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The integration

Definition: A function ris called an ant derivative of a function
fif the derivative of Fis f.

Remark: F (x) + C, Cis constant is also an antiderivatives of
f(x),where

d

E(F(x) +c=f(x)

The indefinite integral The process of finding antiderivatives is
called anti differently on integration. We denote this by

ff(x)dx =F(x)+c

Since

e Z(F(x) = f/(x).thenf f/(x)dx = f(x) +c
. :—x(ff(x)dx = F(x)

Theorem:

If f (x) and g (x) are integrals functions for each x, and m
IS constant, then

o« [mfG)dx=m]f(x)
o JIf) +g0(0ldx=[f() £ [ g(x)

. f(%) dx = In|f(x)| + ¢

Theorem:
1. [dx=x+c
2. [sinxdx = —cosx +c
3. [cosx dx = sinx +c
4. [sec*dx = tanx + ¢
5. [csc?dx = —cotx + ¢
6. [ cscx cotx dx = —cscx + ¢
7. [ secxtanx dx = secx + ¢
8. [eXdx=e*+c



r+1

9. [x"dx =72

r+1

+c

10.faxdx=%+c a#1

f 3x*dx

5
4 X
fo dx=3g+c

Example 1: find

Sol/

Example 2: find

Sol/

Example 3: find

Sol/
12
7 X5
ijdx—ﬁ+c
5
5 12
=—Xx54+cC

Example 4: find




Example 5: find [(4sec®x + cscx cotx) dx

j (4sec?x + cscx cotx) dx = 4tanx — cscx + ¢

Example 6: find

f(l— cost) dt
t

1
J(?—cost) dt =Int —sint + ¢

Examples: evaluate
2x—1
if dx

x2—-x+8

Sol/

In(x* —x+8)+c

[~ COSX
11.f ——dx
Sin<x

Sol/

CoS X 1
- * — dx = | cotx — cscx dx
sinx sinx

=—cscx + ¢
iii. [ 3%dx
Sol/

3x
x — —
j3 dx PR

If [ |F S| dx = f Fu) du

Let F be an antiderivative of f, so that ;—u(F(u)) = f(w)

or jf(u)du =F(u)+c



Examples: evaluate
1. [ 2x(x?+ 1)°%dx
Sol/
(x? + 1)°1

j 2x(x? + 1)°%x = T

2. [ sin®x cosx dx

Sol/
Jsinzx cosx dx = §sin3x +c
3. [ cos5x dx
Sol/
1]5 S5xd —1 n5x +
: cos 5x dx = Zsin5x + ¢
cosvx
4. > 0x
Sol/
cos\x
f dx = sinvx + ¢
2\/x
Theorem:
dx _ -1
1. fm =sin"tx+¢

—dx _ -1
2. fm—cos x+c

dx _ -1
3. fm—tan x +c¢

—dx _ -1
4. fm—cot x+c

dx -
5. [——===secT'x+c
xVx<c—1

—dx
6. =csc lx+c
fxx/xz—l



Examples: Find

4 1
L f [x\/xz‘l B \/1—x2] dx
Sol/
4 1 |
f — dx =4 sec’'x —sin"tx+¢c
xy/x21 1 —x2
ex
Sol/
e* 3
j 3x — ~|dx =sx? —tan"te* 4+ ¢
1+e* 2
Remark:
dx a1 X
e [ = =sin"'>+c
—-dx 1 X
e [ ——— =cos ' Z+c
dx -1X
e [ ——=tan '> +c
—dx _ _1£
. fm =cot™>+c
dx _ 1 1
* Jmm = aseT  te
—dx _ l 1x
» S e e



Example 1: evaluate

dx
L e

Sol/
1
letu = V3x = du = V3dx » dx = —du
V3
1

J dx _J\/_gdx
Vi+3xz Ji1+u?

