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Ex 16; Find;l—z for the following functions:

a) y = cosh™I(secx) b) y = tanh™1(cos x)

¢) y = coth™I(secx) d) y = sech™1(sin 2x)
Sol:

dy sec x -tanx sec x -tanx

a)— = = =secx Wheretanx >0
dx +secZx—1 Vtan? x

dy sinx —sinx

b)— = — = = —(CSCX
)dx 1—cos?2x sin?x

dy secx -tanx secx tanx

dx 1—sec2x  —tan?x - e
2 CoS 2x
d) = —2csc2x wherecos2x >0
dx  sin2x - V1 — sin? 2x

Ex 17:Verify the following formulas:

hely = 1 du bdt hely = 1 du||<1
a)dxcos u_\/uz_ldx )dx e e

Proof:

du dy dy 1 du
a) Lety = cosh™'u = u =coshy = —sinhy— = —=

dx dx dx sinhy dx

cosh?y —sinh?y =1 = u? —sinh’y =1 = sinhy =Ju? -1

dy 1 du d Pt 1 du
—_— —_— : —_— e —_—
dx \/ 1dx COS “= \/uz —1dx

The derivatives of functions like u’:

Where u and v are dif ferentiable functions of x,are found by

logarithmic dif ferentiation:
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Lety=u" =>lny=v -lnu

ldy v du_l_l dv
ydx u dx h dx
dy lv du+l dv
dx Y ludx T Y
aov_ v . |2 L4
33)dxu =u [u dx+lnu -
Ex 18:Findd—yfor :
dx
a)y = x©0s¥ b) y = (Inx + x)tanx
Sol:
)y = x%05% = | nx=s 2 =Sy (—sinx)
a)y=x ny=cosxlnx =>——= nx (—sinx
y Y y dx X 0
:>dy_ cosx 1 ]
il sinxInx

or by formula,where u = x and v = cosx

% = y[cojx—sinxlnx]

by = (Inx + x)®¥"* = Iny = tanx In(In x + x)

1dy tanx /1
= (; + 1) + In(Inx + x) sec® x

ydx Inx+x
dy |(x+1tanx
dx_y x (Inx + x)

+ In(In x + x) sec? x]

or by formula,whereu =Inx +x and v =tanx

dx

dy tanx /1 5
— [ (— + 1) + In(In x + x) sec xl
Inx +x \x
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Applications of derivatives:
1- (L' Hopital Rule):
Suppose that f(x,) = g(x,) = 0 and that the functions f and g are
both dif ferentiable on an open interval (a, b) that contains the point
X,.Suppose also that g'(x) # 0 at every point in (a, b)except possibly

X,. Then:

lim f) . f(x)
im = lim

ided the limit exists.
xﬁxog(x) XX, gl(x) providae e ltmit exists

co

0
Dif ferentiate f and g as long as you still get the forma or — at x = x,.

Stop dif ferentiating as soon as you get something else.
L'Hopital's rule does not apply when either the numerator or
denominator has a finite non — zero limit.

Ex 1: Evaluate the following limits:

N 1 sin x 2 1i Vx?+5—
) xl—r>r(1) X ) xl—rg x2—4
3 1 X —sinx 2 i T
)xlg(l)T )xl_)né—(x—z)tanx

Sol:

1) lim x_)os =2 usmg L' Hopital's rule =

= llmx_,og =cos0 =1
v x2 —
2) lim,_,, %543 = % using L' Hopital's rule =
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X

a2 1 1 1

=lim——— =1 i

im =
x>2  2X x>22+/x2+5 2V4+5 6
X—sinx

3) lim,._, — = % using L' Hopital's rule =

. 1—cosx 0 . .
= limy,_,g——— = - using L' Hopital's rule =
x>0 342 0
sinx 1
6

= lim — =
x—0 6x

4) lim _ = — (x — g) tanx = 0- oo we can't using L' Hopital's rule
2

T

. L o . .
= lim — —= limsinx = - using L’ Hopital's rule =
oI cosx , T 0
2 2
. . . 1 . T
=lm71t— : lln}rsmxzﬁsm—:l
x_)g —Ssinx x_)E s]nE 2

2 — The slope of the curve:

