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3. Numerical Solution of Ordinary Differential Equation 

 .وانحذودٌت الابتذائٍت انشروط بعضوتحمٍك  انتفاضهٍت انًعادنت تحمٍك وبإيكاَها انًشتماث يٍ خانٍت دانت إٌجاد هى تفاضهٍت يعادنت أي بحم انًمصىد

 يٍ تفاضهٍت يعادلاث هً نها انتطرق ٌتى سىف انتً انتفاضهٍت انًعادلاث

 𝑦): 𝑓(𝑥, = .𝑑انتانً بانشكم تكىٌ سىف وانتً الأونى انرتبت
𝑑𝑥 

 

 
3.1 Euler's Method 

 :يُها انتفاضهٍت انًعادلاث نحم طرق عذةهُانك 

 

 فً دلٍمت غٍر انطرٌمت هذِ تعتبر عاو وبشكم انتفاضهٍت، انًعادلاث نحم انطرق ابسط يٍ انطرٌمت هذِ تعتبر

 .الاعتٍادٌت انتفاضهٍت نهًعادلاث انعذدٌت انحهىل إٌجاد

𝑆𝑙𝑜𝑝 = 𝑦   = 
𝑦1 − 𝑦𝑜 

→ 
𝑜 ℎ 

 
𝑦1 = 𝑦𝑜 + ℎ 𝑦𝑜  → 

 
𝒚𝒊+𝟏 = 𝒚𝒊 + 𝒉 𝒚 𝒊 
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 :انحم عُذ تىفرها انىاجب انًتطهباث :هلاحظة

 
 𝑦  = 𝑑 انذانت 1.

𝑑𝑥 

 𝑦 و 𝑥𝑜 ل الابتذائٍت انمًٍت 2.

 h لًٍت 3.

 

Example (1): Find the solution of differential equation by using Euler's Method 

at 𝒙 = 𝟎. 𝟐𝟓, 
𝒅𝒚 𝟐

 𝟏 if it's known that 𝒙 = 𝟎, 𝒚 = 𝟒, 𝒉 = 𝟎. 𝟎𝟓. 
 

 

Solve: 

= 𝒙 
𝒅𝒙 

+ 𝟒𝒙 −  𝒚, 
𝟐 𝒐 𝒐 

 

𝑦𝑖+1 = 𝑦𝑖 + ℎ 𝑦 𝑖 

 

𝑦𝑖+1 = 𝑦𝑖 + 0.05 (𝑥𝑖 
2

 

 
𝑥𝑜 = 0,  𝑦𝑜 = 4 

 
 

1 
+ 4𝑥𝑖 − 

2 
𝑦𝑖) 

 

𝑦1 
= 4 + 0.05 ((0)2 + 4(0) − 

1 
(4)) = 3.9 

2 
 
𝑥1 = 0.05,  𝑦1 = 3.9 

 

𝑦2 
= 3.9 + 0.05 ((0.05)2 + 4(0.05) − 

1 
(3.9)) = 3.81 

2 
 
𝑥2 = 0.10,  𝑦2 = 3.81 

 

𝑦3 
= 3.81 + 0.05 ((0.1)2 + 4(0.1) − 

1 
(3.81)) = 3.73 … … 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 

2 

i 𝒙𝒊 𝒚𝒊 (𝑵𝒖𝒎.) 𝒚𝒊 (𝑨𝒏𝒂. ) 

0 0 4 4 

1 0.05 3.9 3.91 

2 0.10 3.81 3.82 

3 0.15 3.73 3.76 

4 0.20 3.67 3.70 

5 0.25 3.62 3.65 
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H.W: use Euler's Method, solve the following differential equation at 𝒙 = 𝟐 
 

𝒚  = 𝟐 + √𝒙𝒚,  𝐮𝐬𝐞 𝒙𝒐 = 𝟏, 𝒚𝒐 = 𝟏,  𝒉 = 𝟎. 𝟐. 

 
H.W: Solve the following differential equation by using Euler's Method, 

at 𝒙 = 𝟐, 𝒚  = 𝒙 + 𝐬𝐢𝐧 𝒙 + 𝒚, 𝐮𝐬𝐞 𝒙𝒐 = 𝟎, 𝒚𝒐 = 𝟎. 𝟓, 𝒉 = 𝟎. 𝟓. 

 
 

 

3.2 Taylor Series Method 

 انطرٌمت نهذِ انعاو انماَىٌ (.دلت أكثر) لهٍهت فٍها انخطأ َسبت ونكٍ انسابمت انطرٌمت يٍ تعمٍذا أكثر انطرٌمت هذِ

 :هى
 

 

𝑦𝑖+1 = 𝑦𝑖 + 
𝑦 (𝑥𝑖, 𝑦𝑖) 

ℎ + 
1! 

𝑦  (𝑥𝑖 , 𝑦𝑖) 

2! 