—1J 1 du—ltan_1u+c
V314wt 3

R
\/gtan (V3x) +c

Example 2: evaluate

J dx
V2 — x2
Sol/

dx (%
j—m=sm (ﬁ>+c

Example 3: evaluate
j sin x p
—ax
cos?x +1

letu = cosx — du = —sinx dx
f sin x p f —du g

——dx = u

cos?x +1 u? +1

= —tan"lu + ¢ »>=tan"(cosx) + ¢

Sol/




Exercise: Evaluate the integral
dx
L f\/1—4x2
2 f dx
" xy1-(Inx)?

3. [ —2X—
7 yy5y%-3

The definite integral

Definition: If f is an integral function on [ a, b] and F is an
antiderivative of fon[a,b], then

b
| redx = [FGolE = ) - F(a)

Theorem: If f and g are integral functions on [a, b] and m is
constant then,

1. fab mf(x)dx = m fab f(x)dx

2. [T + g(o)ldx = [} f(0dx + [ g()dx

3. [ mf(x)dx = — [ f(x)dx

4. [*f(x)dx =0

5. [0 f(x)dx = [“f(x)dx + [ f(x)dx  where ¢ € (a.b)

Examplel: Evaluate f03( 2x% — 4 x+ 1)dx

Sol/

3 3

2 2.5 %,
(2x —4X+1)dx=l—x — =X +xl
0 3 2 0

=(18—18+3)—-0=3



Example 2: Evaluate [#sin(2x) + cos(4x) dx
Sol/

YA T

4 -1 1 4
j sin(2x) + cos(4x) dx = - cos 2x + Zsin(4x)
0 0

~1 1
= (0+0)—(7+0>=E
Example 3: Evaluate[ e*dx
Sol/

1
j e*dx = [ =el—e’=e—-1

Example 4: Evaluate

2
f M
-1

Sol/

Since |x| = {_xx xz0

x<0

[ j xdx+fxdx




Technigues of integration;
(1) Integration by substitution
Example 1: Evaluate

j e3¢0 X(sinx)dx
Sol/

-1
fe3cos X(sinx)dx — ?e3COSX +c
Example 2: Evaluate
2
j 2x (x? + 1)3dx
0

Sol/
2 (2+1)42
X
2 3 10 —
JZx(x + 1)°dx = 2
0 0
1
= Z[(xz + D5
1
— 4
—4(5 1)

1
=, (625-1) =156

(2) Integration by part

Theorem: Ifu=f(x)andv=g (x) then
1 [f(x)g\(x) dx=[udv=uv— [vdu

2. f;(x) g\(X)dx = fabu dv = [uv]b — f‘f v du
Example: Evaluate

1. [xe*dx

Sol/

letu=x-du= dx

letv=e* - dv = e*



Jxexdxzuv—fvdu

:XeX—Jede
=xe*—e*+c
2. fInx dx
Sol/
letu=Ilnx - du= ;dx

letv=x > dv = dx

jlnx dxzuv—fvdu

=xlnx—j dx

=xlnx—x+c

3. f01 tan! x dx

Sol/
1
letu=tan"'x - du = dx
1+ x2
letv=x > dv = dx
1 1
X
jtan‘lx dx = xtan 1 x —J dx
1+ x2
0 0
1

1
= [xtan‘lx——lnl +x2]
2 0

1
= (1*tan (1) — E(an —1In1)

T 112
—2 2"

A
s
4. [2xsinx dx

Sol/

letu=x - du=dx
letv=—cosx » dv =sinx dx



n

n

2

fxsmxdx— xcosx](z)— —cosx dx
0

OSNI:\

T T -z
= [E cos > = 0] + [sin x]?

= 0 + si in(0
— -
> sz sin(0)

=1

Theorem:
1. [tanx dx = In|secx| + ¢
2. [secx dx = In|secx + tanx| + ¢
3. [ cotx dx = —In|cscx| + ¢

4, [cscx dx = —In|cscx + cotx| + ¢



