝐜𝐨𝐬 𝒙 

Example 9: Find       
𝒅𝒚

𝒅𝒙
. 𝒚 =   𝐜𝐬𝐜

−𝟐

𝟑 √𝟓𝒙  

Solution// 

𝒅𝒚

𝒅𝒙
= −

𝟐

𝟑
𝐜𝐬𝐜

−𝟓
𝟑 √𝟓𝒙 ∗ −𝐜𝐬𝐜 √𝟓𝒙 ∗ 𝒄𝒐𝒕 √𝟓𝒙 ∗

𝟓

𝟐√𝟓𝒙
 

 

Example 10: Find   
𝒅𝒚

𝒅𝒙
. 𝒈𝒊𝒗𝒆𝒏  𝐬𝐢𝐧 𝒙𝒚 = 𝒕𝒂𝒏𝟐𝒙𝟐 − 𝐬𝐢𝐧(𝒙 +

𝒚) + 𝟑𝝅  

Solution/ 

𝒄𝒐𝒔 𝒙𝒚 ∗ (𝒙
𝒅𝒚

𝒅𝒙
+ 𝒚 ∗ 𝟏) = 𝟐 𝐭𝐚𝐧 𝒙𝟐 ∗ 𝐬𝐞𝒄𝟐 𝒙𝟐 ∗ 𝟐𝒙

− 𝐜𝐨𝐬(𝒙 + 𝒚) ∗ (𝟏 +
𝒅𝒚

𝒅𝒙
) 

𝒙 𝒄𝒐𝒔 𝒙𝒚 ∗
𝒅𝒚

𝒅𝒙
+ 𝒚 ∗ 𝐜𝐨𝐬 𝒙𝒚) = 𝟒𝒙 𝐭𝐚𝐧 𝒙𝟐 ∗ 𝐬𝐞𝒄𝟐 𝒙𝟐

− 𝐜𝐨𝐬(𝒙 + 𝒚) − 𝒄𝒐𝒔(𝒙 + 𝒚)
𝒅𝒚

𝒅𝒙
) 

𝒅𝒚

𝒅𝒙
[𝒙 𝒄𝒐𝒔 𝒙𝒚 + 𝒄𝒐𝒔(𝒙 + 𝒚)] = 𝟒𝒙 𝐭𝐚𝐧 𝒙𝟐 ∗ 𝐬𝐞𝒄𝟐 𝒙𝟐

− 𝐜𝐨𝐬(𝒙 + 𝒚) − 𝒚 𝒄𝒐𝒔 𝒙𝒚 
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𝐝𝐲

𝐝𝐱
=

𝟒𝒙 𝒕𝒂𝒏 𝒙𝟐 ∗ 𝒔𝒆𝒄𝟐 𝒙𝟐 − 𝒄𝒐𝒔(𝒙 + 𝒚) − 𝒚 𝒄𝒐𝒔 𝒙𝒚

𝒙 𝒄𝒐𝒔 𝒙𝒚 + 𝒄𝒐𝒔(𝒙 + 𝒚) 
 

Example 11: Find      y= 𝐭𝐚𝐧 𝒙 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕  
𝒅𝒚

𝒅𝒙
= 𝒔𝒆𝒄𝟐𝒙  

Solution// 

𝒚 = 𝐭𝐚𝐧 𝒙 =
𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬 𝒙
 

𝒅𝒚

𝒅𝒙
=

𝐜𝐨𝐬 𝒙 ∗ 𝐜𝐨𝐬 𝒙 − 𝐬𝐢𝐧 𝒙 ∗ − 𝐬𝐢𝐧 𝒙

𝒄𝒐𝒔𝟐𝒙
=

𝒄𝒐𝒔𝟐𝒙 + 𝒔𝒊𝒏𝟐𝒙

𝒄𝒐𝒔𝟐𝒙
 

𝒅𝒚

𝒅𝒙
=

𝟏

𝒄𝒐𝒔𝟐𝒙
= 𝒔𝒆𝒄𝟐𝒙 

Example 12: 𝒊𝒇 𝒚 = 𝐬𝐢𝐧 𝒙   𝒑𝒓𝒐𝒐𝒇 𝒕𝒉𝒂𝒕  
𝒅𝒚

𝒅𝒙
= 𝒄𝒐𝒔 𝒙  

Solution// 

𝒅𝒚

𝒅𝒙
= 𝐥𝐢𝐦

∆𝒙→𝟎

𝐟( 𝒙 + ∆𝒙) − 𝒇(𝒙)

∆𝒙
 

𝒅𝒚

𝒅𝒙
= 𝐥𝐢𝐦

∆𝒙→𝟎

𝐬𝐢𝐧( 𝒙 + ∆𝒙) − 𝒔𝒊𝒏 (𝒙)

∆𝒙
 

𝒅𝒚

𝒅𝒙
= 𝐥𝐢𝐦

∆𝒙→𝟎

𝐬𝐢𝐧( 𝒙) ∗ 𝒄𝒐𝒔 (∆𝒙) + 𝒔𝒊𝒏 (∆𝒙) ∗ 𝒄𝒐𝒔(𝒙) − 𝒔𝒊𝒏 𝒙

∆𝒙
 

𝒅𝒚

𝒅𝒙
= 𝐥𝐢𝐦

∆𝒙→𝟎

−𝐬𝐢𝐧( 𝒙)(𝟏 − 𝒄𝒐𝒔 (∆𝒙)) + 𝒔𝒊𝒏 (∆𝒙) ∗ 𝒄𝒐𝒔(𝒙)

∆𝒙
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𝐝𝐲

𝐝𝐱
= 𝐥𝐢𝐦

∆𝐱→𝟎
(
−𝐬𝐢𝐧(𝐱) (𝟏 − 𝐜𝐨𝐬(∆𝐱)

∆𝐱
+ 𝐥𝐢𝐦

∆𝐱→𝟎
( 

𝐬𝐢𝐧(∆𝐱) 𝐜𝐨𝐬(𝐱)

∆𝐱
= 𝐜𝐨𝐬 𝐱 