 
ℎ2 + 

𝑦  (𝑥𝑖 , 𝑦𝑖) 

3! 

 
ℎ3 + … … … + 

𝑦𝑛(𝑥𝑖, 𝑦𝑖) 
 

𝑛! 

 

ℎ𝑛 

 

if 𝑖 = 0 then; 

 
𝑦 (𝑥𝑜, 𝑦𝑜) 

𝑦1 = 𝑦𝑜 + 
1! 

ℎ + 

 

 

𝑦  (𝑥𝑜 , 𝑦𝑜) 

2! 

 
 

 
ℎ2 + 

 

 

𝑦  (𝑥𝑜 , 𝑦𝑜) 

3! 

 
 

 
ℎ3 + … … … + 

 

 
𝑦𝑛(𝑥𝑜, 𝑦𝑜) 

 

𝑛! 

 
 
 

 

ℎ𝑛 

 .الايتحاٌ وفً الأيثهت حم فً انًعادنت يٍ فمط حذود 4 َعتًذ سىف انحم نتبسٍط :هلاحظة

 

Example (2): Find the solution of differential equation by using Taylor Method 

at 𝒙 = 𝟎. 𝟏, 𝒚  = 𝒙 + 𝒚, if it's known that 𝒙𝒐 = 𝟎, 𝒚𝒐 = 𝟏, 𝒉 = 𝟎. 𝟎𝟓. 

Solve: 
 

 

𝑦𝑖+1 = 𝑦𝑖 + 
𝑦 (𝑥𝑖, 𝑦𝑖) 

ℎ + 
1! 

𝑦  (𝑥𝑖 , 𝑦𝑖) 

2! 

 
ℎ2 + 

𝑦  (𝑥𝑖, 𝑦𝑖) 
ℎ3 

3! 

𝑖 = 0: (𝑥𝑜, 𝑦𝑜) → (0,1) 
 

 
𝑦1 = 𝑦𝑜 + 

𝑦 (𝑥𝑜, 𝑦𝑜) 
ℎ + 

1! 

𝑦  (𝑥𝑜 , 𝑦𝑜) 

2! 

 
ℎ2 + 

𝑦  (𝑥𝑜, 𝑦𝑜) 
ℎ3 

3! 
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𝑦𝑜 = 1 

 
𝑦 (𝑥𝑜, 𝑦𝑜) = 𝑥 + 𝑦 = 0 + 1 = 1 

 

𝑦  (𝑥𝑜 , 𝑦𝑜) = 1 + 𝑦  = 1 + 1 = 2 

𝑦  (𝑥𝑜 , 𝑦𝑜) = 0 + 𝑦   = 2 

2 3

1

1

1 2 2
1 0.05 0.05 0.05

1! 2! 3!

1.0525

y

y

    



 

 

𝑖 = 1: (𝑥1, 𝑦1) → (0.05,1.0525) 
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     1 1 1 1 1 12 3

2 1

, , ,

1! 2! 3!

y x y y x y y x y
y y h h h

  
     

𝑦1 = 1.0525 

 
𝑦 (𝑥1, 𝑦1) = 𝑥 + 𝑦 = 0.05 + 1.0525 = 1.1025 

 

𝑦  (𝑥1 , 𝑦1) = 1 + 𝑦  = 1 + 1.1025 = 2.1025 

𝑦  (𝑥1 , 𝑦1) = 0 + 𝑦   = 2.1025 

2 3

2

2.1025 2.1025 2.1025
1.1025 0.05 0.05 0.05

1! 2! 3!
y      

 
𝑦2 = 1.1103 

 
(𝑥2, 𝑦2) → (0.1,1.1103) 

 

Problems: 

 
1. Use Taylor Method to solve the following differential equation at 𝒙 = 𝟒. 𝟏 

 
𝒅𝒚 𝟏 

𝒅𝒙 
= 
𝒙𝟐 + 𝒚 

,  𝐮𝐬𝐞 𝒙𝒐 = 𝟒, 𝒚𝒐 = 𝟒,  𝒉 = 𝟎. 𝟏. 

 
2. Use Taylor Method to solve the following differential equation at 𝒙 = 𝟎. 𝟐 

 
𝒅𝒚 

= 𝒙𝟐𝒚 − 𝟏,  𝐮𝐬𝐞 𝒙 = 𝟎, 𝒚 = 𝟏,  𝒉 = 𝟎. 𝟏. 
 

𝒅𝒙 𝒐 𝒐 

 
3. Use Taylor Method to solve the following differential equation at 𝒙 = 𝟎. 𝟒 

 
𝒅𝒚 

= −𝟐𝒙 − 𝒚,  𝐮𝐬𝐞 𝒙𝒐 = 𝟎, 𝒚𝒐 = −𝟏,  𝒉 = 𝟎. 𝟐. 
𝒅𝒙 

i 𝒙𝒊 𝒚𝒊 

0 0 1 

1 0.05 1.0525 

2 0.10 1.1103 

 


