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Limits:

When the values of a function f(x) approach the value L as X Approaches C, we
say that F(x)has limit L as X Approaches C.

OR:)](l_r)réf(x) =L

*Notes:

1. For identify function (f(x)=x)

2. For constant function (f(x)=Kk)

LN

t 7
| ffg-i

3.

a )|
e} <

limx =c

X-C

limk =k

X-C




Properties of limits:
For

)lfl_r)ré FFx)=L, & X—l>1Cm F,(x) =L,

- )1(1_{%[ Fx)+t K] =L £ L,
: )l(i_rg[ Fi(x) X F,(x)] =Ly X Ly
- )1(1_{%[ FF(x)+ K@) =L + L,

: )1(1_r>ré[ Fi(x)xk] =k x L

o IfF(x)=a,x"+a,_x" 1+

L,#0

k: constant

R a, s any polynomial function:

. )l(nré f(x)=f()=a,C"+a,_C" 1+ ... a,

Ex (1): find the limit of the function f(x)=x+1 as x approaches 3?

Sol/

f(X)=x+1

lim f(x) =)l(i_rgx+1

X-C

limx + lim 1

X-3

X-3

3+1=4

Ex (2):

lim

x3—27

X-3 x—3

(0 =27 0
0-3
(x—3)(x*+3x+9)

0

lim
X-3

(x=3)

: 2
)lg_rg(x +3x +9)

(32+3(3) +9) =27




Ex (3): Evaluate

ox*+x-2
lim ————
X-1 Xx“—X
12+1—2_0
12—1 0
x+2)(x—-1)
x-1  x(x—1)
- (x+2)
lim
X-1 X
1+2_3
—=
Ex (4) find the limits:
_ 4
lim
X->5X —
4 4 )
5—-7 =2
Ex (5) find the limits:
o x2=T7x-10
lim
X2 xX—2
L= DE-5)
X5 (x—2)

lim(x—-5)=2-5=-3

X-2




EX (6):

3—x x<2
—J)x
f(x)_{E‘Fl x> 2

a—f lnd}(l_rg f(x)and Xll,rilz f(x)
b — doseXlirzl2 f(x) exist? why
Sol/
I Climi41 —241=2
a-lmf@)=lm>+1 =7+1=
b—Xan_lzf(x) =X1Ln_12(3—x) =3-2=1
lim f(x) # lim f(x)
Limit does not exist
Ex (7):

. x3—1
Xo1 (x — 1)2
o (x=DE*P+x+ 1)
lim
-1 (x—1((x-1)
. (x> +x+1)
Xl (x—1)

H.W/ Let:
3—x x <2

f(X)= x
E X > 2

a- Find )lfiinzf(x)and )}Lrng(x)

b — doseXIir£12 f(x) exist? why




1.1
Ex:find lim X%

X—>—2x3+8
(x+2)
. 2x
1
xo (x+2)(x?—2x+4)
li !
Xols 2x(x%2 = 2x + 4)
B 1
S 2(=-2)((-2)2-2(-2)+4)
-1
48
Ex:
. 3—+vVx+5
lim ————
X-4 x—4
y 3—+vVx+5 3++vVx+5
im *
X4  x—4  34+x+5
_ 9—-(x+5)
lim
X-4x —4(3+Vx+5
lim _ Amx
X—-4 x—4(3+Vx+5
—(x—4)

lim
X-4(x —4)(3+Vx+5

-1 -1 -1
lim = =
X>4(3++x+5 (B+V4+5 6




The sandwiches theorem

f(x).h(x).g(x) are functions

if f(x) <h(x)<g(x)
The sandwiches theorem is:

For all x # ¢ and limg(x) = limh(x) = L
X—-c X—-c
Then limf(x) =L
X—-c

Ex (1): find limx*cos >

X0 X

1
—1<cos—<1

1
[—1 < cos ~ < 1] * x4
1
—x* < x4cos; < x*

lim — x* < lim x*cos— < lim x*
X-0 X-0 X X-0

A — ()4 —
lim —x* = (0)" = 0 g(x)

Cd V4 —
}l(l_r)r(l)x = (0)*=0h(x)

1
0<cos—<0
X

h(x)=9(x)
Cross ponding to sandwiches theory

lim x* 1—0
lim x cosx =0 f(x)




P 2. 1
Ex (2): find }l(l_r}r(l) (x“sin \/})
Sol/

1
—-1<sin—=<1
X

1 )
—1<sin—<1|*x x
X

1
—x2 < x%sin— < x2
X

1
lim — x2 < lim x?%sin— < lim x?2

X-0 X-0 \/; X—=0
2 (2 —
lim — x (0)*=0 g(x)
2 (2 —
)l(1_r>r(1) x“ =(0)* =0 h(x)

