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Crystallographic Directions and Plains

Atomic Radius versus Lattice Parameter: Directions in the unit cell
along which atoms are in continuous contact are close-packed directions.
In simple structures, particularly those with only one atom per lattice
point, we use these directions to calculate the relationship between the
apparent size of the atom and the size of the unit cell. Geometrically
determining the length of the direction relative to the lattice parameters,
and then adding the number of atomic radii along this direction, we can
determine the desired relationship. Example 2 illustrates how the
relationships between lattice parameters and atomic radius are
determined.

EXAMPLE.1

Determination of FCC Unit Cell Volume

Calculate the volume of an FCC unit cell in terms of the atomic radius R.

Solution
In the FCC unit cell illustrated,
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the atoms touch one another across a face-diagonal the length of which is 4R.
Since the unit cell is a cube, its volume is a’, where a is the cell edge length.
From the right triangle on the face,
@ + a* = (4R)?
or, solving for a,
a=2R\?2
The FCC unit cell volume V. may be computed from

3
Ve = @ = (2RV2)® = 16R*\/2 '
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Coordination Number: The coordination number is the number of atoms
touching a particular atom, or the number of nearest neighbors for that
particular atom. This is one indication of how tightly and efficiently atoms
are packed together. For ionic solids, the coordination number of cations
is defined as the number of nearest anions. The coordination number of
anions is the number of nearest cations. In cubic structures containing
only one atom per lattice point, atoms have a coordination number
related to the lattice structure. By inspecting the unit cells in figure 3, we
see that each atom in the SC structure has a coordination number of siXx,
while each atom in the BCC structure has eight nearest neighbors. Later,
we will show that each atom in the FCC structure has a coordination
number of 12, which is the maximum.
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Figure 1. lllustration of coordinations in (a) SC and (b) BCC unit cells. Six
atoms touch each atom in SC, while eight atoms touch each atom in the
BCC unit cell.

Atomic Packing Factor ( APF): The packing factor is the fraction of
space occupied by atoms, assuming that atoms are hard spheres sized so
that they touch their closest neighbor. The general expression for the
packing factor is:

(number of atoms/unit cell) . (volume of each atom)

APF = volume of unite cell
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EXAMPLE.2 Calculating the Packing Factor.

Calculate the atomic packing factor for the FCC cell.

SOLUTION

In a FCC cell, there are four lattice points per cell; if there is one atom per
lattice point, there are also four atoms per cell. The volume of one atom is
47r* /3 and the volume of the unit cellis ;.

(4 atoms/cell) (3nr°)

3
a

Packing factor =

Since, for FCC unit cells, ap = 4r/v/2:

@Gn’) =
Ay VB
The packing factor of 7/y/18 0.74 in the FCC unit cell is the most efficient
packing possible. BCC cells have a packing factor of 0.68 and SC cells have

a packing factor of 0.52. Notice that the packing factor is independent of the
radius of atoms, as long as we assume that all atoms have a fixed radius.

0.74

Packing factor =

The FCC arrangement represents a close-packed structure (CP) (i.e.,
the packing fraction is the highest possible with atoms of one size). The
SC and BCC structures are relatively open. We will see later that it is
possible to have a hexagonal structure that has the same packing
efficiency as the FCC structure. This structure is known as the hexagonal
close-packed structure (HCP). Metals with only metallic bonding are
packed as efficiently as possible. Metals with mixed bonding, such as iron,
may have unit cells with less than the maximum packing factor. No
commonly encountered engineering metals or alloys have the SC
structure, although this structure is found in ceramic materials.

Density: The theoretical density of a material can be calculated using the

properties of the crystal structure. The general formula is:

(number of atoms /unit cell)(atomic mass)

D it =
ensity (p) (volume of unite cell)(Avogadro’s number)
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If a material is ionic and consists of different types of atoms or
ions, this formula will have to be modified to reflect these differences.

Example.4 illustrates how to determine the density of BCC iron.

EXAMPLE.3 Determining the Density of BCC Iron determine the density
of BCC iron, which has a lattice parameter of 0.2866 nm.

SOLUTION
For a BCC cell,
Atoms/cell =2
ap = 0.2866 nm = 2.866 x 10~ cm
Atomic mass of iron = 55.847 g/mol
Volume of unit cell = = (2.866 x 10~ cm)® = 23.54 x 107 cm® /cell
Avogadro’s number N, = 6.02 x 10* atoms/mol

(number of atoms/cell)(atomic mass of iron)

Density p =
e (volume of unit cell)(Avogadro’s number)
(2)(55.847) :
— = .8 2
P= Bsax 0P 602X 108)  ere/em

The measured density is 7.870 g/cm?. The slight discrepancy between the theo-
retical and measured densities is a consequence of defects in the material. As
mentioned before, the term “‘defect”™ in this context means imperfections with
regard to the atomic arrangement.

The Hexagonal Close-Packed Structure: A special form of the
hexagonal structure, the hexagonal close-packed structure (HCP), is
shown in figure 2. The unit cell is the skewed prism, shown separately.
The HCP structure has one lattice point per cell (one from each of the eight
corners of the prism) but two atoms are associated with each lattice point.
One atom is located at a corner, while the second is located within the
unit cell. Thus, the basis is 2.
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In metals with an ideal HCP structure, the ag and Co axes are related by
the ratio co = ap = 1.633. Most HCP metals, however, have co/ ao ratios
that differ slightly from the ideal value because of mixed bonding.
Because the HCP structure, like the FCC structure, has the most efficient
packing factor of 0.74 and a coordination number of 12, a number of
metals possess this structure. Table (1) summarizes the characteristics of
crystal structures of some metals.

Volume = a%c0 cos 30

Figure 2. The hexagonal close packed (HCP) structure (left) and its unit
cell.

Table 1. Crystal structure characteristics of some metals

Atoms per  Coordination  Packing

Stucture ag Versus r Cell Number Factor Examples

Simple cubic (SC) a=2r 1 6 052 Palonium (Po), 2-Mn

Body-centered cubic 3= 4rh/3 2 8 068 Fe, Ti, W, Mo, Nb, Ta, K,
Na,V, Zr,Cr

Facecentered cubic ay =42 4 12 074 Fe,Cu,Au, Pt, Ag, Pb, Ni

Hexagonal close-packed  ay=2r 2 12 0.74 Ti, Mg, Zn, Be, Co, Zr, Cd

Co~ 1.63380

Structures of ionically bonded materials can be viewed as formed by
the packing (cubic or hexagonal) of anions. Cations enter into the
interstitial sites or holes that remain after the packing of anions.
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Allotropic or Polymorphic Transformations
Materials with more than one crystal structure at different

temperature are called allotropic or polymorphic. The term allotropy is
normally reserved for this behavior in pure elements, while the term
polymorphism is used for compounds. You may have noticed in Table 2
that some metals, such as iron and titanium, have more than one crystal
structure. At low temperatures, iron has the BCC structure, but at higher
temperatures, iron transforms to an FCC structure. These transformations
result in changes in properties of materials and form the basis for the heat
treatment of steels and many other alloys.

Many ceramic materials, such as silica (SiO3) and zirconia (Zr0O,), also
are polymorphic. A volume change may accompany the transformation
during heating or cooling; if not properly controlled, this volume change
causes the ceramic material to crack and fail.

Polymorphism is also of central importance to several other
applications. The properties of some materials can depend quite strongly
on the type of polymorph. For example, the dielectric properties of such
materials as PZT and BaTiOs depend upon the particular polymorphic
form.
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