The derivative of the function f is the slope of the curve:

the slope = m = f'(x) = 2
e slope =m = f'(x =7
Ex 2: Write an equation for the tangent line at x = 3 of the curve:
1
X) = ——
fx) V2x + 3
Sol:
F@ o s = () =~
m = X) = — = m =3 = = =
v (2x +3)3 = 27
f(3) = =
v2x3+3 3

The equation of the tangent line is :

1 1
y—g——;(x—S)::»27y+x—12

3 —Velocity and acceleration and other retes of changes:

The average velocity of a body moving along a line is:
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_As  f(t+At)—f(t)  displacement

Vgpy = — = =
WAt At time travelled
The instantaneous velocity of a body moving along a line is the

derivative of its position s = f(t)with respect to time t.

i.e v—ds—lim as
e Todar T A0y

The rate at which the particle's velocity increase is called its
acceleration a .If aparticle has an initial velocity v and a constant
acceleration a,then its velocity after timet is v + at.

. Av

average acceleration = ay, = =
. . . . Av
The acceleration at an instant is a = limys_,q "

The average rate of a change in a function y = f(x)over the interval

fromx to x + Ax is:

avrage rate of change = ! (x+A22_f )

The instantaneous rate of change of f at x is the derivative.

ooy v S+ Bx) — f(x)
[ =
Ex 3:The position s (in meters)of a moving body as a function of

time t (in second)is : s = 2t?> + 5t —3; find :

a) the displacement and average velocity for the time interval

fromt =0tot =2 seconds.

b) The body's velocity at t = 2 seconds.

Sol:

a) 1) As = s(t + At) — s(t) = 2(t + At)? + 5(t + At) — 3 — [2t% + 5t — 3]
= (4t + 5)At + 2(At)?

att=0and At =2 >As=(4x0+5)*2+2%2%2=18

2
2) Vg = = ) — 4 4542 - A

at t=0and At =2=>v,,=4x0+5+2%x2=9
b)v(t)z%f(t)=4t+5
v(2) =4+2+5=13

provided the limit exists.

18Page DIFFERENTIATION



Mathematic |

4 — Maxima and Minima:
Increasing and decreasing function: Let f be defined on an interval
and x4,x, denoted a number on that interval:
If f(x1) < f(x,) when ever x; < x, then f is increasing on that interval
If f(x1) > f(xy) when ever x; < x, then f is decreasing on that interval
If f(x1) = f(xy) for all values of x4,x, then f is constant on that interval
The first derivative test for rise and fall:
Suppose that a function f has a derivative at every point x of an interval I.
then: f increasesonl if f'(x) > 0, Vx €1
f decreasing onl if f'(x) <0, Vx €1
If f' changes from positive to negative values as x passes from
left to right through a point c,then the value of f at c is a local maximum
value of f,as shown in figer below.That is f(c)is the largest value the

function takes in the immediate neighborhood at x = c.

=0 |
IF\ |
f increasing : f decreasing f ircreasing :
| fr=0 |
| | | |

|
| | | |
L | +++ |
af'>0 ¢ f'<0 d f'>0 b
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Similarly ,if f' changes from negative to positive values as x passes
left to right through a point d, then the value of f at d is a local minimum
value of f.That is f(d)is the smallest value of f takes in the immediate

neighborhood of d.
3
Ex 5: Graph the function : y = f(x) = x? —2x%+3x+ 2.

Sol:f'(x)=x*—4x+3>x—-1Dx-3)=0>x=1,3
| | .

f'(x) +++ 1 - == -- 3 4+ + + +

The function has a local maximum at x = 1 and a local min. at x = 3.

To get a more accurate curve ,we take :

X 0 1 2 3 4 5 6

Fx) | 2 [33]27 ] 2 |33

N

0 2 4 6 x

Concave down and concave up: The graph of a dif ferentiable function
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y = f(x) is concave down on an interval where f' decreases, and concave
up on an interval where f'increases.

The second derivative test for concavitv: the graph of y = f(x) is
concave down on any interval where y"' < 0, concave up on any interval
where y'' > 0.

Point of inflection: A point on the curve where the concavity changes

is called a point of inflection.Thus , a point of inflection on a twice —
dif ferentiable curve is a point where y''is positive on one side and

negative on other ,i.e.y" = 0.
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