Sandwiches theory is:

. 2'i=
)l}_rf(l)x sin—= 0 f(x)

CoS X

Ex (3): find }l_r){)lo 1

Sol/
—1<cosx<1

[-1 <cosx <1]+ (x%®+1)

-1 < cosx < 1

x2+17 x2+17 x2+1

-1 coSXx 1
lim — < lim — < lim —
X>00 x2 +1° Xoo0 x2+1° Xo0o x2+1
_ ~1 ~1 ~1
}grgox2+1=ooz+1=002=0"'g(x)
_ 1 1 1
im — == — = 0. ()

By sandwiches theory




CoSX

Jlim 2 7-0- /0
Ex (4):
Find lim 2= by using sandwiches theorm?

X—oo X%+43

Sol/
—1<cosx<1

[-1<cosx <1]*-1
1> —cosx=-1
[1> —cosx>—-1]+2
1+2>2—-cosx =>-1+2
[3>2—cosx>+1]+ (x*+1)

3 2 — cosx +1
> >
x2+17 x2+1  x%2+1

_ 3 . 2—cosx _ +1
lim > lim ——— > lim
Xo0 x%24+1 X-oo x2+41  X-o0o x2 41
y 3 3 3 ) 0
1m = = = VU .....
X—w x2+4+1 00241 002 g
y +1 1 1 T

im = = =0....
X- x24+1 00?241 002 g

By using sandwiches:

I 2 — cosx 0
m-———=0 ......
i f()




Ex (5): find )l(m}} g(x)for the function

. _ _ 2
lim|g() - 5| < 3(x = 4)

Sol/
—3(x —4)> < g(x) — 5 <3(x — 4)?
[-3(x —4)? < g(x) — 5 < 3(x — 4)?](+5)
5—3(x—4)2<g(x) <5+ 3(x —4)?
)l(irr}LS—S(x—él)z =5-34—-4)?2?=5...... g(x)
)l(irr£1LS+3(x—4)2 =543(4—-4)?=5...... h(x)
)1(1_I)rLIL gx) =5 ...... f(x)
HW
L lim 5x2+C(ZS(7X—2)
X—>oo x<+1
5 lim CO5X+2
X—>oo X+3

. o1
3. lim x? sin—
X—0 x

. 1
4. lim 3 — x2 cos=
X-0 X




Exercises 1.2

Limit Calculations
Find the Limits in Exercizses 1-16.

1. lim_ (2x 4 5%
X—=—T
3. him (—x®+ 5x — 2)
S. limy Bi¢r — 53ir — T
r—=&
x + 3
T. I
‘I_LI'I'I: J:—l-—ﬁ-
5. x
s § —
11. l'Lr'ﬂJ 32 — 17
13 lim_ (5 — ¥t
—s =1
3
15.

I :
e R 7 ey

Find the limits in Exercizes 1730,
x —5

17. "—’E x¥? — 25
19 km X+ 3x_10
X = x 45
_ [ S ]
21 im ————
. —2x — 4
23 J:l—L-rEI x3 4 2g2
. wt — 1
2. o ey
27. Lim E
— x — 9
. x — 1
e
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lim {10 — 3x)
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Timn (x® —2x 4+ d4x + 8
lim_3s(2s — 1)
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y—a% X — 7

. ¥4+ 2
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=2 ¥4+ S5y + 6

lim {x + 3y o
fim (22 — 87
i 5
|IT.|'I e —
=0 SR 4+ 44 2
i x4+ 3
IFT 1

a—e—3 x2 + 4xr 4+ 3
x* — Tx 4+ 10
—a
P 3 4 2
IFEr—
Sy 4 By?
3yt — 16y3
vt — 8
vt — 16
Fx — x=
22—
VET 8 — 3

x 4 1

limm
gy

Lirim

e |
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==l

lirm

L—e2

Lifun
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limn

e |
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Using the Sandwich Theorem
A3 If 5 — 227 = fx) = 5 —x% for —1 = x = 1, find
lim, .o JSix)h
44, If 2 = x* = pix) = 2cosx for all x, fnd lim,.p gix).
45. a) It can be shown that the inequalities
x* X sinx

| — — v ———— o |
i 2 —2cosx

hold for all valees of x close w zero. What, if anvihing,
does this tell you about

i X SN

im ———

=l 2 — Foosx

ANSWER
43, a) —oo0 b} oo 45. a) o0 b)) o c¢) o d) oo
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